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profound. At the same time, one of the most striking trends in optimization
is the constantly increasing emphasis on the interdisciplinary nature of the
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With our deepest appreciation, we dedicate
this volume to the memory of our dearest
friend and eminent mathematician,

George Isac






Preface

The papers published in this volume focus on some of the most recent develop-
ments in complementarity theory, variational principles, stability theory of func-
tional equations, nonsmooth optimization, and various other important topics of
nonlinear analysis and optimization.

This volume was initially planned to celebrate Professor George Isac’s 70th
birthday by bringing together research scientists from mathematical domains which
have long benefited from Isac’s active research passion. Unfortunately, George Isac
passed away in February 2009 at the age of 69.

George Isac received his Ph.D. in 1973 from the Institute of Mathematics of
the Romanian Academy of Sciences. He made outstanding contributions in sev-
eral branches of pure and applied mathematics, including complementarity theory,
variational inequalities, fixed point theory, scalar and vector optimization, theory of
cones, eigenvalue problems, convex analysis, variational principles and regulariza-
tion methods, as well as a number of other topics. In his long and outstanding career,
he wrote more than 200 papers and 13 books. Professor Isac was an avid traveler
who visited more than 70 universities around the globe and delivered approximately
180 research presentations. He also authored seven books on poetry. During his sci-
entific career he collaborated with numerous mathematicians. His research papers
contain very deep, original and beautiful results. Through his significant contribu-
tions, he earned a distinguished position and became an internationally renowned
leading scholar in his research fields. Professor Isac’s prolific career was supported
by the love and affection of his wife, Viorica. In fact her dedication, was so strong
that she typed most of Isac’s manuscripts for his papers and books. We offer our
sincerest sympathies to Viorica Isac on her monumental loss. Her husband was not
only a wonderful mathematician but also a outstanding human being who will be
greatly missed.

The submitted works of eminent research scientists from the international math-
ematical community are dedicated to the memory of this leading mathematician and
very special colleague and friend, George Isac.
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viii Preface

The contributions are organized into two parts. Part I focuses on selected topics in
nonlinear analysis, in particular, stability issues for functional equations, and fixed
point theorems.

In Chapter 1, Agratini and Andrica present a survey focusing on linear positive
operators having the degree of exactness null and fixing the monomial of the second
degree.

In their contribution, Amyari and Sadeghi present a Mazur—Ulam type theorem
in non-Archimedean strictly convex 2-normed spaces and give some properties of
mappings on non-Archimedean strictly 2-convex 2-normed spaces.

The emphasis of Céadariu and Radu is on extending some results of Isac and
Rassias on y-additive mappings by giving a stability theorem for functions defined
on generalized oi-normed spaces and taking values in 3-normed spaces.

The objective of Constantinescu’s contribution is on some investigates of
W-tensor products of W*-algebras.

In his contribution, Dragomir introduces a perturbed version of the median
principle and presents its applications for various Riemann—Stieltjes integral and
Lebesgue integral inequalities.

M. Eshaghi-Gordji et al. undertake the issues related to the stability of a mixed
type additive, quadratic, cubic and quartic functional equation.

A short survey about the Hyers—Ulam stability of y-additive mappings is given
by Gévruta and Gévruta in Chapter 7.

In their contribution, Jun and Kim investigate the generalized Hyers—Ulam sta-
bility problem for quadratic functional equations in several variables and obtain an
asymptotic behavior of quadratic mappings on restricted domains.

The focus of Jung and Rassias is to apply the fixed point method for proving the
Hyers—Ulam—Rassias stability of a logarithmic functional equation.

In their work, Park and Cui use the fixed point method to prove the generalized
Hyers—Ulam stability of homomorphisms in C*-algebras and Lie C*-algebras and of
derivations of C*-algebras and Lie C*-algebras for the 3-variable Cauchy functional
equation.

In their paper, Park and Rassias use the fixed point method to prove the general-
ized Hyers—Ulam stability of certain functional equations in real Banach spaces.

The focus of Precup is on presenting new compression and expansion type criti-
cal point theorems in a conical shell of a Hilbert space identified with its dual.

The aim of Rus’s contribution is to give some Hyers—Ulam—Rassias stability re-
sults for Volterra and Fredholm integral equations by using some Gronwall lemmas.

In his contribution, Turinici presents a detailed study of Brezis—Browder’s prin-
ciple. He shows that the version of Brezis—Browder’s principle for general separable
sets is a logical equivalent of the Zorn—-Bourbaki maximality result. In addition, sev-
eral other interesting connections are established.

The second part of this volume discusses several important aspects of vector
optimization and non-smooth optimization, as well as variational problems.

In Chapter 15, Balaj and O’Regan make use of the Kakutani—-Fan—Glicksberg
fixed point theorem to give an existence theorem for a generalized vector quasi-
equilibrium problem.



Preface ix

In their contribution, Cojocaru et al. give a new method of tracking the dynamics
of an equilibrium problem using an evolutionary variational inequalities and hybrid
dynamical systems approach. They apply their approach to describe the time evolu-
tion of a differentiated product market model under incentive policies with a finite
life span.

In Chapter 17, Daniele et al. give an overview of recent developments in the the-
ory of generalized projections both in non-pivot Hilbert spaces and strictly convex
and smooth Banach spaces. They also study the equivalence between solutions of
variational inequalities and critical points of projected dynamical systems.

Eichfelder and Jahn’s aim is to present various foundations of a new field of
research in optimization unifying semidefinite and copositive programming, called
set-semidefinite optimization.

Giannessi and Khan extend the notion of image of a variational inequality by
introducing the notion of an envelope for a variational inequality.

In Chapter 20, Goeleven develops a new approach to study a class of nonlinear
generalized ordered complementarity problems.

Ha’s chapter presents a unified framework for the study of strong efficient so-
lutions, weak efficient solutions, positive proper efficient solutions, Henig global
proper efficient solutions, Henig proper efficient solutions, super-efficient solutions,
Benson proper efficient solutions, Hartley proper efficient solutions, Hurwicz proper
efficient solutions and Borwein proper efficient solutions of a set-valued optimiza-
tion problem with or without constraints.

The contribution of Isac and Németh presents some mean value theorems for the
scalar derivatives which are then used to develop a new method applicable to the
study of the existence of nontrivial solutions of complementarity problems.

The chapter by Isac and Tammer presents new necessary conditions for approx-
imate solutions of vector-valued optimization problems in general spaces by intro-
ducing an axiomatic approach for a scalarization scheme.

Lukkassen et al. undertake homogenization of sequences of integral functionals
with natural growth conditions. Some means are analyzed and used to discuss some
fairly new bounds for the homogenized integrand corresponding to integrands which
are periodic in the spatial variable. Several applications are given.

In their contribution, Moldovan and Gowda employ duality and complementar-
ity ideas and Z-transformations as well as discuss equivalent ways of describing
the existence of common linear/quadratic Lyapunov functions for switched linear
systems.

Motreanu’s focus is on the necessary conditions of optimality for general math-
ematical programming problems on a product space. Interesting applications to an
optimal control problem governed by an elliptic differential inclusion are given.

In his contribution, Pascali’s focus is on studying variational inequalities with
S-mappings.

In Chapter 28, a new completely generalized co-complementarity problem for
fuzzy mappings is introduced. By using the definitions of p-relaxed accretive and
p-strongly accretive mappings, the authors propose an iterative algorithm for com-
puting the approximate solutions, and establish its convergence.



X Preface

The contribution of Wolkowicz is aimed to illustrate how optimization can be
used to derive known and new theoretical results about perturbations of matrices
and sensitivity of eigenvalues.

It is our immense pleasure to express our utmost and deepest gratitude to all of
the scientists who, by their works, participated in this tribute to honor Professor
George Isac. We are grateful to the referees of the enclosed contributions. One of
the editors (AAK) expresses his sincere gratitude to Prof. Sophia Maggelakis and
Prof. Patricia Clark of RIT and Prof. G. Jailan Zalmai of NMU for their kindness
and support.

Panos M. Pardalos
Themistocles M.Rassias
Akhtar A. Khan

May, 2009



Biographical Sketch of George Isac

George Isac (1940-2009)

George Isac was born on April 1, 1940, in Filipesti, Romania, a village in the
district of Braila. His father was a village schoolteacher who fought in the First
World War where he lost an arm. His mother was a housewife. George was the
youngest of three children—he had an older sister and an older brother.

George enjoyed a happy childhood as evoked in his nostalgia-filled poems. His
poetry has had much success in Romanian communities all over the world. It was
said that on the first day of class, on the way to school, his father told him: I would
like you to be the best student in your class. Young George took his father’s wish
as an order and he strived with all his power to maintain this status during all of his
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xii Biographical Sketch of George Isac

student years. He remained deeply attached not only to his birth village but also to
the village school. After the fall of the communist regime in Romania, he visited the
school several times and funded a scholarship to be granted every year to the best
student.

In 1955, George was admitted to the very prestigious college Nicolaie Balcescu
in Braila. The impressive number of great Romanian intellectuals who have gradu-
ated from that college is certainly due to the fact that the college had exceptionally
good teachers. One of them was the Romanian literature teacher who believed that
George was a real artistic gem and who was certain that George would follow a
higher education in the arts. However, George realized that under the communist
regime, it was too difficult for people to succeed in such a career without making
major moral concessions and he was not willing to make such concessions.

So it was, facing the prospect of producing a big disappointment to his favorite
teacher, he made the dramatic decision to enroll in the mathematics program at
the University of Bucharest. Still, he returned every year, full of emotion, to his
beloved college in Braila to long walks in Braila’s parks and along the banks of the
Danube River. It was there that he met Viorica Georgescu, who on May 8, 1965,
became his beloved wife and his inspiration for countless love poems that were
filled with enormous gratitude to her. Viorica gave him the most precious gift one
could receive: two wonderful children: Catalin and Roxana—the pride of the Isac
family.

At the University of Bucharest, George was a remarkable student and upon grad-
uation he was offered a position in the Department of Analysis, whose chairman at
that time was George Marinescu. There was an immediate and deep chemistry be-
tween the two Georges and they soon began to work together on a pioneering book
on analysis on ultra-metric fields (published in 1976). George Isac had wonderful
memories regarding his mentor George Marinescu and started to write a biography
about him that unfortunately remains unfinished.

George and a friend, Ion Ichim, were working part-time at the Institute of Math-
ematics, where I was a senior researcher nominated to direct doctoral studies. They
both came to my office one day and asked me to accept them as students in a Ph.D.
program. Knowing their value, I joyfully accepted them, as well as their subjects of
research: the area of functional analysis for George and the area of potential theory
for Ton.

In the meantime, in February 1972 I left Romania. At that time, the work on
their Ph.D. thesis was advanced but unfinished. Officially, Professor Marinescu was
nominated to take charge of directing their thesis, but due to his health problems,
my friend Aurel Cornea performed the real work. It was a pleasant job for him and
he offered them not only his help but also his friendship after graduation.

George Isac was offered a contract with University of Kinshasa in Zaire and
decided to accept it in order to escape to the West. Before his departure he paid a visit
to Aurel Cornea and told him about his intentions, demonstrating great confidence
in him, given the fact that the country was studded with secret police informers. He
mentioned that his intention was to go alone at first given the tough conditions there
and then bring his family after a while.
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“Are you crazy?” asked Aurel. “Don’t you know what a source of blackmail a
family left behind is for the secret police?” George insisted that his plan was sound,
since he didn’t want to expose his family to hardship. Aurel walked thoughtfully
through the room, then suddenly stopped and said: “This is what I have to say:
Uncle George (a slightly ironical, yet kind address), take your family and go there.
If it is too harsh, then put it on my account.”

George obeyed Aurel’s advice and fortunately had no regrets on his decision. He
had an amazingly successful career in Canada, a country in which his family enjoyed
every moment, and he was forever grateful to his friend Aurel for the advice to not
leave them behind. Except for a short period of time at the University of Sherbrook,
he always worked for the Royal Military College, first in Saint-Jean-sur-Richelieu,
Quebec, and later in Kingston. He was also associated with Queen’s University,
where he directed graduate student work.

While he was still in Romania, he started to pay attention to applied mathe-
matics, a field in which he was able to use his functional analysis knowledge.
He taught some courses in that field. In Canada, George evolved in his field
and he achieved many accomplishments in applied mathematics, solving prob-
lems of complementarity, fixed point theorems with applications to decision the-
ory, game theory, optimal control, Pareto problems, and nonlinear analysis, etc.
Some basic concepts of these domains such as nuclear cones have been introduced
by him.

George’s record of lifelong publications numbers over 200 papers and author-
ship or coauthorship of 13 books. There are around 640 quotations of his work in
collaboration with 258 mathematicians. The world mathematics community sanc-
tioned his mathematics contribution and he appeared as an invited speaker at count-
less international conferences and congresses. He was a member of the editorial
committees for many mathematics periodicals. He received awards of excellence
in mathematics, such as the “Spiru Haret” prize of the Romanian Academy of Sci-
ence in 2003. He was also nominated for the title of Doctor Honoris Causa of the
University Babeg-Bolyai, Cluj-Napoca, Romania.

One’s cannot talk about George Isac without saying something related to his
poems, which were an important component of his personality. He started to write
poetry only later in his life, probably because of the stress he experienced or because
of an excessively busy mathematics schedule that did not allow him the peace of
mind necessary for such an activity. However, he carried with him all of his life a
kind of poetic archive, which overflowed tempestuously when the right time came,
producing an impressive seven volumes of poems in just one decade, the eighth
volume waiting for posthumous publication.

George’s poems are dominated by nostalgic memories of early childhood and
adolescence. His birth village appears as the sacred place where forefathers’ tra-
ditions are still alive with colors and scents specific to every season, with flowers,
birds, bugs, with rivers, cemeteries, wheat fields, vineyards, forest hills, and the
usual childhood preoccupations such as flower picking in spring or tobogganing in
winter. A lot of poems are dedicated to his parents’ house featuring an impressive
garden and a very attentive mother. However, there are also dominant philosophical
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problems, such as those related to life and death, treated mainly through the sieve of
ancient oriental philosophy that he studied thoroughly.

As the religious man he was, George tackled the problem of life after death,
trying to use poetic metaphors in order to revive in us the shiver of the absolute
truth. There is also advice to not give too much importance to the superficial aspects
of life, but rather concentrate on those that are deep and essential. He makes an acid
indictment of our modern society, which shows signs of moral decadence.

George’s dreadful sickness surprised him while he was in full stride, which made
it even worse. He had all kinds of mathematics projects in mind or under way: a
new book, the biography of George Marinescu, and a book of personal recollections
related to the communist era in Romania, including a recollection of his father’s
tragic experience. It was not meant to be, and I regret that these marvelous projects
are now forever lost.

Through his mathematics research, through his poems and through his teaching,
George Isac brought a lot of light into this world. He lived life fully, offering us a
rich harvest, similar to that of his birthplace fields described in his poems. Now, a
new name must be added to the long list of science or arts personalities on the crown
of Nicolae Balcescu College: that of George Isac, renowned personality in science
and arts.

Benglen, April 2009 Corneliu Constantinescu
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Chapter 1

Discrete Approximation Processes
of King’s Type

Octavian Agratini and Tudor Andrica

Dedicated to the memory of Professor George Isac

Abstract This survey paper is focused on linear positive operators having the degree
of exactness null and fixing the monomial of the second degree. The starting point
is represented by J.P. King’s paper appearing in 2003. Our first aim is to sum up
results obtained in the past five years. The second aim is to present a general class
of discretizations following the features of the operators introduced by King.

1.1 Introduction

Let C([a, b)) be the Banach space of all real-valued and continuous functions defined
on [a,b], equipped with the norm || - || of the uniform convergence. Let e, be the
monomial of n degree, n € Ny := {0} UN. Bohman—Korovkin’s theorem states: if
(Ln)n>1 is a sequence of positive linear operators mapping C([a,b]) into itself such
that lirrlnHLne,- —e¢i|| =0 for i =0,1,2, then one has lirrlnHLnfffH = 0 for every
feC(a,b]).

Many classical linear positive operators have the degree of exactness one, this
meaning they preserve the monomials ep and e;. On the other hand, it is well known
that if a linear positive operator reproduces all three test functions of the Bohman—
Korovkin criterion, then it is the identity operator of the space. A question arises:
What is known about operators which fix the monomials eg and e, ?
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In 2003, J.P. King [10] was the first to present an example of linear positive
operators enjoying this property. These operators are of Bernstein type and are given
as follows. V,, : C([0,1]) — C([0,1]),

v =3 (F)esera-rwrs(5). xeoa

x=0

where r} : [0, 1] — [0, 1],

ro(x) = 1 noo, 1 (1.2)
- =2,3,...
Z(n—l)Jr n—1" +4(n—1)2’n 3

From approximation theory point of view, this sequence is useful. In spite of the
fact that the operators have the degree of exactness null, the order of approximation
is at least as good as the order of Bernstein operators.

King’s construction quickly gained popularity and, during the past five years,
several authors studied classes of linear positive operators which preserve the test
functions ey and e;. There are new papers on this topic constantly coming out and
wide generalizations being studied.

The current paper aims to summarize the main results obtained in this area. Also,
this survey should stimulate further research.

1.2 Further Results on V,, Type Operators

King also established quantitative estimates for V,, in terms of the classical first-
order modulus ; (f;-). New quantitative estimates involving the second modulus
of continuity @,(f;-) have been obtained by H. Gonska and P. Pitul. They proved
[9; Theorem 2.1] the following result.

Theorem 1.1. Let V,, n € N, be defined by (1.1). For each f € C[0,1] and x € [0,1]
one has

Va) @) = 1) < V= r@or (£Vx=7(0) + (1400 (£ =1()

Consequently, if f € C'([0,1]), one obtains the approximation order
7 ( x—ri (x)), n — oo, For f € C%([0,1]) the approximation order is & (x —r};(x)),
n — co.

Setting the powers of an operator L by L° = Iy, L' = L, "t = Lo L™, m € N,
where Ix indicates the identity operator on the space X, the iterates of V, have been
obtained [9; Theorem 3.2].

Theorem 1.2. Let V), n € N, be defined by (1.1). If n € N is fixed, then for all f €
C([0,1]) and x € [0, 1], one has
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Tim (V" f)(x) = £(0) + (£(1) = £(0)a® = (Vi.f) ().

As regards the approximation process (V},),, the transition from uniform conver-
gence to A-statistical convergence was done by O. Duman and C. Orhan [6]. At first,
we briefly recall elements of this type of convergence. Let A = (a;,) j>1,,>1 be an
infinite summability matrix. For a given sequence x := (x;),>1 the A-transform of

x, denoted by Ax := ((Ax);), is defined by (Ax); = > a;,x, provided the series
converges for each j. A is regular if limx,, = L impliesnljr,ln(Ax) j = L. Further on, we
assume that A is a non-negative reguilar summability ma{trix and K is a subset of N.
The A-density of K, denoted by &4 (K), is defined by 84 (K) :=1lim Y, a;,, provided
the limit exists. A sequence x := (x,),> is said to be A-statistical gggvergent to the

real number L if, for every € > 0,
ou({neN: |x,—L|>¢e})=0

takes place. This limit is denoted by st4 — limx = L.
From this moment, assume that A is a non-negative regular summability matrix
such that limmax{a;,} = 0 holds. On the basis of [11], we can choose an infinite
J n

subset K of N'\ {1} such that 84 (K) = 0. Define the functions p,, n € N, by

x2, ifn=1,
pn(x) = ry(x), ifn ¢ KU{1}, (1.3)
0, otherwise,

where 7;; is defined by (1.2). Each function p, is continuous on [0, 1] and p,([0,1]) C
[0,1]. One has st4 — lim p,(x) = x, x € [0, 1]. An analog of King’s result proved in

[6; Theorem 2.3] will be read as follows.

Theorem 1.3. Let V,, be defined by (1.1) such that r;, is replaced by p, described at
(1.3). Then, for all f € C([0,1]) and all x € [0, 1],

sta —lim (V. f)(x) = f(x)[ = 0

holds.

Another recent paper [4] centers around a family of sequences of linear Bernstein-
type operators depending on a real parameter o« > 0 and preserving e and the poly-
nomial e> + aeq. Let oo > 0 be fixed. For each n > 2, the authors consider the func-
tion 7y, ¢ : [0, 1] — R defined by

(1.4)

. (x)::_noc—i-l \/(na+l)2 n(ox +x?)

2(n—1) 4(n—1)2 n—1

and the operator B, o : C([0,1]) — C([0,1]) given by
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/! k
(Buof)(x) ==Y, Pukal(x) ( ) (1.5)

k=0

Prsals) = (k) (1~ o)™

If we choose o¢ = 0, B, o becomes the V, operator introduced by King. Also,
the relations (1.4), (1.5) guarantee By, €0 = €q, By q€1 = I'n,q and B, o(e2+ ae1) =
ey + oej.

Besides qualitative and quantitative results regarding the sequence (B, ¢ )n>2, the
authors obtain the following asymptotic formula of Voronovskaja type.

Theorem 1.4. Let B, o, be defined by (1.5). For x € (0,1) one has

i 20((B0)0) — £0) =x(1 =) (1) = 522 7'

2x+ o
provided f has the required regularity conditions at the point x.

We conclude this section with g-Bernstein operators. To formulate the results we
need the following definitions.
Let ¢ > 0. For any n € Ny, the g-integer [n], is defined by

]y :==1+g+--+¢"" (neN), [0],:=0
and the g-factorial [n],! by

(gt :=1]g[2lg--.Inly (neN), [0!:=1.

For each integer k € {0, 1,...,n}, the g-binomial coefficient is defined by

Clearly, for ¢ = 1, one gets [n]; = n, [n];! = n!, {Z} = (Z .
1

The g-Bernstein polynomials of f : [0,1] — C introduced by G.M. Phillips [13]
are defined as follows

(Buf)(g:x) : Zf(k )H f[ (1-¢"x), xe[0,1,neN. (1.6

[n]y

We mention that an empty product is taken to be equal to 1.

For ¢ = 1, the polynomials (B, f)(1;-) are classical Bernstein polynomials. In
what follows we consider 0 < g < 1; in this case g-Bernstein polynomials are posi-
tive linear operators on C([0, 1]). These operators satisfy the following properties
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2

—X

[n)g
The Phillips results are the basis of many research papers, and the comprehensive

survey due to S. Ostrovska [12] gives a good perspective of these achievements.

Our aim is to modify the ¢g-Bernstein operators (B,,f)(g;-), n > 2, into the King
variant. Setting

(Bueo)(@ix) =1, (Buer)(@:x) =%, (Buez)(gsx) =2+ (1.7)

rn.,q(X>1=‘2([n];—1)+\/[n[n}q T xelo1), (1.8

for each n > 2, we consider the operator

(Bof)(q:%) := (Buf)(qirag (), f RO, (1.9)
where (B,.f)(g;-) is given by (1.5).
For the particular case ¢ = 1, (B}, f)(1;-) turns into V,, f, King’s example.
Since (Bje1)(g;) = rnq and limr, 4(x) = ( 422+ (1—¢g)? —1 +q) /2q,q €
n
(0,1), based on the Bohman—Korovkin theorem, it is obvious that our sequence

does not form an approximation process on the space C([0, 1]). In order to satisfy
this property, for each n > 2, the constant ¢ € (0, 1) will be replaced by a number

gn € (0,1).

Theorem 1.5. Let (q,)n>2, 0 < gn < 1, be a sequence such thatlimg, = 1 andlimg"
n n
exists. Let (B f)(qn;-) be defined as in (1.9). For any f € C([0,1]) one has

lirrln(Bflf)(qn;x) = f(x), uniformly in x € [0,1].

Proof. The assumptions made upon the sequence (g,),>> guarantee that
lim[n],, = eo. Examining (1.8), this implies
n

limry, 4, (x) = x, uniformly in x € [0, 1],
n

and, consequently, lim(Bje;)(gn;+) = ej. Also, relations (1.9) and (1.7) ensure
lim(Be;)(qn;-) = ej, j € {0,2}. Since the requirements of the Bohman—Korovkin
T A

theorem are satisfied, the conclusion follows. 0O

1.3 A General Class in Study

The object of this section is to present a class of discrete operators reproducing the
third test function of the Bohman—Korovkin theorem. This class is defined on certain
subspaces of C(J), J C R. We take into account two kinds of intervals: J = [0, 1]
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and J =R :=[0,0), respectively. Let I, C N be a set of indices. Following [1], we
consider a sequence (L, ),>1 of linear positive operators acting on C(J) and defined
by

(Lnf) () = 2 un k() f (ns),  x€J, fE€F ), (1.10)

ke,
where u, , € C(J) is a positive real-valued function for each (n,k) € N x I,,, (xnx)ier,
is a mesh of nodes on J, and

F(J):={f €C(J): the series in (1.10) is convergent}.

We note that the right-hand side of (1.10) could be a finite sum. In this case, .7 (J)
is just C(J). For each n € N, we assume that the following identities

(Lneo)(x) =1,  (Lner)(x) =x, (Lpea)(x)= anxz +byx, x€J, (L.11)

are fulfilled, where a, > 0, b, > 0. Knowing that u, ; > 0, k € I,, the first identity
from (1.11) implies that each u,  belongs to Cg(J), the space of all real-valued
continuous and bounded functions on J. In regard to the sequences of real numbers
(an)n>1 and (by,),>1 we assume

lima, =1, limb,=0. (1.12)

n—oo n—oo

Relations (1.11) and (1.12) guarantee that (L, ),>1 is a strong approximation pro-
cess on any compact %~ C J, this meaning lim(L, f)(x) = f(x) uniformly for every
n

xe X and f e . F(J).
For each n € N, we define the continuous function v, : / — R,

1
v,,(x)zza (\/b2+4anx>—b,), x€J. (1.13)
n

Starting with (1.10), we introduce the operators

(L;;f)(x) = z un,k(vn(x))f(xn,k)» xeld, f € y(‘]) (1.14)

kel,

On the basis of (1.11), the following identities [1]
Lieo=ey, Liei=v,, Liex=es (1.15)

hold. Consequently, one has lim L} f = f uniformly on compact subintervals of J for
n

every f € F(J).
Considering @, : J — R, @.(t) =t — x, x € J, the second central moment of L}
has the form
(L;‘l(px)z(x) =2(x—w,(x)), x€J.

By using (1.13) and the fact that L} is a positive operator, one gets
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0<v(x)<x, xel.

Our aim is to explore the rate of convergence. For J = [0, 1] we use the modulus
of continuity. For / = R, we use a weighted modulus associated to the Banach
space (Eq, || ||lo), & > 2, where

Eo:={f €C(R;): wg(x)f(x)is convergent as x — o},

and || f || := supwg ()| f(x)|. The weight wy, is given by wg (x) = (1+x%)~!. Since
x>0

o > 2, the test functions e;, j € {0,1,2}, belong to E,.

Theorem 1.6. Let LY, n € N, be defined by (1.14), where J = [0, 1]. For every f €
C(J), one has

(G0 - 101 < (14570 0(7:0), ves. 820, (L16)

where

Vn(X) =/ 2x(x —vu(x)), x€J. (1.17)

The proof can be found in [1, Theorem 3.1.(ii)].
Since x € J = [0, 1], the following upper bound for e; — v, can be easily estab-
lished

+

b 2 b 1 b -1 b
xX—vu(x) = x4+ = al z <<1 >x+ u <|a" | u

2a, a, 4a: an 2a, ~ +/an 2a,
_ 20ay—1] by \"* .
Consequently, v,(x) < [ ——— + — which tends to zero for n tending to
Van an

infinity. Choosing in (1.16) 6 to be equal with this quantity, we obtain

@ — 1/2
I(Lilf)(X)—f(X)<2w<f;(2|”\/07”+z:’l> ) xe0,1],

For f € E, we consider the following weighted modulus

Q,, (f;0):= sup wo(x+h)|f(x+h)—f(x)], &§>0.
027

Theorem 1.7. Let L), n € N, be defined by (1.14), where J = R,.. For every f €
F (J)NEg, one has

Vn(x)

(€00 - 101 < G ) (14757 ) @uri8), v20,5>0

where Vy, is given at (1.17) and Uy (t) ;== 1+ (x+ |t —x|)% ¢t > 0.
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The proof can be found in [1; Theorem 3.2].
Let n > 2. Choosing I, = {0, 1,...,n}, J =[0,1], x,x = k/n,

Up(x) = (Z)xk(l —x)" K 0<k<n,

L, becomes a Bernstein operator and we get

1 1
anzl—;, bn:;, a(x) =7r(x), x€][0,1],

where 7} is defined by (1.2). Consequently, L;; turns into King operator V,,.
In what follows, starting from classical Baskakov operators we present the mod-
ified variant L.

Example 1.8. In (1.10) we choose J = [0,00), [, =N, x,, , = k/n and

k—1
Up i (x) = <n+k >xk(1+x)_”_k, x>0.

The requirements (1.11) are fulfilled. It is known that a, = 1+ 1/n and b, = 1/n,
n € N, consequently (1.12) holds. We obtain

V1+4 Hxz—1
va(x) = tdn(nt 1)x x>0,neN,

2(n+1) ’

and, following (1.14), the modified Baskakov operators are defined by

e =3 (") s (£). xzonen

where f € Es.

Remark 1.9. For J = R, our operator L maps Cg(R. ) in Cg(R,) because of the
first identity of relation (1.15). Here Cp(R;) denotes the space of all real-valued
continuous and bounded functions defined on R_.. On the basis of [8; Theorem 1],
relations (1.15) lead us to the following result.

If st flirrln lvi —e1]|lxk = 0, then st — lirIlI1||L;§f—f||K =0, for any function f be-

longing to Cg(R), where K C R is a compact and || - ||x is the norm of the uniform
convergence on K.

Remark 1.10. For general operators of King’s type, a generalization to the m-

dimensional case will be read as follows. Let K, be a compact and convex subset

of the Euclidean space R™. It was shown by Volkov [15] that the following m + 2
m

functions: 1, pry,..., pry, Z pr?, are test functions for C(K,,). Here 1 stands for
j=1

the constant function on K, of value 1 and pr;, 1 < j < m, represent the canoni-

cal projections on K, i.e., prj(x) = x; for every x = (x;)1<j<m € K. Considering
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m m
L::C(Ky) — C(Ky) such that L;1 =1 and L}, <2 pr%) =y prjz, we get
j=1 j=1

M=

m
Ly(|l-—x*x) = L, ( ( Xj)z;X> = 2[lxel|* =2 Y xjEn (%),
i=1 j=1

J

where || - || stands for the Euclidean norm in R™. Here E,, ;(x) := L Prizx), x € K.

Let u, := 2[x||> -2 ijE,,Tj(x).
j=1
Taking into account a result established by Censor [5; Eq. (5)], we obtain

L5 f — fllkn < 20(f5/Hn),

where o(f;-) is the modulus of continuity defined for f € C(K,,) as follows

o(f;0) = max |f(x)=f)]
(i) <5

d(-,-) being the Euclidean distance.

At the end of this section we emphasize other achievements as regards the se-
quences of operators of King’s type. In [3], for a compact interval J and I, =
{0,1,...,n}, the limit of iterates of L} operators defined as in (1.14) has been es-
tablished. The tensor product extension of L} to the bidimensional case was inves-
tigated in [2]. As a particular case, a modified variant of the bivariate Bernstein—
Chlodovsky operators was presented. Recently, O. Duman and M.A. Ozarslan [7]
studied the modified Szasz—Mirakjan operators S, which preserve e and e>. They
also proved that the order of approximation of a function f by S f is at least as good
as the order of approximation of f by S, f.

Important results have been obtained by L. Rempulska and K. Tomczak [14] who
entered upon certain sequences of linear positive operators acting on Cp, (1), p € Ny,
the space of all functions f : / — R with the property that fw), is bounded and
uniformly continuous on 7, where wy(x) = 1 and w,(x) = (1 +x?)~!, for p € N.
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Chapter 2

Isometrics in Non-Archimedean Strictly Convex
and Strictly 2-Convex 2-Normed Spaces

Maryam Amyari and Ghadir Sadeghi

Dedicated to the memory of Professor George Isac

Abstract In this paper, we present a Mazur—Ulam type theorem in non-Archimedean
strictly convex 2-normed spaces and present some properties of mappings on non-
Archimedean strictly 2-convex 2-normed spaces.

2.1 Introduction and Preliminaries

A non-Archimedean field is a field ¢ equipped with a function (valuation) |- | :
A — [0,00) such that for all r,s € "
(i) |r| = 0 if and only if r =0,
(i) [rs| = [r]|s],
(iil) |r+s| < max{|r|,|s|}.
Clearly [I|=|—1|=1and |n| <1 forall n € N. An example of a non-Archimedean
valuation is the mapping
x| = { 1 x#0

0 x=0

This valuation is called trivial.
In 1897, Hensel [4] discovered the p-adic numbers. Fix a prime number p. For any
nonzero rational number x, there exists a unique integer n, € Z such that x = % P,
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where neither of the integers a and b is divisible by p. Then |x|, := p~" defines
a non-Archimedean norm on Q. The completion of Q with respect to the metric
d(x,y) = |x—Y|, is denoted by Q,, which is called the p-adic number field; cf. [14].

Let 2" be a vector space over a field J#” with a non-Archimedean valuation | - |.
A function || - || : £~ — [0,0) is said to be a non-Archimedean norm if it satisfies
the following conditions for all x,y € 2~ and r € ¢

@) ||x|| = 0 if and only if x =0,

(i) x| = [l

(i) [lx+ ]| < max{ x|, [y]]}-

Then (2] -]|) is called a non-Archimedean normed space. A non-Archimedean
normed space is called strictly convex if ||x+ y|| = max{||x||,||y[|} and ||x|| = ||y|
imply x = y. Theory of non-Archimedean normed spaces is not trivial, for instance
there may not be any unit vector; see [9] and references therein.

Definition 2.1. Let 2" be a vector space of dimension greater than 1 over a field .2
with a non-Archimedean valuation |- |. A function ||-,+|| : 2" x 2" — R is said to be
a non-Archimedean 2-norm if it satisfies the following conditions:

(i) ||x,y|| = 0 if and only if x,y are linearly dependent,

(i) .y = .|
(i) [lrx, yl| = [rlllxyl  (redx,ye Z),
(iv) the strong triangle inequality

[,y + 2| < max{{be,yll, [l 2]} (.2 € X).

Then (27, ]|,||) is called a non-Archimedean 2-normed space.

Let ||x,y|| # ||x,z|| in inequality (iv). Without loss of generality we may assume that
[lx, ¥l > ||x,z||, then we have

[y +2ll < [l vl 2.1
and
[, ¥l < max{|lx,y+zll, b, 2l } = {1,y +2]l- 2.2)
Inequalities (2.1) and (2.2) imply that
[,y + 2| = max{]}x, yl[, [|x, 2[[ },
which is interesting in its own right.

Example 2.2. Let (27, ]| - ||) be a non-Archimedean normed space over a valued field
. Then ||-,-|| on 272 defined by

le,y]| = x|l lv]|  x and y are linearly independent
=0 otherwise

is a 2-norm and (2, ||-,-||) is a non-Archimedean 2-normed space.
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Definition 2.3. Let 2" and % be non-Archimedean 2-normed spaces and f : 2~ —
% be a mapping. Then f is called a 2-isometry if

[x—zy—zll = f(x) = f(2), f¥) = F )l
for all x,y and z in Z7; cf. [2].

For non-zero vectors x,y in 2", let #'(x,y) denote the subspace of 2" generated by
x and y.

Definition 2.4. Suppose 2" is a non-Archimedean 2-normed space over a valued
field 7 with |2| = 1, then 2 is called strictly convex if ||x +y,z|| = max{||x,z|l,
[,2ll}> ezl = lly,zll # 0 and z & ¥ (x, y) imply that x = y.

The theory of isometric mappings had its beginning in the classical paper [7] by
S. Mazur and S. Ulam, who proved that every isometry of a normed real vector
space onto another normed real vector space is a linear mapping up to translation.
A number of mathematicians have had deal with Mazur—Ulam theorem; see [5, 10,
11, 12, 13, 15, 16] and references therein. Mazur—Ulam theorem is not valid in the
contents of non-Archimedean normed spaces, in general. As a counterexample take
R with the trivial non-Archimedean valuation and define f : R — R by f(x) = x°.
Then f is clearly a surjective isometry and f(0) = 0, but f is not linear; cf. [8]. H.Y.
Chu [2] studied the notation of 2-isometry and proved the Mazur—Ulam problem in
2-normed spaces.

Example 2.5. Suppose R? is the vector space over field R with non-Archimedean
trivial valuation |.|. Then the function ||.,.|| : R* x R> — R is defined by

|(x1,x2), i, y2)|| = lxn, 22|y, y2]

where
x| = 1 x#0andy#0
YIT10  otherwise

is defined as a non-Archimedean 2-norm. Define f : R> — R? by f(x,y) = (x*,y%).
Then f is clearly a 2-isometry and f(0,0) = 0, but f is not additive.

In this paper, by using the terminology and some ideas of [1], [2], [3], [6], and [8],
we establish a Mazur—Ulam type theorem in the framework of non-Archimedean
2-normed spaces.

2.2 Non-Archimedean Strictly Convex 2-Normed Spaces

We begin this section with the following useful lemma.

Lemma 2.6. Let (2, ]|-,-||) be a non-Archimedean 2-normed space over a valued
field . Then ||x,y|| = ||x,y + rx|| for all x,y € Z and all r € X .
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Proof. Letx,y € 27, then

[,y + x| < max{{lx, y [, o, el |} = [, v | (2.3)
and
[l yll = [,y + rxe = x| < max{[[x, y + x| [, —rex]|}
= ||lx,y+rx|. 2.4
It follows from inequalities (2.3) and (2.4) that ||x,y+ rx|| = ||x,||. 0

Definition 2.7. Let 2" be a non-Archimedean linear space over a valued field 2
and x,y,z be mutually disjoint of 2. Then x,y,z are said to be collinear if x —y =
r(x —z) for some r € %

Lemma 2.8. Let (2,]|.,.||) be a non-Archimedean 2-normed space over a valued
field 22 which is strictly convex and let x,y € Z . Then % is the unique member t
of Z, collinear with x,y satisfying

|x—z,x—t]|=|ly—t,y—z|| = [[x—2z,y—Z]

forall z€ X with ||x—z,y—z]|| #0.

Proof. Sett = %V Then ¢, x,y are collinear. By Lemma 2.6 we have

= zx—t] = fr—zx— ) = x— 2, 22
2 2
1
=]Eﬂx—ax—yﬂ=Hx—az—yH=Hx—ay—Zm
xX+y y—x
_ —tll = _ _ 7| = .,
y=zy=tl=ly-zy-—==I=ly-2=75"I
1
=]Eﬂy—ay—XHZHy—az—XHZHx—ay—zw

Assume that another s € 27, collinear with x, y satisfies,

Ix—zx—sl|=[y—sy—zl=lx—zy—z
Then
t —t —
- zox= 500 < max {2 5 -2 550
= [x—zy—z|. (2.5)
Similarly

t+s
Hy*ay*AE*HSHx—Ay—ZW (2.6)
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we have
Ix—zy—zll = [x—zy—
<max{”x—z,x—t—;v||,||x—z,y—t—~2_s||}. 2.7
It follows from (ii) and (iv) that
l—zy=22) = Iy —z+x—yy -2

t+s t+s
< max{ly-zy- o= 500 @9)

Since ¢,x,y and s,x,y are collinear we have

t —1 —
o= < max s T - 2 =0 @)
It follows from (2.8) and (2.9) that
t+s t+s
||X*Z,y*7||§||y*17)’*7||- (2.10)

If both inequalities (2.5) and (2.6) were strict, then by inequalities (2.7) and (2.10)
we would have

t+s

t+s
L E e e | O e ]

a contradiction. So at least one of the equalities holds in (2.5) and (2.6). Without
lose of generality assume that equality holds in (2.5). Then

X—t x—s x—1 x—s
|‘X_Z>T+ 5 || = max ||x—z,T||,||X—ZaT|| :

By the strict convexity we obtain 5t = *5* that is 1 = s. 0

Theorem 2.9. Suppose that 2 and % are non-Archimedean 2-normed spaces over
a valued field J¢ such that % is strictly convex. Assume that f(x), f(y), and f(z)
are collinear when x,y, and z are collinear. If f : X — % is a 2-isometry, then
f = f(0) is an additive mapping.

Proof. Let g(x) = f(x) — f(0). Then g is an 2-isometry and g(0) = 0. Letx,y € 2~
with x # y. Since dim 2" > 1, there exists an element z € 2" such that ||x—z,y —z|| #
0. Since g is a 2-isometry, we have

R e [
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e
— k-2, =2

2
= [x—zx=y|=x—zy—z|
= [lg(x) —g(2),8(y) — g2l

and similarly we obtain

x+y x+y
le0) ¢ (52 60 -2 = Iy =502
=ly—xy—zl =lx—zy—z

= |lg(x) —&(2),8(y) — g2l

Since %3*, x and y collinear, g (*32) , g(x) and g(y) are also collinear. It follows from

Lemma 2.8 that
NEssa 8(x) +8(y)
2 2 ’
for all x,y € 2. Hence g = f — f(0) is additive since g(0) = 0. 0

Example 2.10. Consider Q; x Q2 with norm | (e, )| = max{|ct|2, |B]2}. Then Qa x
Q> is a non-Archimedean normed space such that is not strictly convex. Define 2-
norm |-,-| on Q, x Qy by

] = |u|lv| uand v are linearly independent
“Y= 0 otherwise

Now define the mapping f: Q2 X Q2 — Q x Q; by

Flap) = { (a*,B?) a=42"and B =<2°

(a,B) otherwise.

Then f is a 2-isometry and f(0,0) = 0 but f is not additive. Therefore the assump-
tion that % is strictly convex cannot be omitted in Theorem 2.9.

2.3 Non-Archimedean Strictly 2-Convex 2-Normed Spaces

Definition 2.11. Suppose 2" is a non-Archimedean 2-normed space over a valued
field 2 with |3| = 1, then 2" is called strictly 2-convex if for all x,y,z € 2" which
e+ 2,9+ 2l| = max{ [,y .2l 2]} and o yl| = [,z = [ly.2]] # 0. we have
Z=X+)y.

Definition 2.12. Suppose 2" is a non-Archimedean 2-normed space over a valued
field 2#" and a, b, ¢ are three non-collinear points in 2", then

T(a,b,c) ={xe X :|la—b,b—|

= max{|ja—x,b—x|,[la—c,x—cll;[x—e;b—c|}}

is called the triangle with vertices a, b, and c.
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Definition 2.13. A point p of a 2-normed space (2, ||.,.]|) is called 2-normed mid-
point of three non-collinear points a,b, and ¢ of 2" (|la—c,b—c|| #0) if

Ha_pvb_p” = ||a—c,p—c|| = ||p—C,b—C|| = Ha—b,b—CH-

If p is a 2-normed midpoint of a,b, and ¢, then p is called a center of T'(a,b,¢)

Lemma 2.14. Let 2 be a non-Archimedean 2-normed space over a valued field %
with |3| =1 and x,y,z € 2, are non-collinear. Then u = Hy“ is the element of 2,
collinear with x,y, z satisfying

[x—zy—zll = lx—u,y—ul| = [|x—z,u—z|| = [[u—z,y— 2.
Proof.
xX+y+z x+y+z
llx —u,y —ul| = [lx— A | =[2x—y—2z2y—x—z|
=Iﬂx—y—ZSy—3xH=H2x—y—ay—XH
= ly—xx—z|| = llx—zy—z|
and
X+y+z
[x—z,u—z| = |lx—z, —3 =z = llx—zx+y—2z]| = [[x—z,y — 2]
X+y+z
lu—zy—zl=Il—F——-zy—zl=lx+y-2z,y—zll = [x—z,y—z|

3
O

Theorem 2.15. Let 2" be a non-Archimedean 2-normed space over a valued field
A with |3| = 1. Then the following statements are equivalent for all a,b,c € X,
(D) (27|, -\) is strictly 2-convex.
(ii) T (a,b,c) has a unique center.

Proof. Let (2,]|.,-||) be strictly 2-convex. By Lemma 2.14 it is a clear that “+b+c
is a center of T'(a,b,c). If x is a center of T (a, b, c), then we have
la—x,b—xl|=lla—cx—cl|=|x—c,b—c|=[la=c,b—c]
or
la—x,b—x|| = lla=x.x—cl| = |x—c;b—x]| = [la—¢,b—cl|.

PutX =a—x,Y =b—xand Z = x—c. Then

IX+Z,Y +Z|| = |X,Y| = [|X,Z| = ||[Y.Z| #0.
Z is a strictly 2-convex, then Z = X +Y, namely, x = “gﬂ
Suppose that T'(a,b,c) has a unique center, and also (27, ||.,.]|) is not strictly
2-convex, then there exist x,y, and z in 2~ such that
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e+, v+ 2| = max{{[lx, yl[, [}, 2|, |y, 2[[}

and ||x,y| = ||x,z|| = ||y,z]| # O such that x+y # z. Thus x # z —y and y # z — x.
Puta=z—y,b=z—xandc=zinT(a,b,c). Then ||a—c,b—c|| # 0. We will show
thatt =z— (x+y) € T(a,b,c).

la—c,b—c|l=l|z—y—z,2—x—z]| = ||x, ]|

la—t,b—t]| = llz—y—z4+x+y,z—x—z+x+y|| = |Ix,y]
la—c,t—cll=z—y—zz—x—y—zl| = [yx+yl| =[x

and
lt—c,b—cl|=llz—x—y—zz—x—2z|| =[x +y,¥] = [|x,].

On the other hand, 7 is a center of T'(a,b,c). Hence t = %b*c. Therefore 2(x+y) =0
or ||x,y|| = 0, which is a contradiction. 0

Theorem 2.16. Let Z" and % be non-Archimedean 2-normed spaces over a valued
field % and % is strictly 2-convex. Assume that f(x), f(y), and f(z) are collinear
when x,y, and z are collinear If f : & — & is an 2-isometry, then for all x,y, and

zin Z we have
f(X+y+Z> _ SO +G)+/E)

3 3

Proof. Let g(x) = f(x) — f(0). Then g is an 2-isometry and g(0) = 0. Letx,y € 2
with x # y. Since dim 2" > 1, there exists an element z € 2" such that ||x—z,y —z]| #
0. Since g is a 2-isometry, we have

et (5 e (V)

_Hx_x—&-y—i—z _Xty+z
- 3 Y 3
= lx—zy—zl = llg(x) — g(z),8(y) — g(2)|

I (by Lemma 2.14)

and
xX+y+z x+y+z
||g(x)—g(2)ag< 3 )—g(z)| = |lx—z, 3 —z|| (by Lemma 2.14)
= [lx—z,y—zll = [lg(x) —&(2),8(y) — g2l
X+y+z X+vy+z
e (2555 ) ~ 80) - 6@l = 15 a2l oy Lemma 2.19)

= lx—zy -zl = lle(x) —&(2),£(v) —&(2)]]-
Therefore g(*3%=) is a center of T (g(x),g(y),g(z)). Since # is strictly 2-convex

by Theorem 2.15 we have
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x+y+z\  gx)+g(y) +e(z)
o) e

O

Example 2.17. Consider Q3 x Q3 with norm |(¢t, )| = max{|c|3,|B|3}. Then Q3 x
Q3 is a non-Archimedean normed space such that it is not strictly 2-convex. Define
the 2-norm |-, -| on Q3 x Q3 by

] = |u|[v] uand v are linearly independent
BTN 0 otherwise.
Now define the mapping f : Q3 X Q3 — Q3 x Q3 by
_ a0 _ ¢r0
o B) = { 20,2B) o= 43"andf = £3

(a,B) otherwise.

Then f is a 2-isometry and f(0,0) = 0, but if we put x = (1,1),y = (3,3), and,
z=(0,0), then

e\, S0 0 I)
P(FE) 2

Therefore the assumption that % is strictly 2- convex cannot be omitted in Theo-
rem 2.16.
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Chapter 3

Fixed Points and Generalized Stability for
v-Additive Mappings of Isac—Rassias Type

Liviu Cadariu and Viorel Radu

Dedicated to the memory of Professor George Isac

Abstract Some results of G. Isac and Th. M. Rassias on y-additive mappings will
be slightly extended by proving a stability theorem for functions defined on gener-
alized a-normed spaces and taking values in B-normed spaces. We will show that
some well-known theorems concerning the stability of Cauchy’s functional equation
can be obtained as consequences of our results.

3.1 Introduction

Starting from a question of S. M. Ulam concerning the stability of group homo-
morphisms, D. H. Hyers gave a purely constructive solution in the case of Cauchy
functional equation in Banach spaces (see, e.g., [14], [17]). For the sake of conve-
nience we note here his result:

Proposition 3.1. Suppose that (E, ||-||g) is a real normed space, (F,||-||r) is a real
Banach space and f : E — F is a given function such that the following condition
holds

1fCe+y) = f () = F W)l < 8, forallx,y € E,

for some & > 0. Then there exists a unique additive function a : E — F such that
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If (x) —a@X)||p <8, forallx € E. 3.1)

This phenomenon, called Hyers—Ulam stability, has been extensively investi-
gated for different functional equations or inequalities (see the expository papers
[15,9, 29] and the books [17, 22, 7]).

Subsequently, the result of Hyers has been generalized by considering unbounded
Cauchy differences ([1], [2], [28], [8D).

Although different approaches (for example, the invariant mean technique [33,
34], or based on the sandwich theorems [25]), have been used to obtain stability re-
sults for functional equations, nevertheless, almost all proofs used the direct method,
imagined by D. H. Hyers: starting from the given function f, the additive function
a: E — F verifying (3.1) is explicitly constructed by the following formula:

1
a(x) = lim Ef(Z"x).
As it was observed in [26], the existence of the solution a and the estimation (3.1)
can be easily obtained from the fixed point alternative for a strictly contractive op-
erator defined on a suitable generalized metric function space:

Jh(x) = éh(qx) ,

so that the stability properties are related to some fixed points. Also in [26], the
same method is used to prove a result of G. Isac and Th. M. Rassias concerning the
stability of y-additive mappings (see Proposition 3.16 below).

It is worth noticing that G. Isac and Th. M. Rassias (see [18, 19]) introduced the
concept of y-additive mappings and proved the following necessary and sufficient
stability property:

Proposition 3.2. Let E| be a real normed space and E» be a real Banach space. Let
us consider a function y : [0;00) — [0;00), which satisfies the following conditions

(I) lim @ =0

t—o0

(I1) w(ts) < y(t)y(s),forallt,s € [0;00);
() y(r) <t forallt > 1.

(IV) y is monotone increasing on R

(

V) w(t+s) <wy(t)+y(s), forallt,s € [0;00).
Then the mapping f : E1 — Ej satisfies the inequality

1 Cety) = f() = ST < eCw(llxl]) + wlllyll)

for some € > 0 and for all x,y € E, iff there exists a constant 6 and a unique
additive function a : E\ — E», such that

1 () —a()[ll < Sy ([|x]), Vx € Er.
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In the current note we will slightly extend this result by proving a stability the-
orem for mappings defined on generalized o.-normed spaces and taking values in
B-normed spaces. In fact, we prove a stability theorem for Cauchy equations in -
normed spaces (cf. [3] for the direct method and [6] for a particular case). We also
show that some well-known theorems of Th. M. Rassias, Z. Gajda, J. M. Rassias,
G. Isac and Th. M Rassias, K. W. Kim and H. M. Jun, can be obtained as applica-
tions of our results.

3.2 Stability Properties for Cauchy Equation
in 3-Normed Spaces

For the sake of convenience, we recall some necessary notions and results, used in
the sequel.

Let E be a vector space over the real or the complex field K, € Ry, and 8 €
(0,1].

Definition 3.3. A mapping ||.||o : E — Ry is called an h-functional of order o iff
it has the property

(ho) : |- x]|o < |A|% - ||x|| e, forall A € K forall x € E.

As usual, E is identified with E x {0} in E x E, so that ||x||o = ||(x,0)]||o for all
x € E and each h-functional of order ot on E X E.

Definition 3.4. A mapping ||-||g : E — R, iscalleda B-norm iff it has the follow-
Ing properties:

”fi xllp =0 <= x=0;

nlﬁl A x| = AR ||x]| g, for all x € E;

ngl lx+yllg < lxllg +[lyllg, for all x,y € E.

For more details see, e.g., [32].

In the sequel, we shall also make use of the following alternative of fixed point
([241], see also [31] or [35]). For an extensive treatment of fixed point theory with
applications to a variety of problems in nonlinear analysis the reader is referred to
the book of G. Isac, D. H. Hyers and Th. M. Rassias [16].

Proposition 3.5. Suppose we are given a complete generalized metric space (X,d),
i.e., one for which d may assume infinite values, and a strictly contractive mapping
A : X — X, with the Lipschitz constant L < 1. Then, for each given element x € X,
either

(A1) d(A"x,A"™x) = oo, foralln >0,
or

(Ay) There exists k such that d(A"x,A""'x) < +oo, foralln > k.
Actually, if (A2) holds, then
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(A21) The sequence (A"x) is convergent to a fixed point y* of A;
(Axp) y* is the unique fixed point of AinY := {y €X,d (Akx,y) < +°°};
1
(A23) d (3,y") < 7=7d (0, AY), forall y € Y.
Remark 3.6. The fixed point y*, if it exists, is not necessarily unique in the whole
space X; it may depend on the starting approximation. It is worth noting that, in the
case (Ay), the pair (Y,d) is a complete metric space and A (Y) C Y. Therefore the

properties (A21)—(A23) follow from Banach’s Contraction Principle (cf. [13], [23],
[31] or [35]).

In 1996, G. Isac and Th. M. Rassias [20] were the first to prove new fixed point
theorems by applying the Hyers—Ulam stability approach.

The following theorem, extending a stability result in [6], is proven by using the
fixed point method.

Theorem 3.7. Let E| be a linear space over a (real or complex) field, E; a complete

B-normed space, and g; = { ’f7 Zji i (1) , with m > 2 a fixed integer. Assume that the
m’ -

mapping [ : E| — Ej satisfies the condition f (0) = 0 and an inequality of the form

(C(P) ||f(x+y) 7f(x) 7f(y)Hﬁ < (p(X,y), for allxay € Elv

where ¢ : E; x E; — Ry
If there exists a positive constant L < 1 such that the mapping

x—>0(x):i(p(x j_1x>

)
=o\m om

has the property

X

(H;) e(x)gbqf’-e( ),foralleE],

1
and the mapping @ satisfies the condition

(Hf‘) lim 0 (q!x,q}y)

n—o0 nﬁ

q;

:07

then there exists a unique additive mapping a : Ey — Ej such that

1—i

(Esty) 1) —alx) |y < =

1_L6(x),f0rallx€E1.

Proof. Consider the set

X = {h:El —>E2,/’l(0) ZO}
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and introduce the generalized metric on X:

(GM) d(g.h) = do (g.h) = inf {C € . g (x) ~ h (x) [y < CO). V€ By )
It is easy to see that (X,d) is complete.

Now we will consider the mapping J : X — X, defined by

(0P) Th(x) = S h(g).

i
Remember that ¢; = m!' =% i € {0,1}.

Step 1. By using the hypothesis (H;), we show that J is strictly contractive on X.
Namely, we have, for any g,h € X :

d(g,h) <C=|lg(x)—h(x)|[g <CO(x), forallx € E; =

1 1
‘ —g(gix)— —h(gx)|| <LCO(x),Vx€Ej = d(Jg,Jh) <LC.
qi qi B
Therefore we see that
(CO) d(Jg,Jh) <Ld(g,h), forall g,.h € X,

that is, J is a strictly contractive self-mapping of X, with the Lipschitz constant L.
Step 2. We show that d (f,Jf) < .
If we set y = jix in the condition (Cy), then we see that

(G +1x) = £ (x) = f ()l < @(x, jx), for all x € Ex,

hence
m—1 m
I7m) = mf () < 3 WG+ 109 = () = £ Gl < X 00 = D
= 5
' (3.2)
for all x € Ej.
If (Hy) holds, then
f(mx) 1 & 6 (mx)
[ —f<x>HﬁsmBj22<p<x ") < Lo,

hence
[Vf (x) = f(x)|lg <L-6(x), forall x € E;.

On the other side, replacing x by =- in (3.2), we obtain
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F@)—mf (= Sitp x -1, = 6(x).
H Gl =2e (5

B i3
If (Hy) is satisfied, then
[Vf (x) = f(x)llg < 1-0(x), forall x € Ey,
that is, d (f,Jf) < L' < e0,i € {0,1}.
Step 3. Using the fixed point alternative (see Proposition 3.5), we obtain the

existence of a mapping a : X — X with the following three properties:
e The mapping a is a fixed point of J, that is

a(mx) =ma(x),forall x € E; (3.3)
and a is the unique fixed point of J in the set
Y={g€X,d(f,g) <+e}.
This says that a is the unique mapping with both the properties (3.3)—(3.4), where
3C € (0,e0) such that [la(x) — f (x)| g < CO(x), forall x € E;. (3.4)
e d(J"f,a) — 0, which implies the equality

n
lim M =a(x), forallx € Ej. (3.5)

Nn—oco qin

1
o d(f,a)< ﬁd (f,Jf), which implies the inequality

whence (Est;) is seen to be true.
Step 4. The additivity of @ immediately follows from (Cy), (H;) and (3.5): If
in (Cy) we replace x by ¢’x and y by ¢''y, then we obtain
flg" (x+y)  fla")  flay) | . ¢i"xq"y)
qi" - q"P

qi" qi" Hﬁ

, forall x,y € Eq,

and letting n — oo we get
a(x+y)=a(x)+a(y), forallx,y € Ey,

which ends the proof. 0O
As an immediate consequence of Theorem 3.7, we have the following

Corollary 3.8. Let E|, E; be two linear spaces over the same (real or complex) field.
Suppose that we are given an h-functional of order o on Ey X E1 and E3 is a com-
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plete B-normed space, with o # B. In these conditions we have the following sta-

bility property:
For each € > 0, there exists 0(€) > 0 such that, for every mapping f : E\ — E;
which satisfies

(Cap) f () + ) = fe+y)llp < 8(&) - [[(x: 9|, for all x,y € Ey,

there exists a unique mapping a: E\ — E», with the properties

(Add) a(x+y) =a(x)+a(y), forall x,y € E;
and
(Estgp) I[f(x) —a(x)||p <&- 2 [|lx, (j — D)x||a, forall x € E;.

Proof. Having in mind Theorem 3.7, we take

o (x,y) :=6(g)-|(x,y),, forallx,y € E

(appearing in the hypothesis (Caﬁ)) . Since

qi"x,qi"y n(o—
PRI < be) gD (53}l .

then (H;) is true.
For go =m and ov — B < 0, we have

m

6(mx) = 8(e)- 3 [, (j— Dalla < () m® 3,

j=2 j=2
=m*P.mPox)=L-mP-0(x).

x (j—1)x
m  m

o

For g :%anda—ﬁ>0,wehave

m

0(x) =d(e)- Y

j=2
— mﬁfa.miﬁ e(mx) :Lmiﬁ Q(mx)

x (j—1Dx

m m

< 5(e)-m— i""’ (= Dl

o

Hence either (Hp) holds with L = m®~ P < 1 or (H;) holds with L = mP~%* < 1.
Then there exists a unique additive mapping a : E; — E, such that either

(Esty) 1£0) ~ao)ly < =600, forall x € E;

holds, with L =m®* B, or
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1
(Esty) [f(x) —a(x)[|lg < ﬁe(x), forall x € E;

holds, with L = mP~.
Thus, the inequality (Est,g) holds true for §(g) = & - (mP —m®), respectively
5(e)=€-(m*—mh). 0O

For m = 2 in Theorem 3.7, we obtain our result proved in [6]:

Theorem 3.9. Let E| be a linear space over a (real or complex) field, E;» a complete
2,ifi=0
I ifi=1
satisfies the condition f(0) = 0 and an inequality of the form

B-normed space, and q; = { . Assume that the mapping f : E1 — Ej

(C(P) ‘|f(x+y)_f(x)_f(y)||ﬁ S (p(x,y),forallx,yEEl

where ¢ : Ey X E1 — R
If, for some positive constant L < 1, the mapping

X x
=00 =9(33)
verifies

X

(H;) G(x)gL'q?ﬁ( ),forallerl,

qi
and the mapping ¢ satisfies

¢ (q/x,9}y)
B
qr

(H:‘ ) lim

n—o0

:0’

then there exists a unique additive mapping a : E1 — E; such that

1—i

(Est) 1£() —a()llp < =

i _LG(x),forallx €E).

Another application is obtained by taking

¢ (x,y) :=6(€) - [|(x,)llg . forallx,y € Ey
in Theorem 3.9 (or by using Corollary 3.8 for m = 2):

Corollary 3.10. Let E|,E> be two linear spaces over the same (real or complex)
field. Suppose that we are given an h-functional of order oe on E\ X E| and E; is a
complete B-normed space, with oo # B. In these conditions we have the following
stability property:

For each € > 0, there exists 6(€) > 0 such that, for every mapping f : E\ — E»
which satisfies
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(Cop) f &)+ ) = fx+y)llp < (&) [[(x3)las for all x,y € Ey,

there exists a unique mapping a: E1 — E», with the properties

(Add) a(x+y) =a(x)+a(y), forall x,y € E;
and
(Estyp) 1f(x) —a(x)||g < &-|[(x,%)||a, for all x € E;.

Proof. Indeed, since

¢ (qi"x,qi"y) -
T < 8(8) ¢ P || — O,
qi
then (H;) is true.
Moreover, it is easy to see that either (Hy) holds with L=2%"8 < 1 or (H;) holds

with L = 28~% < 1. Therefore there exists a unique additive mapping a : E; — E»
such that either

L
(Esty) 1f(x) —a(x)[lg < T 8W), forallx € Ey
holds, with L = 2B or

1
(Esty) 1f(x) —a(x)llg < =7 0(x), forall x € E,

holds, with L = 2—%
Thus, the inequality (Est,g) holds true for §(¢) = & (2P —2%), respectively

5(e)=¢e-(2*—-2P). O

3.3 Other Examples and Applications

Using Theorems 3.7, 3.9 or Corollary 3.10, we can obtain some known stability
theorems. It should be noted that in particular cases we only have to recognize, as
we have made in the proof of Corollaries 3.8 and 3.10, that the conditions of type
(H;) and (H;) do really hold.

Let E; be a normed space and E, a Banach space, with the norms || - ||, respec-
tively ||| ||

Example 3.11. Let us consider @(x,y) = [|(x,y)||, := 8(€) - (|[x[|” + |[y]|7), with
6(e) = 5[2—2"|, and ||z[|g := |[|z[||, which is a 1-norm on E. For all p # 1 the
estimation relation will have the form

£ (x) —a(x)|]] < e-|[x]|?, for all x € Ey.
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For p € (0,1) we obtain a partial result of Th. M. Rassias [28] (see also T. Aoki
[1]) and particular cases of the results in [8]. Notice that in the year 1990, during
the 27th International Symposium on Functional Equations, Th. M. Rassias asked
the question whether his theorem (see [28]) can also be proved for real values of
p > 1. In the year 1991, Z. Gajda [10], following the same approach as in Th. M.
Rassias [28], by replacing the value of n with —n, gave an affirmative solution to
this question for real values of p greater than 1.

Example 3.12. Let us set @ (x,y) = [[(x,¥)||p+q := 8(&) - (||x[[” - [[y[|7), with & (&) =
§(2—27%9) and ||z|| := [||z]|[, which is a 1- norm on E>. For 0 < p+¢q < 1 we
obtain the stability result of J. M. Rassias [27], with the estimation

() —a(x)[[] < &-[|x]|"™4, for all x € Ey.

Example 3.13. Th. M. Rassias and P. Semrl [30] considered a control function
H (||x]|,|[y[]), where H : RZ — R, is homogenous mapping of order p, with

p >0,p# 1. They proved that || f(x) — T'(x)|| is bounded by 2 |2 2,, ||| [P
K. W. Jun and H. M. Kim [21] further extended the above result in [30]:

Proposition 3.14. Let us consider E| a real normed space, E> a Banach space, p >
0, with p # 1 and H : RZ — Ry, a function such that H(tx,ty) < t’H(x,y), for all
t,x,y € Ry. Assume that the mapping f : E| — E; satisfies an inequality of the form

L Ce+y) = f &) = SO < H[[x], [[¥]]), vx,y € Ex.

Then there exists a unique additive mapping a : Ey — E», such that:

1 H(1,1)

1) =T < =gy H el sl < (=55

|Jx]|P, Vx,y € Ey.

This is an immediate consequence of our Corollary 3.10. Indeed let us consider
p € (0,1)U(1,e0) and a mapping H : R; x R, — R, with the properties

(a) H(0,0) = 0;

(b) H(tx,ty) <tP-H(x, y) for all x,y,t € R,

Now if we take ||(x,y)]], : ( 3 H(]|x|],|¥]|), which is an h-functional of order
ponE; x Ey,and ||z]|; := |Hz|||, then we obtain Proposition 3.14.

Example 3.15. In 1993, G. Isac and Th. M. Rassias [18] proved the following sta-
bility result for the additive Cauchy functional equation by introducing y-additive
mappings. They also indicated the connection of Hyers—Ulam stability of mappings
with the concept of asymptotic stability leading to new open problems.

Proposition 3.16. Let E| be a real normed space and E; be a real Banach space.
Let us consider a function y : [0;00) — [0;00), which satisfies the following three
conditions

0 tim YO o,

f—oo
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(IT) y(ts) < yw(t)y(s), forallt,s € [0;e0);
() y(r) <t, forallt > 1.
If a mapping f : E1 — E» satisfies the inequality

1 Cety) = f() = S < eCw(llxl]) + wlllyll)

for some € > 0 and for all x,y € E|, then there exists a unique additive function
a: Ey — Ej, such that

11 () = ax)]| < W ([lxl[),vx € Ex.

2¢
2-y(2)
The proof can be obtained by using Corollary 3.10:

Consider [|zl[g = [[z][1 := [[|z]||, which is a 1-norm on E; and [|(x,y)||1 := ﬁ-
(w(llxl) + w(lyl]), with 6(g) = €(2 — w(2)), which is an h-functional of order 1
on E| X Ey, because

(2, Ap) |1 = A +w(Axl)  w(AD - (wdlixD + w(bi)

5(e) 5(e) < A1)

Example 3.17. We give a slight generalization of Proposition 3.2 by considering
mappings defined on a-normed spaces and taking values in 3-normed spaces. The
proof of our result is given by using Theorem 3.7 (see also [12]).

Theorem 3.18. Let E| be an o-real normed space and E» be a complete B-normed
space. Let us consider a function y : [0;00) — [0;00), which satisfies the following
conditions

(1) ylts) < y()y(s), forallt,s € [0;e0);
(I1I') there exists an integer m > 2 such that y(m)* < mP.
(IV) y is monotone increasing on R...

(V) ylt+s) < y(t)+yls), forall 1,5 € [0e0).
The mapping f : E1 — E, satisfies the inequality

fxe4y) =) = F W)l < e(wlixllg) + wl¥lo)

for some € > 0 and for all x,y € Ey, iff there exists a constant 6 = §(&g,m) and a
unique additive function a : Ey — Ey, such that

(Estir) 1f(x) —a()p < 6(&,m) - w(|lxllo), Vx € Ey.

Proof. For the direct implication, we consider in Theorem 3.7

e(x.y) =& (y(llxlla) + w(lylla)), Vx,y € Ey.

()

It is clear that

=0 (550 e (w2
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We will show that the conditions (Hy) and (Hj) are satisfied.
If go = m, from (I1), it follows

6(mx) = € ((m— Dy ([lxlle) + iw((i— 1)||x||oc)>
=

sa-wm)“((m—l) (e "")+2w<

B y(m)

mb

)

0(x)=mP-L-0(x),VxeEy,

= m

therefore (Hy) holds, with L := an";)a <1
Since

mbn mbB

L) <o (YL il + il o,

then (Hy) is true.
Then there exists a unique additive mapping a : Ey — E; such that

1709 —a(0)lp < 27 6(x), forall x € Ey

holds, with L = W( ) . But

0(x) < e y(llo)- (<m1>w<,;) +i2w<fml>) e B,

Thus, the inequality (Est;g) holds true for

oo g (e (2) ()

Conversely, we have, by using (/V) and (V), that

[f(x4y) = fx) = fO)llp
<|If(x+y) —alx+y)|lg +1f(x) —a(x)|[g + £ () —a()llp
< &(e,m) - (w(|[x+lle) + w(lxlle) + w([[Vl]a)
< 8(g,m) - (w(||xllo +[yllee) + wlxl]e) + w(lyle))
<28(g,m) - (w(|lxllo) +w(lylla) O

Remark 3.19. For oo = 3 = 1 in Theorem 3.18 we obtain Proposition 3.2.
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Chapter 4

A Remark on W#*-Tensor Products
of W*-Algebras

Corneliu Constantinescu

Dedicated to the memory of Professor George Isac

Abstract Let E be a W*-algebra, T a hyperstonian compact space, & (T') the W*-
algebra of continuous scalar valued functions on 7', and .% (T, E) the set of bounded
maps x : T — E such that for every element a of the predual of E the function

Ti}IK, t}—)<xtaa>

is continuous. We define for every x € .%(T,E) an element X € € (T)®E such that
the map
F(T,E)— C(T)QE, x— %

is a bijective isometry of ordered involutive Banach spaces (where this structure on
F(T,E) is defined pointwise). In general . (T,E) is not an algebra for the point-
wise multiplication, but for x,y,z € # (T, E) we characterize the case when %y = Z.

4.1 Introduction

Let T be a hyperstonian compact space, & (T') the W*-algebra of continuous scalar
valued functions on T, E a W*-algebra, and [*(T,E) the W*-algebra of bounded
maps of T in E (isomorphic to the C*-direct product of the family (E);cr). As
it is known, €' (T) ® E is isomorphic to the C*-subalgebra ¢ (T,E) of [*(T,E) of
continuous maps x : T — E. We try to give a similar description for (T )®E. For
this we denote by #(T,E) the set of elements x of [*°(T,E) such that for every
element a of the predual of E, the map
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T — H(7 I— <)C[ ) Cl>

is continuous and show that for every x € .% (T, E) there is exactly one X € € (T)RE
such that

f(uoa) = [ (x.a) du(o)

for all a belonging to the predual of E and for all elements u belonging to the
predual of €'(T) (these are exactly the normal measures on 7). Moreover .7 (T, E)
is an ordered involutive Banach subspace of [*(T,E) and the map

F(T,E) — €(T)RE, x+——X

is a bijective isometry of ordered involutive Banach spaces (Theorem 4.3). In gen-
eral Z(T,E) is not a subalgebra of [*(T,E) but for x,y,z € #(T,E) we give a
characterization of the case when Xy = 7 (Theorem 4.12).

We use the notation and terminology of [1]. For W*-tensor products of W*-
algebras we use [2]. In the sequel we give a list of some notations used in this paper.

1. IK denotes the field of real numbers IR or the field of complex numbers. The
whole theory is developed in parallel for the real and complex case (but the
proofs coincide). IN denotes the set of natural numbers (0 ¢ IN).

2. For all i, j we denote by §;; the Kronecker’s symbol:

s 1 if Q=
V0 i

3. If X is a set, then we denote for every subset A of X by e4 := ef the character-
istic function of A in X, i.e., the function on X equal to 1 on A and equal to 0 on
X \A.

4. If F is an ordered vector space, then F; denotes the convex cone of positive
elements of F.

5. If T is a hyperstonian space, then a subset of T is called nowhere dense if its
closure contains no interior points. A countable union of nowhere dense sets of
T is nowhere dense. If P(t) is a statement about a point z € T, then we say that
P(t) holds for almost all ¢ € T if the set of r € T for which P(¢) does not hold
is nowhere dense.

6. For every normed space E we denote by E* its unit ball, i.e.,

Ef = {xcE||x|<1}.

7. Let E be a W*-algebra. We denote by E the predual of E and by E © the vector
space E endowed with the locally convex topology of pointwise convergence
on E (i.e., with the weak*-topology). In particular Eg is compact.

8. If I is a set and E is a W*-algebra, then [*(I,E) denotes the W*-algebra of
bounded maps x : I — E (i.e., the C*-direct product of the family (E);e/).

9. If T is a hyperstonian space and E is a W*-algebra, then €'(T,E) denotes the
C*-subalgebra of [(T, E) of continuous maps, ¢ (T') the W*-algebra € (T, IK),
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% (T)™ the predual of € (T) (i.e., €(T)" := %); its elements are exactly the
normal measures on 7. For every u € €(T)%, Supp . denotes the support of
the positive normal measure t on 7.

10. If (H;)es is a family of Hilbert spaces, then {i € I} H; denotes the Hilbert sum
of this family.

11. Let H be a Hilbert space. £ (H) denotes the W*-algebra of operators on H. For
&, € H we put

(In)&:H—H, {+—({[n)¢,

——
(In)g:ZH) — K, u—(uG|n);

—_~— .

——
then (-|n )& € Z(H) and (- )€ € Z(H).

12. If F, G are Banach spaces, then F ® G denotes the algebraic tensor product of F
and G, y the greatest subcross norm on F' © G, F ®y G the completion of /' © G
with respect to ¥, and ¥ the dual norm of y on F’ @ G', where F’ and G’ denote
the duals of F and G, respectively ([3] T3).

Throughout this paper 7 is a hyperstonian space,
E a von Neumann algebra on a Hilbert space H, and
F(T,E):={xe€l”(T,E)| T — E;, t+— x iscontinuous }

4.2 The Ordered Involutive Banach Space

Proposition 4.1. Let U be an open dense set of T and x € (U, E) such that
U—IK, 1—(xg[n)

is continuous for every £,n € H. Then there is a unique y € % (T,E) such that
Xy =y foreveryt € U.

The uniqueness is obvious. Let a € E. By [1] Proposition 6.3.4.2 f), there is a
sequence (&, My )new in H X H such that

2 &l l=llal

nelN

and

(z,a)= 2 (2&n M)

nelN

for every z € E. Then
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U—IK, t'—>2 xt£n|nn =(x,a)
nelN

is continuous. Thus the map
U—E; tr—x
is continuous. Since Eg is compact, this map may be extended to a continuous map
v:T — E

which possesses the required properties. 0O

Lemma 4.2. Put
=T, M= ({pea )l
and denote by N the subset of M of the vectors of the form

Y fi®é,
il

where (f;)icy is a finite family in an L*(u) for a y € .# such that

{teT| fit)#£0INn{teT| fi(t)#£0} =0
for all distinct i,j € I and &; € H for every i € I. Then N is dense in M.
For u € .4, A,B clopen sets of Supp i, and &, € H,

ea®@Etep@n=esp@E+epa@N+eanp@(E+Mn)EN

By complete induction
ZEAI- ® éi eN

il
for every finite family (ea, )ic; of clopen sets of Suppu and & € H for every i € 1.
The continuous functions on Supp u can be approximated uniformly by step func-

tions and €' (Supp 1) is dense in L?(u). Moreover ./ is closed with respect to finite
sums. Thus the set of functions of the above form

ZEA,- ®&

icl
is dense in M. By the above, N is dense in M. O
Theorem 4.3. For every x € % (T,E) there is a unique X € € (T)RE such that

(f(re8)leen) = [ (u&in) FORHdu)

forall p € €(T)%, f,g € L*(u), and &,m € H and the map
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F(T,E) — €(T)RE, x+—— %
is a bijective isometry of ordered involutive Banach spaces.

Let us consider the linear map
2TV 0F — K, /,L®a»—>/<xl,a>du(t).

If (W, a;)ics is a finite family in €' (T)” x E, then

iel
X (Zui ®ai>
iel

Y@ <l x|,

where y denotes the greatest subcross norm on %'(T)* @ E and )/ its dual norm ([3]
T.3). In particular ¥ may be extended continuously to €'(T)" @y E and ¥ (%) <[| x [|.

Lett € T,a€ E,| a||<1,and & > 0. There is an open neighborhood U of ¢ such
that

<2 lxlla |

icl

Z/<xtyai> di(t)

icl

lelv(Zui@mi),

icl

[{x5,a)—(x,a)| <&
forall s € U. Let u € €(T)% with

SupppcU,  pU)=1.

Then
Yuea)=|ulllal<t

SO

Y@® > |(E nea)| = \/<xs,a>du<s>

> (x,a)|—¢€.

2| [ o) auo
Since a and € are arbitrary
Y@ 2, Y@®=2lxl, Y@=« .

Since €' (T)QE is isomorphic to the dual of €' (T)"™ ®y E we may identify X with an
element of €' (T)®E and || X ||=|| x ||. Thus the map

_ ‘/<xs—xt,a> du(s)

F(T,E)—C(T)QRE, x—3*

is a linear map preserving the norms and this map is obviously involutive.
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Let u € €(T)®E. For a € E the map
(T — K, pu—{u,ux®a)
is continuous with norm at most || u || || a || so there is an @ € €'(T') with
(w,poa)=(a,u), [lal<fulllla] .

For ¢t € T, the map )
E—IK, a+——a(r)

is continuous with norm at most || u || so there is an x; € E with
(x,a) =a(r)

for every a € E. Then || x || <| u || and x € .Z (T, E). For (u,a) € €(T)* x E,

(fuwa) = [ (v.a)du(0 = [a0)au(o = (@ u) = uwoa).

i.e., ¥ = u and the map is surjective.
Letx€ Z(T,E),u € €(T)", f,g € L*(1),and &,1 € H. Then

—~

—_—
<i(f®§)g®n>=<f,<~|g®n>(f®§)>

—_—~ —~—

N N— —_—N— N
:<f7<-|g>f®<-|n>5>=/<xr,<-|n>£>f(t)g(t)du(t)

= [(xE ) s dut)

The uniqueness is obvious.
Letx € Z(T,E) and assume ¥ > 0. For 4 € €(T)" ,f € L*(u), and & € H,

0< (H(@8)f08) = [(nE|E)IFOFdu()
SO
(x&1§) 20

for all # € Supp . By continuity

(xG16)=0

forall# € T. Since & is arbitrary, x, € E; forallt € T,i.e.,x € .Z(T,E).

Let now x € % (T,E) . If we put .# := € (T), then ¢ (T)&E is faithfully rep-
resented on the Hilbert space ({u € .#}L*(u)) @ H. Let u € .# and let (f;,&)ier
be a finite family in L?(u) x H such that
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{teT| fit)#0IN{teT| fi(t)£0} =0

for all distinct i, j € 1. Then

(e

—Z/ %&|&) ORI WO = [ (4&18) (0P >

i,jel icl

Zﬁ®€1>= Y (Xfivw&)|fi®g)

icl i.jel

By Lemma 4.2, the set of vectors of the above form Y,c; f; ® &; is dense in
({ue#y(n)@H,
so we have ¥ > 0. O

Remark 4.4. In general . (T,E) is not a subalgebra of (T, E).

a) Let T be the Stone—Cech compactification of IN, /% the Hilbert space of
square-summable sequences in IK with the canonical orthonormal basis (e;)neN,
E:=.Z(%),and x € #(T,E) defined by

xn:<'|el>en

for every n € IN (Proposition 4.1). For £,n € [?> and n € N,

—_—— ——
<xn7<-|n>é>=<§el><en|n>» <x27<~|n>é>:<élen><e1|n>

sox=x*"=0onT\IN. Forn €N,

%0 = ((|en)er)o({-|e1)en) = (-]e1)er,

—_~—

* *
Xixn, (-ler Yer ) = (xixper|er ) =1
sox*x & .7 (T,E).

b) In this example E is even commutative. Let T’ be the Stone—Cech compacti-
fication of IN, A the Lebesgue measure on the interval [0, 1], E the canonical von
Neumann algebra L™ (1) on the Hilbert space L?(1), (f,)nen the Rademacher se-
quence of functions, and x € % (T, E) defined by x, := f, for every n € IN (Propo-
sition 4.1). For &, n € L*(A),

(wEn) = [HOSONOAE.  (EIn)=(&ln)

sox=0on7\INand x*> ¢ .Z(T,E).
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Corollary 4.5. The following are equivalent for every downward directed set G of
F(T,E):

(a) infyeq X = 0 (Where the infimum is considered in € (T)&E).
(b) Forevery& € H,
inf (x, |8 )=

x€9

foralmostallt € T.

a=b.Foru €€ (T)*,fe€L?(u),and & € H, by Theorem 4.3 (and [1] Theorem
4.4.1.8b)),

~((nen(rea)lres ) = nfired)ro8)

= inf [ (5&18) 170 du(r) = [ inf (x&|E)1F(T)P dulr
SO

inf (x& 1) =

for pu-almost all ¢ € T. Since u is arbitrary

inf (5§ &) =

x€9

for almostallr € T
b=-a.Letu € ¢ (T)" and (f;,&)ies a finite family in L?(u) x H such that

{teT| fit)#0In{teT| fi(t)£0} =0

for all distinct i, j € 1. By Theorem 4.3 (and [1] Theorem 4.4.1.8 b))
f %) ; TG
(200 (3¢ o)

icl
1nf < (Zfl ® &,)
i€l

= S / (x& &) HO)F; ) du )

Zﬁ®‘§i> inf Y (Rfi0&)|fi®g)

iel 1 JEI

xe@w
= inf ¥ [ (0&1&) ()P () =0
lEI
By Lemma 4.2
inf ¥=0. 0

xe¥
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4.3 The Multiplication

Proposition 4.6. If x € Z (T,E) and y € € (T,E) then

xyyx € Z(T,E),  xy=23y,yx=J%.

The assertion is obvious if y(T') is finite. The general case follows from the fact
that
{ye€ % (T,E) | y(T) is finite }

is dense in ¢(T,E). O
Proposition 4.7. Let x € #(T,E), u € ¢(T)%7, E € H, and

o :=sup || x& ||m -
teT

Then for f € L? := L*(u),

15 @E) lzen< ol £l -

Let (g;,M;)ics be a finite family in L?(u) x H such that <77i | nj > = ¢;; for all
i,je€land
yv: T —H, tHZgi(t)ni.
icl
Thenfort €T,
1) 7= X180
iel
so ||y [lu€ L2 (w),

2

(Il 1) 172= /Zlgi(t)lzdu(t) =

icl

zgi@”]i

icl

L2®H

By Theorem 4.3,

‘<f(f®§>

Yoo >‘ - ‘/<f(t)xz€

iel

Y git)n; > du(r)

icl

S/If(t)l 1& [l | (@) [l dpee) < ocf| f gz FCEy lle) [l2

285@715

iel

= ol £l

L’®H
SO

1% &) llrzen< o 1 f 22 - O
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Proposition 4.8. Let x,y € .7 (T, E) such that

T—H, t—yé
is continuous for every & € H. Then xy € % (T, E) and %y = xy.

Foré,neHandt,toeT,
‘<(xtyt—xtayto)§ In >| < |<xt(y;—yzo)§ In >|+|<(xt—x,0)yf0‘g' In >|

<[ 1 ye& = yio& I I+ G =250 )y € 111 )
SO

IILI% (xyi&n)= <xloy10€ In > :

By Proposition 4.1, xy € .# (T,E).
Letu € €(T)%, (f,€) € L*(u) x H, and € > 0. There is a finite pairwise disjoint
family (U;);er of clopen sets of T and a (1;);c; € [1;e; Ui such that T = U;;U; and

Iy& =y ll<e

for every i € I and ¢t € U;. We denote by 7 the orthogonal projection of H on the
vector subspace of H generated by £ and put

2:T— ZL(H), t—y,on (teU),

g:T—R, t+—| -z -

Thenze % (T,.2(H)),g € € (T),and || g ||< €. By Proposition 4.6, xz € % (T,.Z (H))
and xz = X7 so
[ 5(f®8) —35(f©&) l2en

P

<lxy—x2(f @ &) lzen + | XE=9)(f ©&) ll2em -

By Proposition 4.7,
—

[y =x2(f &) lzen< €l x |11 £ llz2

[£E=9)(f©8) l2en<elx|lf .
SO

6y =) (f &) ll2on<2e [ x 1 f 22
Y(f@8)=(f®<)

and by Theorem 4.3, xy = &y. 0

Lemma 4.9. Let A be a Borel set of T such that T \ A is nowhere dense. Then the
union of clopen sets of T contained in A is dense in T.
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Let U be the union of clopen sets of 7' contained in A and let u € ¢'(T)% with
UN(Suppu)=0.

There is an increasing sequence (K, ),eN of compact subsets of A with

p(A) = sup u(Ky) .
nelN

For every n € IN let U, be the interior of Kj,. Then U,, C U and

for every n € IN so

and U isdensein T. 0

Proposition 4.10. For every x € % (T,E) and every separable Hilbert subspace K
of H there is a dense open set U of T such that

U—H, t—x¢&
is continuous for every & € K.

Let (&,)ne be a dense sequence in K. Forn e Nandt € T,

| & llI= sup (x:&a[M )
neH#*

$0
T—R, t—|x&l

is lower semicontinuous. By [1] Proposition 1.7.2.13 a = ¢, there is an f, € €(T)
such that || x,;&, ||< f,(¢) for every t € T and

{reT | [[x& |I# f()}

is nowhere dense. The set

A= (el [xé =50}

nelN

is therefore a Gg-set of T and T \ A is nowhere dense. By Lemma 4.9, there is an
open dense set U of T contained in A. For ¢,fp € U and n € IN,

| & —x10En ”2: (%8 | X0 ) —2re<x,§,l ’xtoén >+ <xto‘§n ‘xtogn >

= fn(t)z _2re<xt€n ‘xroén >+fn(t0)2a
}L‘g H xtén _xtoén ||2: fn(t0)2 _zfn(l())z"'fn(tO)z =0.

The assertion follows now from the fact that (&, ), is dense in K. 0
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Proposition 4.11. Let x,y € Z(T,E),§E € H, || § ||=1,
TE:H_)H’ UH<TT|§>§7

y:T — ZL(H), tr—yom.

(@ ¥ € F(T,L(H)).
(b) There is a unique u € F (T, (H)) such that u, = x,y, for almost allt € T.
(c) =%y andforu € ¢(T)%, f € L*(u),andn € H,

Y(fen) =mlg)ife), a(fes)=(nl§)w(fef).

a)Forn,{ e HandreT,

(inl¢)=ml&)(mél¢)

S0
T—K, t—(ynl¢)

is continuous and the assertion follows from Proposition 4.1.
b) By Proposition 4.10, there is an open dense set U of T such that

T—1IK, t+—yé

is continuous. Put

N ={ve€T)|SuppvCU},

V= U Suppv .
veN

V is an open dense set of 7.
Letv e 4, §:=Suppv, and

xs:S— Z(H), t—x.

The map
Vs:S—H, t—yn

is continuous for all n € H. By Proposition 4.8, ys,xsys € Z(S,.£(H)), and

x5y = %sy's. In particular for 17, € H the map
V — K, tH(WﬁﬂIQ

is continuous so by Proposition 4.1, there is a u € .# (T,.£(H)) with

/
Ur = XYy
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for all # € V. The uniqueness is obvious.
c)Forv e ./, g,he L*(v),and n,{ € H, by Theorem 4.3,

(Veem et )= [(inlE)sorbave)

=<n|§>/<yr§|C>g(t)WdV(t)=<n|§ ) (Heg@e)[hed),

Y(gwn) =(n&)5(s®f),
i(g@n) =x'(g@n) =% (gan) = (1) HeoE).
There is a sequence (U, ), of pairwise disjoint clopen subsets of
VN (Suppu)

such that

Supp '\ < U Un)

nelN

is nowhere dense. We put for every n € IN,

) f() if e,
fu: T —IK, f’—>{ 0 if lGT\Un-

Then f,, € L*(u) for every n € IN and

f=f (nl*(u)

nelN

so by the above,

Y(fen) = Y Yhen) =&)Y i(hef)=(nlE)i(fed),

nelN nelN

i(fen)= Y a(f,on)=(M&) Y, F(fH®&) =(n|&)FH(feE). 0

nelN nelN
Theorem 4.12. The following are equivalent for all x,y,z € 7 (T,E) and & € H:

(a) xyi& =z& foralmostallt € T.
(b) Forall u €€ (T)" and f € L*(u),

H(feE)=4f®s).
We assume || & ||= 1 and put
nm:H-—H, n—(n[§)¢&,

y:T — Z(H), t——yonr, 7:T— LH), t——zom.
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a=b.ForneH,

xym=(n|&)xvé  gn=(nl&)aé

$0 x;y, = z, for almost all # € T. By Proposition 4.11,

H(f@E) = (fo8)=(foé) =1fRE).

b = a. By Proposition 4.11, there is a unique u € .#(T,.Z(H)) such that
u; = x;y, for almost all r € T and for u € ¢(T)*, f € L*(u), and n € H,

a(fen) = (&) B(fes)=(n&)ifeé)==(fon)

sodi=7,u=7 (Theorem 4.3), and

{t€T|x,yt§7éz,§}:{t€T|xty,§#zgé}:{teTMty,éyéu,é}
is nowhere dense. 0O

Corollary 4.13. If H is separable, then the following are equivalent for all x,y,z €
F(T,E):

(a) Xy =2
(b) x;y; =z for almostallt € T.

Let (&,)nen be a dense sequence in H and for every n € IN put

A, = { teT ‘ xtytén #Zlén}'

a=-b.By Theorem 4.12 b = a, A, is nowhere dense for every n € IN so

{teTlxy#u}= UAn

nelN

is nowhere dense.
b= a.By Theorem4.12 a = b, forall u € ¢(T)%, f € L*(u),and & € H,

Hfed)=1(feg)
SO Xy =Z. [
Corollary 4.14. Assume H separable and let x € # (T E).

(a) X is unitary iff x; is unitary for almost allt € T.
(b) X is an orthogonal projection iff x; is an orthogonal projection for almost all
teT.

a) If X is unitary, then



4 A Remark on W*-Tensor Products of W*-Algebras 51

so by Corollary 4.13 a = b,

xXx=xx =1

for almostall# € T, i.e., x; is unitary for almost all # € T'. If this condition is fulfilled,
then by Corollary 4.13 b = a,

Fi=xg=1, H=gr=1,

i.e., X is unitary.

b) If % is an orthogonal projection, then X% = X so by Corollary 4.13 a = b, x;x; =
x; for almost all r € T', i.e., x; is an orthogonal projection for almost all # € T'. If this
condition is fulfilled, then by Corollary 4.13 b = a, ¥¥ = %, i.e., ¥ is an orthogonal
projection. 0O

Remark 4.15. The next example shows that we cannot drop the separability condi-
tion in the above Corollary. Let T be the one-dimensional torus, i.e., T := IR/Z
or

T:={(st) e R*| s> +* =1},

A the Lebesgue measure on T, T the hyperstonian space with € (T) =L*(1), F
the von Neumann algebra L~ (1) of multiplication operators on the Hilbert space
L*(A), and H the Hilbert space

H:={acT}L*A).

As E we take the von Neumann algebra on H obtained as the C*-direct product of
the family of von Neumann algebras (F)gerr. Let

i:¢ (M) — L”(A)=%(T)
be the inclusion map and ¢ : T — T the continuous surjective map such that
if =fop
for every f € € (TT) ([1] Proposition 4.1.2.15). For every o € T put
Yo : T —T, Br—o+f

and for every n € IN put

1 (I
An.— _?,_W @] W,ﬁ CcTr.

Then for @ € T, (W (An))new are pairwise disjoint and

U va(4,) =T\ {a} .

nelN
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Let further (f,),en be the sequence of Rademacher functions on T. We define
x€l®(T,E) by

| fuce if () € yu(A,) forann € IN
Mo = 0 if o) =« :

Then x € % (T,E) and X is a self-adjoint unitary element of €' (T)®E, but x; is not
invertible for every t € T'.

Corollary 4.16. If H is separable, then the following are equivalent for all
xe€ F(T,E):

(a) X is invertible.
(b) There is a 'y € .F(T,E) such that x; is invertible and x; ' =y, for almost all
teT.

a=b.Thereisay € .#(T,E) with j =% !. Then

J=yx=1
and by Corollary 4.13 a = b,
Xy =yixp =1
for almost all 7 € T. Thus x, is invertible and x; ! = y, for almost all r € T'.
b= a.Foralmostallt €T,
Xy =y =1
so by Corollary 4.13 b = a, X§ = % = 1, i.e., X is invertible. O
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Chapter 5

The Perturbed Median Principle for Integral
Inequalities with Applications

S.S. Dragomir

Dedicated to the memory of Professor George Isac

Abstract In this paper, a perturbed version of the median principle introduced by
the author in [1] is developed. Applications for various Riemann—Stieltjes integral
and Lebesgue integral inequalities are also provided.

5.1 Introduction

In analytic inequalities theory, there are many results involving the sup-norm of a
function or of its derivative. To give only two examples, we recall the Ostrowski
inequality:

1 x— &b ?
< 4+< b—i) =)y D

1 b
b—a/a f(t)de

for any x € [a,b], where f is absolutely continuous on [a,b] and f’ € L. [a,b], i.e.,
||f/||[a,,,] »=ess sup |f' ()] < oo, and the Cebysev inequality
o tela,b)

]f(x) -
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‘b a/f =5 a/f bia/abg(t)dt

1
3 b Cl Hf“[abongHabw’

(5.2)

provided that f and g are absolutely continuous with f7,g' € L. [a,b].

Since, in order to estimate H f (r)

, in practice it is usually necessary to find

the quantities

M, := sup f(’) () and m,:= inf f ()
refab] t€la,b

(as, obviously, may

[a,b] 00

£ bl =max {|M,|, |m,|}), the knowledge ofo

be as difficult as the knowledge of M, and m,.
As pointed out in [1], it is natural, therefore, to try to establish inequalities where

instead of H f (r)

one would have the positive quantity M, — m,. This can be

also useful since for functions whose derivatives f (") have a “modest variation” the

quantity M, — m, may be much smaller than H £ b’
a,b|,eo

In order to address this problem, the author has stated in [1] the “median princi-
ple” that can be formalized as follows:

Theorem 5.1 (Median Principle). Let &2, be the class of polynomials

{Pn|Pn(x) :xn‘f'alxnil"‘""i‘anflx"‘an» a; € R, IZW}

and f [ ,b] C R — R be a function so that f""~V) is absolutely continuous and
Fin e a,b| . Assume that the following inequality holds:
L(£f D, gD, 150 b) <R <Hf(”) - ;a,b> SN K
a,b|,e
where L(-,-,...,a,b) : ROHD R (the left-hand side) is a general function and

R(-;a,b) : [0,00) — R (the right-hand side) is monotonic nondecreasing on [0, o).
If g : |a,b] — R is such that g""~") is absolutely continuous and

7oo<'y§g(n)§1—'<oo on la,b], 54

where v, 1" are real numbers, then

r r )
sup L(z;—Hng(1> YEZ P, g~ T p

_r+r v+r
Pres 2 2 o 2

N——
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In order to exemplify the above principle, the author has given various examples
classified as “inequalities of the Oth-degree,” “ISt-degree” and, in general, “pth_
degree,” where n is the maximal order of the derivative involved in the original

inequality. To motivate our further exploration, we mention here only some results

from the class of “Oth-degree” and for the Riemann-Stieltjes integral as follows:

Theorem 5.2. Let f : [a,b] — R be a continuous function with the property that
—eo<m< f(x) <M<oo forany x€ [a,b] (5.5)

and u a function of bounded variation such that u(a) = u(b). Then

b
" raut)

b
< %(M—m)\/(u) (5.6)

The constant % is sharp in (5.6).

Theorem 5.3. Let f,1 : [a,b] — R be two continuous functions on [a,b]. If f satisfies
(5.5) and u is of bounded variation such that

b
/ 1(t)du(r) =0, 5.7)
then

(1) <

1 b
5 (M =m) U]V () (5.8)

The constant % is sharp in (5.8).

As a corollary of the above, we stated in [1] that the following Grliss type in-
equality obtained in [2] can be stated:

Corollary 5.4. Let f, g be continuous on [a,b], f satisfies (5.5) and u is of bounded
variation and such that u(b) # u(a) . Then

M/abf(f)g(t)du(t) (5.9)

- e |0 e au)

<1(M—m)

v
T2 u(b) —u(a)l

e e [ e

b

V().

[a,bl.o a

The constant % is best possible in (5.9).
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5.2 A Perturbed Version of the Median Principle

For two real numbers 6,A € R with A # &, we consider the set of all functions
f,g:[a,b] — R given by:

0 8.8 = {1010 - T2 .10

< %|A—5||g(x)| for any xe[mb]}.

We observe, for instance, if A > 6 and g (x) # O for x € [a,b], then .#[, ) (5,A)
contains the pair of functions (f,g) satisfying the condition

Al 1
‘%’?5; <5(A=3), forall x€la,b] (5.11)
g\xX
or, equivalently, the condition:
égﬁg <A, forall x€[a,b]. (5.12)

Moreover, if we assume that g (x) > 0 for any x € [a, ], then the condition (5.12)
is equivalent with

0g(x) < f(x)<Ag(x), forall x€ [a,b]. (5.13)

In practical application, the assumptions (5.12) or (5.13) are natural to im-
pose. However, for the sake of generality, we consider, in the following, the class
M4, (6,A) which is larger and can be extended to the complex case as well.

We are able now to state a perturbed version for the median principle of

oth -degree:

Lemma 5.5. Assume that the following inequality holds:

L (h,h('),...,h(”);a,b) <R (‘h(")

a.b) ,(n>0) (5.14)

where L(-,...,-;a,b) : R"™! — R (the left-hand side) is a general function and
R(;a,b) : [0,00) — R (the right-hand side) is monotonic nondecreasing [0,°).
If f.g are such that "=V ¢~V are absolutely continuous and (f<">,g(")> €
Map) (8u,An) , for some real numbers 8, # A, then

6n+An n 6n+An n
L<f_2g’_._’f<>_2g<>;a7b> (5.15)

) ;a,b).

1
<R (2 |An_ 5n| g(n
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Proof. Since ( £, g<">) € M) (81,A4) , then, by (5.10),

1
S E‘An_(sn‘

6+A n n
ora . m (m)

() _
f 2

g (5.16)

which implies, by making use of (5.14) for h = f — "*A g, that

(f_ butdn, 5,,;Ang(n>;a’b) SR(‘fm _wgm

;a,b>.

Further, by utilizing the monotonicity property of R (-;a,b) and (5.16) we deduce
the desired result (5.15). ]

5.3 Some Examples for Oth-Degree Inequalities

The main aim of the results obtained below are to provide various examples for
how the above principle can be utilized in practice in order to derive inequalities
when the upper bounds are expressed in terms of the difference between the supre-

mum and the infimum of a function. These inequalites are called the “Oth—degree”
inequalities.
The following result concerning the Riemann—Stieltjes integral holds.

Theorem 5.6. Let (f,g) € M|, (6,A) and u: [a,b] — R be such that the Riemann—
Stieltjes integrals fahf(t)du (t) and [ g (t)du 1) exist. Then

/f 1) du(t 5+A/g du(t

118 1la5),00 V& (u) provided g € Cla,b] and u € BV [a,b];

(5.17)

§|A O] x f lg (x)|du(x) provided g € Cla,b] andu € .4 |a,b];

(b1 provided g € R[a,b] and u € Lipy [u,b];

where C[a,b] is the class of continuous functions on [a,b], BV [a,b] is the class of

bounded variation functions on [a,b],.#" [a,b] is the class of monotonic nonde-
creasing functions on [a,b] and Lipy [u,b] is the class of Lipschitzian functions with
the constant L > 0. All the inequalities in (5.17) are sharp.

Proof. The following result is well known for the Riemann—Stieltjes integral: If
p:|a,b] — R is continuous on [a,b] and v : [a,b] — R is of bounded variation on
[a,b], then the Riemann—Stieltjes integral [ ab p(x)dv(x) exists and
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b

< max |p(x )|\/(u), (5.18)

x€la,b)

x)dv(x)

where \/2 (v) denotes the total variation of u on [a,b].
Now, since (f,g) € 4], (5,A), then on applying Lemma 5.5 for the inequality
(5.18) we can state

Croau - 232 [ gwauty

[ ro-252e0]an

S+A b
)|V ()

a

< sup
t€la,b]

f(t) = ——s8()

b

1
514 =3llglliap).- V()

a

IN

and the first inequality in (5.17) is proved.

If p: [a,b] — R is continuous and v : [a,b] — R is monotonic nondecreasing,
then the Riemann—Stieltjes integral [ f p(x)dv(x) obviously exists and

x)dv(x

/ |p (x)|dv(x (5.19)

Also, if p: [a,b] — R is Riemann integrable on [a,b] and v : [a,b] — R is I-
Lipschitzian, then the Riemann—Stieltjes integral [ : p(x)dv(x) exists and

x)du(x

<L/ 1P (x)] dx. (5.20)

Now, on applying Lemma 5.5 for these two inequalities we obtain the desired re-
sults.
To prove the sharpness of the inequalities in (5.17), we assume, for instance, that

f(x)=Ag(x),x€la,b].

In this situation, the inequality (5.17) is obviously equivalent with
o (u):

b
<9 Jd g du(x);

L[ lg (x)|dx

which are obviously sharp inequalities. O

[ gauty

The above result has many particular instances of interest.
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Corollary 5.7. Let f : [a,b] — R be such that there exist the constants M > m with

—co<m< f(t) <M <o forany t € la,b]. (5.21)
Then
b
F@)du(t) =" a(b) ~ ula)] (522
b (u) if f€Cla,b] andu € BV [a,b];
S%(M—M)X [u(b) —u(a)] if f €Cla,b] andu € .4 |a,b];

(b—a)L if f €R[a,b] and u € Lipy [u,b].
Another simple result is the following one.

Corollary 5.8. Assume that there exist the constants l,L such that:

f)—f)

<< <L <o (5.23)
t—x
fort,x € [a,b] with t # x. Then
b
| s au)—ru®) ~u(@) (524)

B e aut@+ o-sute) - [ uta] (525)

[%(b—a)—k’x—#u\/g(u) ifu€ BV]a,b];

[bu (b)+au(a) —x[u(a)+u(b)]
(L—1)x +f;’sgn(x—¢)u(t)dt} ifue.#” abl;

N[ —

K

L (e ) 2
4+< = ) (b—a) ifu € Lipp [u,b].

Proof. The condition (5.23) obviously implies that

70 re0-E e 0] < Fe-nlr-x
forz,x € [a,b].
If we fix x € [a,b] and apply Theorem 5.6 for fy (1) = f(t) — f (x), g« (1) =1 —x

and 6 =y, A =T, we get
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b
| f(0)du(t) = f(x)[u(b) —u(a)] (5.26)
b
HZL[(xa)u(a)Jr(bx)u(b)/a u(t)dt}
SUP;eq,p) [ — | Vo (u) if u € BV [a,b];
< %(L—l)x 121t — x| du(r) ifuec.#" [a,bl;
K[|t —x|dt if ue Lipy [u,b].
[3(b—a)+ s — 2[] Ve (u):
1 [bu (b) +au(a) —x[u(a) +u(b)]
=5 (L-Dx +fabsgn(x7t)u(t)dt};
b\ 2
K }ﬁ("b;) ] (b—a)’

since a simple integration by parts shows that

b X b
/G|t—x|du(t):/a (x—t)du(t)—k/x (t —x)du (1)
:bu(b)+au(a)fx[u(a)Jru(b)]+/absgn(x7t)u(t)dt.
On the other hand,

b b
/a(tfx)du(t):(bfx)u(b)Jr(xfa)u(a)f/a u(t)dr,

which together with (5.26) produces the desired result (5.24). 0

Remark 5.9. If f : [a,b] — R is continuous on [a,b] and differentiable on [a,b] and
if y=inficup) f (1), T = sup,ciy ) f' (1), then by Lagrange’s theorem, we have

for any x,7 € [a,b] with t # x, and the inequality (5.24) holds true for these y and I'.
The following result may be stated as well:

Corollary 5.10. Assume that there exists the constants y,I" so that:

1
=% < S I =7llr =" (5.27)

F0 - -1T
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for a given x € [a,b] and a > 0 for each t € [a,b]. Then

[ Qa0 1)) - u(a) 628)
+r o ocl
B - u@+ -0 ue)—a [ -t uoa]

[% (b—a) +’x—#u Vg(u) ifu € BVa,b];

{(xfa)au(a)Jr(bfx)au(b)
2 —ajf(t—x)ailu(t)dt] ifuec.#” a,b);

L [(b ) (e a)““} if u € Lipy [u,b].
Proof. Follows by applying Theorem 5.6 for § =y, A =TI" and g, (t) = |t — x|* with
x fixed in [a,b] . The details are omitted. U

Remark 5.11. The above result contains some cases of interest, for instance when
x=a,x=borx= “+b . To be more specific, we choose only one case to exemplify.
Let us assume that there exist ¢, @ € R such that

a+b o+ D a+bl|* 1 a+b
10 (452) - 2] < Jo ol
for any ¢ € [a,b], where o > 0 is given. Then
[ rwaew-r (452 ) ) -uta) (5.29
_\O b a—1
# (bza“) [u(b)ﬂ(a)]—a/u t—“;b u(z)dz]
o (1) if u € BV [a,b];
ool x [ 55 [u(b) +u (@)
=3 —a~f:|t—#\a_lu(t)dt} ifuec.#" [a,bl;
% ifu€ Lipy[u,b].

The following result can be stated as well.

Corollary 5.12. Assume that there exist the constants n,N € R such that:

b n
1=t [ r@as= "5 ] < N alle o)



62 S.S. Dragomir

forany x € [a,b]. Then

/f 1)du(t (l)) a(a)/ff(s)ds—n;N‘/abg(t)du(t)

b (u) provided g € Cla,b] and u € BV |a,b];

(5.30)

1
§|N n|x < [?|g(x)|du(x) provided g € Cla,b| andu € .4 [a,b);

LI|glap1 provided g € Rla,b] and u € Lipy [u,b].

ISt

5.4 Inequalities of the 1°*-Degree

An inequality that contains at most the first derivative of the involved functions will
be called an inequality of the 1*'-degree.

If one would like examples of such inequalities for two functions, the following
Ostrowski’s inequality obtained in [3] is the most suitable

|C(h,l;a,b)| < 7(19 a) (M —m) ||| (5.31)

[a,b],e"

o]

where C (h,l;a,b) is the CebySev functional given by

C(h,l;a,b) := /h dx— /h Vdx- /l
b—a b—a b—a

and —ee <m < h(x) <M < eofora.e.x € [a,b] while [ is absolutely continuous and
such that /" € L. [a,b]. The constant % is sharp.

Another example of such an inequality is the Cebyéev one

1 / /
C(hla,b)| < 5 (b—a) )*||n o0 1] (5.32)

[a,b] 007

provided h, [ are absolutely continuous and h',!’ € L., [a,b]. The constant 11—2 here is
sharp.
The following result holds:

Theorem 5.13. Let f : [a,b] — R be a Lebesgue integrable function such that —eo <
m < f(x) <M < oo fora.e. x € la,b]. If g and h are absolutely continous and such
that there exists the constants & and A such that (g',h') € M) (8,4), then we
have the following perturbed version of the Ostrowski’s inequality:

C(f,g:a,b)— #C(ﬁh;a,b) (5.33)

< 2 (b—a) (M —m) (A~ 8],
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Proof. By applying Lemma 5.5 to the Ostrowski’s inequality (5.31) we have

‘c(,v,gA;‘sh;a,b)' < ;(ba)(Mm)H;(AS)h’

[a,b]
which is clearly equivalent with the desired result (5.33). 0

Finally, we have the following perturbed version of the éebyéev inequality

Theorem 5.14. Let f,g,h,l be absolutely continuous on |a,b]. If there exists the
constants @, @, & and A such that (f',I') € M, 1) (@, @) and (g',h') € M, 1) (5,4),
then

A
0] A O]

1
< @ (b_a)z ((D_ (P) (A - 6) ||h/H[a,b],oo ||l/||[a,h],°°'

Similar results can be obtained for other inequalities involving the derivatives up
to an order n > 1. However, the details are left to the interested reader.
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Chapter 6

Stability of a Mixed Type Additive, Quadratic,
Cubic and Quartic Functional Equation

M. Eshaghi-Gordji, S. Kaboli-Gharetapeh, M.S. Moslehian, and S. Zolfaghari

Dedicated to the memory of Professor George Isac

Abstract We find the general solution of the functional equation

Dy(x,y) := f(x+2y) + f(x—=2y) —=4[f(x+y) = f(x—y)] = f(4y) +4f(3y)
—6f(2y) +4f(y) +6f(x) = 0.

in the context of linear spaces. We prove that if a mapping f from a linear space X
into a Banach space Y satisfies f(0) =0 and

IDr(x,p) <& (xyeX),

where € > 0, then there exist a unique additive mapping A : X — Y, a unique
quadratic mapping Q; : X — Y, a unique cubic mapping C : X — Y and a unique
quartic mapping Q> : X — Y such that

1087¢

X.
20 X€
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6.1 Introduction

The first stability problem concerning group homomorphisms was raised in a fa-
mous talk given by Ulam [32] in 1940.
We are given a group G and a metric group G' with metric p(-,-). Given € > 0, does
there exist a number 8 > 0 such that if f : G — G’ satisfies p(f(xy), f(x)f(y)) <
for all x,y € G, then a homomorphism h : G — G’ exists with p(f(x),h(x)) < € for
allx € G?

In the next year, 1941, Ulam’s problem was affirmatively solved by Hyers [10]
for Banach spaces:
Suppose that E| is a normed space, E; is a Banach space and a mapping f : Ey — E;
satisfies the inequality

[fx+y) = f)=fO)<e  (nyeEr),

where € > 0 is a constant. Then the limit T(x): = lm2"f(2"x) exists for each
x € Ey and T is the unique additive mapping satisfying

If) =T <e (xek).

In 1950, Aoki [1] generalized Hyers’ theorem for approximately additive mappings.
In 1978, Th.M. Rassias [25] extended Hyers’ theorem by obtaining a unique linear
mapping under certain continuity assumption when the Cauchy difference is allowed
to be unbounded (see [20]):

Suppose that E is a real normed space, F is a real Banach space and f : E — F is
a mapping such that for each fixed x € E, the mapping t — f(tx) is continuous on
the real line. Let there exist € > 0 and p € [0, 1) such that

I1f(+y) = f) = fO) < e(lxl” +Iy1")  (xy € E).

Then there exists a unique linear mapping T : E — F such that

If () =Tl < ellxl|P/(1-2"71)  (x€ E).

In 1990, Th.M. Rassias [26] during the 27th International Symposium on Functional
Equations asked the question whether such a theorem can also be proved for p > 1.
In 1991, Gajda [8] gave an affirmative solution to this question for p > 1 by follow-
ing the same approach as in Rassias’ paper [25]. It was proved by Gajda [8], as well
as by Th.M. Rassias and Semrl [29] that one cannot prove a Rassias type theorem
when p = 1.In 1994, P. Gdvruta [9] provided a generalization of Rassias’ theorem in
which he replaced the bound &(||x||” 4 ||||”) by a general control function ¢(x,y).
The paper of Th.M. Rassias [25] has provided a lot of influence in the development
of what we now call Hyers—Ulam—Rassias stability of functional equations. During
the past decades, several stability problems for various functional equations have
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been investigated by many mathematicians; we refer the reader to the monographs
[4, 11,12, 13, 16, 28].
The functional equation

fx+y)+flx—y) =2f(x) +2£(y), (6.1)

is called the quadratic functional equation and every solution of the quadratic
equation (6.1) is said to be a quadratic function. It is well known that a map-
ping f between two real vector spaces is quadratic if and only if there exists a
unique symmetric bi-additive mapping B such that f(x) = B(x,x) for all x, where
B(x,y) = 1(f(x+y) — f(x—Y)) (see [17]). The Hyers-Ulam stability problem for
the quadratic functional equation was solved by Skof [31] and, independently, by
Cholewa [5]. An analogous result for quadratic stochastic processes was obtained
by Nikodem [22]. In [3], Czerwik proved the generalized Hyers—Ulam stability
of the quadratic functional equation. Jung [15] dealt with stability problems for
the quadratic functional equation of Pexider type. The orthogonal stability of the
quadratic equation was studied by Moslehian [19] and Mirzavaziri [18].
Jun and Kim [14] introduced the following functional equation

fQRx+y)+ f(2x—y) =2f(x+y) +2f(x —y) + 12f(x) (6.2)

and established the general solution and the generalized Hyers—Ulam—Rassias sta-
bility for functional equation (6.2). Obviously, the f(x) = x’ satisfies functional
equation (6.2), so it is natural to call (6.2) the cubic functional equation. Every so-
lution of the cubic functional equation is said to be a cubic mapping. Jun and Kim
proved also that a mapping f between two real vector spaces X and Y is a solution
of (6.2) if and only if there exists a unique mapping C : X X X x X — Y such that
f(x) = C(x,x,x) for all x € X, moreover, C is symmetric for each fixed one variable
and is additive for fixed two variables. Later a number of mathematicians worked
on the stability of some types of the cubic equation [2, 30].
In [24], Park and Bae considered the following functional equation:

FQRx+y)+f(2x—y) =4(f(x+y) + f(x—y)) +24f(x) = 6f(y). (6.3)

In fact, they proved that a mapping f between two real vector spaces X and Y is
a solution of (6.3) if and only if there exists a unique symmetric multi-additive
mapping B : X X X x X x X — Y such that f(x) = B(x,x,x,x) for all x. It is easy
to show that the function f(x) = x* satisfies the functional equation (6.3), which
is called the quartic functional equation (see also [21, 23]). In this paper, we deal
with the following functional equation derived from additive, quadratic, cubic and
quartic mappings

Fx+2y) + f(x=2y) = 4[f(x+y) + f(x—y)] + f(4y)
—4f(3y)+6f(2y) —4f(y) —6f(x), (6.4)

which possess evidently the function f(x) = ax+ bx* + cx® +dx* as a solution (see
also [6, 7]).
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We also investigate the general solution and the Hyers—Ulam stability for the
mixed functional equation (6.4). In 1992, Th.M. Rassias and Tabor [27] first intro-
duced the concept and coined the term mixed stability for functional equations.

6.2 General Solution

Throughout this section, X and Y will be real vector spaces. Before proceeding to
the proof of Theorem 6.3, which is the main result in this section, we shall need the
following two lemmas.

Lemma 6.1. If an even mapping f : X — Y satisfies (6.4), then f is quartic-
quadratic function.

Proof. We show that the maps g| : X — Y defined by g;(x) := f(2x) — 16f(x) and
hy : X —Y defined by i (x) := f(2x) —4f(x) are quadratic and quartic, respectively.
Regarding (6.4), by putting x =y = 0, we get f(0) = 0. In addition, as f is an even
mapping, so by setting x = 0 in (6.4), we obtain

f(4y) =4f(3y) —4f(2y) —4f(y). (6.5)
Replacing x by y in (6.4), we obtain
f(4y) =5f(3y) —10f(2y) + 111 (y). (6.6)

By comparing (6.5) with (6.6), we arrive at

JBy)=6f(2y) = 15f(y). (6.7)
According to (6.7), (6.6) can be rewritten as
f(4y) =20f(2y) — 641 (). (6.8)

By utilizing (6.7) and (6.8), (6.4) can be written as

Fx+2y)+ f(x=2y) =4f(x+y) +4f(x—y) +2f(2y) = 8f(y) —6f(x). (6.9)

Interchanging x with y in (6.9) gives the equation

F2x+y)+f(2x—y) =4f (x+y) +4f(x—y) +2f(2x) = 8f(x) =6/ (y). (6.10)

By substituting x := x4y in (6.9),

Fx+3y)+ fx—y) =4f(x+2y) —6f(x+y) +2f(2y) = 8f(y) +4f(x). (6.11)

By alternating x and y in (6.11), we lead to

FBx+y)+f(x—y) =4f(2x+y) —6f(x+y) +2f(2x) = 8f(x) +4f(y). (6.12)
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And replace —y by y in (6.12) to obtain

fBx=y)+ flx+y) =4f(2x—y) = 6f(x—y) +4f(y) +2f(2x) = 8f(x). (6.13)
If (6.12) and (6.13) are added, we have
FBrty)+ F(B3r—y) = 4f Qx4 3) +47(2x—y) = Tf(x+7) = Tf(x—)
+8f(y) +4f(2x) — 161 (x). (6.14)

Now set x+y in place of y in (6.9), so

FBx+2y)+ f(x+2y) =4f(2x+y) = 8f(x+y) + 2 (2(x+y)) — 6/ (x) +4/(¥).
(6.15)
Interchanging x and y in (6.15), we get

Fx+3y) + f(2x+y) =4f(x+2y) = 8f(x+y) + 2 (2(x+y)) = 6f(y) +4/(x),
(6.16)
which on substitution of —y for y in (6.16) gives

JQx=3y)+ f(2x—y) =4f(x=2y) =8f(x—y) +2f(2(x = y)) — 6/ (y) +4f(x).
(6.17)
By adding (6.16) and (6.17), we lead to

F(2x+3y) + f(2x—3y) = 4f(x+2y) +4f(x—2y) — f(2x+y) — f(2x )
+2f(2(x+y)) +2f(2(x—y)) = 8f(x+y)
—8f(x—y) = 12f(y) +8f(x). (6.18)

By substituting y := 2y in (6.14), we get

FBx+2y)+ f(3x—2y) = 4f(2(x+y)) +4f(2(x—y)) = Tf(x+2y)
—Tf(x—2y) +8£(2y) +4f(2x) — 16£(x). (6.19)

Now if x and y are interchanged in (6.18), we can get

FGr+29) 4 f(3x—2y) = 4f (2x+y) +4f(2x—y) — f(x+2y) — f(x—2y)
122 +3)) +2f(2x—y)) ~ 8/ (x+)
8 (x—y) — 12f(x) +8f (). (6.20)

So if (6.19) and (6.20) are compared, utilizing (6.9) and (6.10), we conclude that,

[f2x+y) =16f(x+y)] + [f(2(x—y)) — 16f(x - )]
= 2[f(2%) = 16f ()] +2[£ (2y) = 16 ()],

for all x,y € X. The last equality means that

g1(x+y) +g1(x—y) =2g1(x) +281(y),
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for all x,y € X. Thus g : X — Y is quadratic map. With the substitutions x := 2x
and y := 2y in (6.10), we have

f22x+y)) + f(2(2x—y)) = 4f(2(x+y)) +4(2(x~y))
—6£(2y) +2f(4x) —8f(2x).  (6.21)

Since g (2x) =4g (x) for all x € X, where g; : X — Y is a quadratic mapping defined
above, we conclude that

f(4x) =201 (2x) — 64 f(x), (6.22)

forall x,y € X.
Hence, according to (6.22), equality (6.21) can be written as

f22x+y) + f(2(2x—y)) = 4f(2(x+y)) +4f(2(x—y))
—6f(2y)+32f(2x) — 128f(x).  (6.23)

Now if x and y are interchanged in (6.23), we can get

FR>x42y)) + f(2(x—2y)) = 4f(2(x+y)) +4f(2(x—y))
—6(2x)+32f(2y) — 1281 (y).  (6.24)

By multiplying by 4 in (6.9) and subtracting, the last equation from (6.24), we arrive
at

Ry (x+2y) +hi(x = 2y) = [f(2(x+2y)) —4f (x+2y)] + [£(2(x = 2y)) — 4f (x = 2y)]
=4[f(2(x+y)) —4f(x+y)] +4[f2(x—y)) —4f(x—V)]
+24[f(2y) —4£(y)] — 6[f(2x) — 4 (x)]
= dhi(x+y) +4hi (x —y) + 24k (y) — 6k (x),

for all x,y € X. Therefore, h; : X — Y is quartic map. Besides f(x) = ﬁhl(x) -
% g1(x) for all x € X, which means that f is quartic-quadratic mapping. 0

Lemma 6.2. If an odd mapping f : X — Y satisfies (6.4), then fis a cubic-additive.

Proof. We show that the maps g, : X — Y defined by g»(x) := f(2x) — 8f(x) and
hy : X — Y defined by hy(x) := f(2x) — 2f(x) are additive and cubic, respectively.
Regarding (6.4), by putting x =y = 0, we get f(0) = 0. In addition, as f is an odd
mapping, so by setting x = 0 in (6.4), we obtain

f(4y) =4f(3y) —6f(2y) +4f(y). (6.25)

So by replacing x by y in (6.4), we have

f(4y) =5f(3y) —10f(2y) + 9/ (v)- (6.26)

By comparing (6.25) with (6.26), we arrive at
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fBy) =4f(2y) =5f()-
According to (6.27), (6.26) can be written as
f(4y) = 10f(2y) = 16f(y).

By utilizing (6.27) and (6.28), (6.4) can be written as

FOr+2y) +f(x=2y) =4f(x+y) +4f(x—y) =6/ (x).
By substituting x := x+y, y :=x—y in (6.29), we have

fBx—y) = fx=3y) = =6f(x+y) +4f(2x) +4/(2y).
By alternating x and y in (6.29), we lead to

f2x+y) = f(2x—y) = 4f (x+y) —4f (x—y) = 6f(y).
By substituting y := x+y in (6.31), we obtain

FBx+y) = flx—y) = 4f2x+y) = 6f(x+y) +4/(y).
Interchanging x with y in (6.32) gives the equation

fr+3y)+f(x—y) = 4f(x+2y) = 6f (x+y) +4f(x).
Replacing y by —y in (6.33), we get

Fxr=3y) +f(x+y) =4f(x—2y) = 6f(x —y) +4f(x),
which on substitution of —y for y in (6.32) gives

FBx—y) = flx+y) =4f(2x—y) = 6f(x—y) =4/ (y).

If we subtract (6.35) from (6.34), we obtain

71

(6.27)

(6.28)

(6.29)

(6.30)

6.31)

(6.32)

(6.33)

(6.34)

(6.35)

fBx—y) = flx=3y) =4f(2x—y) —4f(x—2y) + 2f (x +y) —4f(x) —4f(¥),

and by comparing (6.36) with (6.30), we arrive at

Jx=2y) = f(2x—y) =2f(x+y) = f(20) = f(2y) = f(x) = f (D),
which, by putting y := —y in (6.37), leads to

F+2y) = f2x+y) =2f(x—y) = f(2%) + f(2y) = f(x) + f ().
If we add (6.37) to (6.38), we obtain

(6.36)

(6.37)

(6.38)
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Fx+2y)+ f(x=2y) = f(2x+y)+ f(2x—y) +2f(x+Y)

+2f (x—y) —2f(2x) = 2f (x). (6.39)
By comparing (6.39) with (6.29), we have
FQx+y) 4+ f(2x—y) =2f(x+y) +2f (x—y) +2f(2x) — 4/ (x). (6.40)
Replacing x by y and y by x in (6.40), respectively, we get
Jx+2y) = f(x=2y) =2f(x+y) = 2f (x = y) + 2/ (2y) =4S (¥). (6.41)

Replacing x by x4y in (6.41), we get
f43y) = flx—y) =2f(x+2y) = 2f(x) + 2 (2y) =41 (¥). (6.42)
Interchanging x with y in (6.42) gives the equation
FBx+y)+ fx—y) =2f(2x+y) = 2f(y) +2f(2x) — 4 (). (6.43)

Adding (6.42) to (6.43), we arrive at

F+39) + FBx+y) =2 (x+2) + 2 (2x+y) +2£(2x) +2£(2y) — 6 £ (x) — 6 £ (7).
(6.44)
Replacing x by x —y and y by x + y in (6.40), respectively, we get

JBx=y)+f(x=3y) =2f(2x=2y) —4f(x—y) +2f(2x) =2 (2y).  (6.45)
Interchanging x with y in (6.45) gives the equation
FOe=3y) + f(Bx—y) = 2f (2x = 2y) = 4f (x=y) +2f(2) =2f(2y),  (6.46)
and we replace —y and y in (6.46) to obtain
Fx+3y)+fBx+y) =2f(2x+2y) —4f(x+y)+2f(2x) +2f(2y).  (6.47)
Therefore it follows from (6.44) and (6.47) that
F2x+y)+ fx+2y) = f(2x+2y) = 2f (x+y) +3f(x) +3f(¥). (6.48)
Replacing y by —x —y in (6.48), we get
Fl=y) = fx+2y) = =3f(x+y) +3f(x) +2f(y) — f(2y). (6.49)
Interchanging x with y in (6.49) gives the equation
Ja=y)+f(2x+y) =3f(x+y) = 2f(x) =3f(y) + f(2x), (6.50)

which on substitution of —y for y in (6.50) gives
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Fx+y)+f2x—y)=3f(x—y) =2f(x) +3f(y) + f(2x). (6.51)

By putting y := —y in (6.49), we obtain

Flx+y) = flx=2y) = =3f(x—y) +3f(x) = 2f(y) + f(2). (6.52)

Adding (6.51) to (6.52), we arrive at

fQ2x—y) = f(x—2y) = =2f(x+y) + f(x) + f(y) + f(2%) + f(2y).  (6.53)

By adding (6.48) and (6.53) and then using (6.40) and (6.41), we lead to

f(2x+2y) =8f(x+y) = [f(2x) = 8 (x)] + [f(2y) =8/ (¥)].

The last equality means that

2(x+y) = g2(x) +82(y),

for all x,y € X. Therefore the mapping g> : X — Y is additive. With the substitutions
x:=2xand y:=2yin (6.41), we get

F2x+4y) — f(2x—4y) =2f(2x+2y) —2f(2x — 2y) + 2f (4y) — 4 f(2y). (6.54)
Interchanging x with y in (6.54) gives the equation
FlAx+2y)+ f(4x—2y) =2 (2x+2y) +2f (2x — 2y) + 2 f (4x) —4f(2x). (6.55)

Since g>(2x) = 2g>(x) for all x € X, where g : X — Y is additive mapping defined
above, we see

f(4x) =101 (2x) — 16f(x), (6.56)
for all x,y € X. Hence it follows from (6.40), (6.55) and (6.56) that

hy(2x+y) +ha(2x —y) = [f(2(2x+)) = 2f (2x+y)] + [f(2(2x —y)) = 2f (2x = y)]
=2[f(20x+y)) =2f (x+ )] +2[f(2(x—y)) = 2f(x = y)]
+12[f(2x) =2/ (x)]
=2y (x+y)+2h(x —y) + 12h(x),

forall x,y € X. Therefore, 1, : X — Y is cubic map. Besides f(x) = %hz (x)— égz(x)
for all x € X, which means that f is cubic-additive mapping. 0

Theorem 6.3. A mapping f : X — Y satisfies (6.4) for each x,y € X if and only
if there exist a unique additive mapping A : X — Y, a unique symmetric mapping
01: X xX — Y, a uniqgue mapping C : X x X x X — Y and a unique symmetric
multi-additive mapping Q2 : X x X x X x X — Y such that f(x) = A(x) + Q1 (x,x) +
C(x,x,x) + Qa2 (x,x,x,x) for all x € X, and that Qy is additive for each fixed one
variable, C is symmetric for each fixed one variable and is additive for fixed two
variables.
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Proof. Let f satisfy (6.4). We decompose f into the even part and odd part by
setting

Je8) = S (W) (=0 fox) = 3 (7))~ F(~),
for all x € X. By (6.4), we have

Je(x+2y) + fe(x —=2y) = S [f(x+2y) + f(—=x —2y) + f(x = 2y) + f(—x+2y)]

1
2|
= LG 2) 4 fr= 2]+ 31—+ (~2) + f=x— (~29))]
S+ ) + £(x—2) + £ (49) 47 33) +6(29) 47 0) ~ 6£(x)

+% [4(f(—x—=y) + f(=x = (=y))) + f(—4y) —=4f(=3y) +6/(=2y)
—4f(—y) —6f(—x)]

=4[;(f(x+y)+f( =)+ 5 (f(=x+y)+f(x—=y))]

() + F( )]~ 4T3 (FG9) + £(=3))]

65 (F(29) — F(-20))] 45 (FO) + £ (~3))] ~ 615 (F() + £ ()]
—4(fe(x+y)+fe(x ¥)) + fe(4y) — 4fe(3y)
+6fe(2y))_4fe( )_6fe(x>7

for all x,y € X. This means that f, satisfies (6.4). Similarly we can show that f,
satisfies (6.4). By Lemmas 6.1 and 6.2, f, and f, are quartic-quadratic and cubic-
additive, respectively. Thus there exist a unique additive mapping A : X — Y, a
unique symmetric mapping Q; : X x X — Y, a unique mapping C : X x X x X — Y
and a unique symmetric multi-additive mapping Q> : X X X X X x X — Y such that
f(x) =Ax)+ Q1 (x,x) +C(x,x,x) + O2(x,x,x,x) for all x € X, and that Q; is addi-
tive for each fixed one variable, C is symmetric for each fixed one variable and is
additive for fixed two variables. The proof of the converse is trivial. 0O

— e~ o=

6.3 Stability

From this point on, let X be a real vector space and let Y be a Banach space. Before
taking up the main subject, we define the difference operator Dy : X X X — Y by

Dy(x,y) i= f(x+2y) + f(x—2y) =4[f(x+y) = f(x—y)] = f(4y) +4f(3y)
—6f(2y) +4f(y) +6f(x)
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for all x,y € X, where f : X — Y is a mapping. We investigate the Hyers—Ulam
stability problem for functional equation (6.4) as follows.

Theorem 6.4. Let € be a positive real number. Suppose that an even mapping f -
X — Y satisfies f(0) =0 and

[Dr(x,y)|| <€, (6.57)

for all x,y € X. Then the limit

01 (x) :=lim4"[£(2" 'x) — 16 £(2"x)],

n

exists for each x € X, and Q1 : X — Y is a unique quadratic mapping satisfying
(6.4), and

1/ (2x) =16/ (x) = Q1 (x)|| < 3¢ (6.58)
forallx € X.

Proof. Putting x = 0 in (6.57) we get
1/ (4y) =4f(By) +4f(2y) +4f )l < e. (6.59)
Replacing x by y in (6.57), we obtain
[ = f(4y)+5f(3y) = 10f(2y) + 111 () <. (6.60)
By combining (6.59) and (6.60), we lead to
|| £(4x) — 20 (2x) + 64 f(x)|| < e, (6.61)

for all x € X. Put g(x) = f(2x) — 16f(x), for all x € X. Then by (6.61), we have

1 9
138020 — 8] < ye. (662)

By (6.62), we use iterative methods and induction on # to prove our next relation
n—1 1
lg(x) =47 "g(2"x)]| < 82

for all x € X. Now we multiply both sides of the inequality above by 4~ and replace
x by 2™x, and we get

n—1 1
4i+m'

4727 —47" g2 ) < e

Since the right-hand side of the last inequality tends to 0 as m — oo, the sequence
{47"g(2"x)} is Cauchy. Then we can define
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Q1 (x) :=lim4™"g(2"x) = lim4™"[ F(2"1x) — 16£(2"x)]
for each x € X. Additionally, we have
101(2x) =40 (x)|| = lim[4™"g(2""x) — 47" g(2"x)]
= 411331[4*"*‘ g(2"x) —47"g(2"x)] =0,  (6.63)

for all x € X. Let Dy (x,y) := Dy(2x,2y) — 16D (x,y) for all x € X. Then we have
Dy, (x,y) = lim[[47"D,(2"x,2"y)]|
n
— limd~"[[D,(2" %2 'y) — 16D;(2"x, 2|
T ;
< lim4™"||Dp(2" 'x, 2" )|
n
+16x47"(|D (2", 2"y)]|
= 0’
for all x,y € X. This means that Q; satisfies (6.4). Since Q; is even, then by
Lemma 6.1, Q; satisfies (6.7) and (6.8). Thus by (6.63), we have Q; (3x) = 90 (x),
01 (4x) =160 (x), for all x € X. Hence by (6.4), we conclude that Q; is quadratic.
It remains to show that Q; is a unique quadratic mapping, which satisfies (6.58).
Suppose that there is a quadratic mapping Q) : X — Y satisfying (6.58). Because of
01(2"x) =4"Q(x), and Q] (2"x) = 4"Q] (x) for all x € X, it follows that
101(x) = 01 (x) | =47" [ 01(2"x) — 0} (2"x) ||
<471 21(2%) = f(2"(2x)) — 16/ (2"x) ||
+ 11 Q1(2"x) — £(2"(2x)) — 16£(2"x) ]
< 47"(6¢g)

for all x € X. Clearly, the right-hand side of inequality above tends to 0 as n — oo.
Hence, we have Q (x) = Q] (x) for all x € X. 0

Theorem 6.5. Let € be a positive real number. Suppose that an even mapping f :
X — Y satisfies (6.57), and f(0) = 0. Then the limit

O (x) :=lim 167" f(2"~\x) — 4£(2"x)]

exists for each x € X, and Q> : X — Y is a unique quartic mapping that satisfies
(6.4), and
12
172 ~4f(0) - Q2] < e
forallxeX.

Proof. Similar to the proof of Theorem 6.4, we can show that f satisfies (6.61). Put
h(x) = f(2x) —4f(x) for all x € X. Then by (6.61) we have
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| h(2x) — 16h(x) ||< 9¢. (6.64)

By (6.64), we apply iterative methods and induction on n again to prove our next

relation
n—1 1

h(x)—167"h(2"x) |< —
I 1) )< 15 2. 1
for all x € X. By using the Cauchy convergence criterion, we can show that the limit
0> (x) :=1m 16 "[f (2" 'x) —4£(2"x)]
n
exists for each x € X,. The rest of the proof is similar to the proof of Theorem 6.4.

O

Theorem 6.6. Let € be a positive real number. Suppose that an even mapping f :
X — Y satisfies (6.57) and f(0) = 0. Then there exist a unique quadratic mapping
Q1 : X — Y and a unique quartic mapping O, : X — Y such that

| £(x) = 01(x) = 02(x) || < % (6.65)

forallx € X.

Proof. By Theorems 6.4 and 6.5, there exist a quadratic mapping Of : X — Y and a
quartic mapping Q5 : X — Y such that

[£(2x) = 16f(x) — Q7 (x)|| < 3¢ (6.66)
and 12
1f(22) = 4f () = Q)| < e (6.67)

Combining (6.66) and (6.67), we obtain
3
12f(x) + 07 (x) — Q2| < e

By putting Qi (x) := —1509(x), and Q,(x) := {505(x) for all x € X, we have
(6.65). To prove the uniqueness property of Q1 and Q,, let 0,05 : X — Y be an-
other quadratic and quartic mappings satisfying (6.65). Put Q7 (x) = Qi (x) — Q] (x),
04 (x) = Qa2(x) — Q) (x) for all x € X. Then by (6.65) we have

lim 16|07 (2"x) — 03 (2"x)|| < lim 16™"[|£(2"x) — Q1 (2"x) — Q2 (2") |
+1im 167 £(2"%) - 0} (2"%) — 05(2"¥)]| = 0.
Hence, we can see that O (x) = 05 (x) =0 for all x € X. 0

Theorem 6.7. Let € be a positive real number. Suppose that an odd mapping f :
X — Y satisfies (6.57). Then the limits
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A(x) = lim27"| F(2"1x) = 8£(2"x)]

and
C(x) :=lim8"[£(2" 1x) — 2f(2")],

n

exist forallx € X, and A: X — Y and C : X — Y are unique additive mapping and
unique cubic mapping, respectively, satisfying (6.4), and

1£(2x) —8f(x) —A(x)[| < 9e

and 9
1£(20) =2/ (x) = Cl)]| < e
forallx € X.
Proof. The proof is similar to the proof of Theorems 6.4 and 6.5. 0

Theorem 6.8. Let € be a positive real number. Suppose that an odd mapping f :
X — Y satisfies (6.57). Then there exist a unique additive mapping A : X — Y and a
unique cubic mapping C : X — Y such that

sde
7

/() —Alx) - Clx) < —, (6.68)

forallx € X.

Proof. By Theorem 6.7, there exist an additive mapping Ag : X — Y and a cubic
mapping Cp : X — Y such that

S

=

[£(2x) = 8f(x) —Ao(x)[| <9&, [|f(2x) —2f(x) —Co(x)|| <
for all x € X. Hence, we have

16/ (x) + A0 (x) — Col)]| < %

forall x € X. SetA := %AO, C:= %. The rest of the proof is similar to the proof of
Theorem 6.6. O

Now we establish the Hyers—Ulam stability of functional equation (6.4) as fol-
lows:

Theorem 6.9. Let € be a positive real number. Suppose that a mapping f: X — Y
satisfies £(0) =0 and

[Df(x )|l <€,
for all x,y € X. Then there exist a unique additive mapping A : X — Y, a unique

quadratic mapping Q1 : X — Y, a unique cubic mapping C : X — Y and a unique
quartic mapping Q> : X — Y such that
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1087¢
140 °

1) =A(x) = Q1 (x) = Cx) = Q2 (x)]| < (6.69)

forall x € X.

Proof. Let f,(x) = 3(f(x)+ f(—x)) for all x € X. Then £,(0) =0, f.(—x) = f.(x),
and

1Dy, (x, )|l <&,

for all x,y € X. Hence in view of Theorem 6.6, there exist a unique quadratic
mapping Q; : X — Y and a unique quartic mapping O : X — Y satisfying (6.65).
Let f,(x) = 3(f(x) — f(—x)) for all x € X. Then f, is an odd mapping satisfying
||Dy, (x,y)|| <€, for each x,y € X. From Theorem 6.8, there exist a unique additive
mapping A : X — Y and a unique cubic mapping C : X — Y satisfying (6.68). Now
it is easy to see that (6.69) holds true for all x € X. 0O
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Chapter 7
Y-Additive Mappings and Hyers—Ulam Stability

P. Gavruta and L. Gévruta

Dedicated to the memory of Professor George Isac

Abstract The notion of y-additive mappings was first introduced by George
Isac related to the asymptotic derivative of mappings. Hyers—Ulam stability of
those mappings was studied by G. Isac, Th.M. Rassias and many other authors:
L. Cédariu, H.G. Dales, V. Faiziev, P. Gdvruta, R. Ger, J. Matkowski, M.S. Mosle-
hian, S.Z. Nemeth, and V. Radu. In this paper we give a short survey about the
Hyers—Ulam stability of y-additive mappings.

7.1 Introduction

The study of stability problems for functional equations originated from a talk of S.
Ulam in 1940, when he proposed the following problem:

Let G be a group endowed with a metric d. Given € > 0, does there exist a k > 0
such that for every function f : G — G satisfying the inequality

d(f(xy), f)f() <&,  VxyeG,

there exists an automorphism a of G with

d(f(x),a(x)) <ke, VYxeG?
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In 1941, Hyers gave an affirmative answer to the question of Ulam for addi-
tive Cauchy equation in Banach spaces. The concept of the Hyers—Ulam stability
of mappings is currently used in the spirit of Ulam’s problem for approximate ho-
momorphisms. The Hyers—Ulam stability has been mainly used to study problems
concerning approximate isometries or quasi-isometries, the stability of Lorentz and
conformal mappings, the stability of stationary points, the stability of convex map-
pings, the stability of minimum points, etc. (cf. [26],[27],[28]).

Now, let E; be a real normed vector space and E> a real Banach space and
f: E1 — Ej is an approximately additive mapping. In 1941, Hyers considered ap-
proximately additive mappings f : E| — E; satisfying

If(x+y) = fx) =G <&, forallxyeEr.

Hyers proved that the limit

T(x) = lim 27" f(2"x)

n—oo

exists for all x € Ey and that T : E; — E5 is a unique additive mapping satisfying

[f(x) =T <e.

A generalized solution to Ulam’s problem for additive mappings was given by T.
Aoki [1] and for approximately linear mappings was given by Th.M. Rassias in
1978. Th.M. Rassias considered a mapping f : E; — Ej such that 7 — f(zx) is con-
tinuous in ¢ for each fixed x. Assume that there exists 8 > 0 and 0 < p < 1 such
that

1f(+y) = f(x) = fOD) < OClIxlI” +I¥|”) ~ for any x,y € E;.
Then there exists a unique linear mapping 7 : Ey — E» such that

20

1) =TI < 5=

[x[|” for any x,y € E;.

The Hyers result is obtained for p = 0. Th.M. Rassias’s proof given in [25] also
applies for all real values of p that are strictly less than zero.

Rassias’s stability theorem for the linear mapping (see [25]) was generalized by
G. Isac and Th.M. Rassias [15] (see also [16],[17]) for y-additive mappings.

7.2 Results

Let E|, E, be two normed vector spaces.

Definition 7.1. A mapping f : E| — E; is y-additive if and only if there exists 6 > 0
and a function y : R, — R such that

1fCe+y) = f () = fO < 01w lixlD) + wlyID],  forall x,y € Ey.
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Theorem 7.2. ([15]) Consider E| to be a real normed vector space, E» a real Ba-
nach space and let f : E; — E, be a mapping such that f(tx) is continuous in t for
each fixed x. If f is y-additive and y satisfies

) lim(y()/1) =0

i) y(ts) <wy(t)y(s), forallt,scR,
i) y(t)<t, forallt<l1

then there exists a unique linear mapping T : E} — E; such that || f(x) — T (x)]| <
(20/(2—w(2))w(|x|), for all x € E;.

A generalization of the theorem of G. Isac and Th.M. Rassias [15] was proved by
P. Gavruta [9] in the following form:

Theorem 7.3. We denote by (G,+) an Abelian group, by (X, || - ||) a Banach space,
and by @ : G x G — [0,°0) a mapping such that

P(x,y) = 27 k(2 x,2ky) < oo forall x,y € G.
k=0

Let f: G — X be such that

[f(x+y) = f(x) = fW < o(x,y), forall x,y € G

Then there exists a unique mapping T : G — X

T(x+y)=Tx)+T(y),forallxe G

and |
[1f(x) =T (x)[| < Eﬁ(x,y),for all xe G

Moreover, if G is a real normed space and X is a real Banach space and f(tx) is
continuous in t for each fixed x in G, then T is a linear function.

As an application of Theorem 7.3, we obtained a generalization of Theorem 7.2:
Let G be a normed linear space and define H : Ry xRy — Ry and ¢p: Ry — R
such that

©(A) >0, forall AL >0,
®0(2) <2,
®0(24) < @o(2)po(A), forall >0,
H(At,As) < @o(A)H(t,s), forallt,seR;,A>0.

In Theorem 7.3, we take
@(x,y) = H([|x[], [ly[l)
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Then
¢ (2%x,2%y) = H(2||x[|, 2 y]))

< go2)H (|lx[1, Iy[)
< (go)H(llxll, Iv1)

and because ¢p(2) < 2 we have

=

¢(x,y) < 12,02"‘(@0(2))"1‘1(”)6”7 I

1
= WH(IIJCII, 1),

and we obtain

1769 =T (0] < 50(09) < 5= (o). )

or

1
1f(x) =T (x) < m%(llxll)ff(l»l)

Also, as an application of Theorem 7.3, G. Isac and Th.M. Rassias [16] obtained a
useful generalization of Theorem 7.2. Let Fy, be the set of all functions y from R
into R satisfying the assumptions:

i) lim i) =0,

f—o0 t

ii) y(ts) < w(t)y(s), forallt,s€Ry,
i) y(r) <t, forallt>1.

Let P(y) be the convex cone generated by the set Fy,. The function y € P(y) sat-
isfies the assumption i) but generally does not satisfy the assumptions i) and iii).

Theorem 7.4. Let E| be a real normed vector space, E> a real Banach space and
f: E1 — E> a continuous mapping. If f is y-additive with ¢ € P(\W), then there
exists a unique linear mapping T : E1 — E; such that

20
[f(x) =T )] < mw(\\xll), forall x € Ey.

Moreover, the expression of T at every point x € E| is given by

() = tim L2

n—soo 2”
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R. Ger [11] considered stability of y-additive mappings and Orlicz A;-conditions.
He deals with a functional inequality of the form

1£(e+y) = f) = FOI < @)+ wllyl) - (),

showing, among others, that given two self-mappings @,y of the halfline [0, o)
enjoying the celebrated Orlicz A,-conditions:

P(2t) <ko(r), w(2t) <ly(t)

forall 7 € [0,0), with some constants k,/ € [0,2), for every map f between a normed
linear space (X, | -||) and a Banach space (Y, ]| - ||) satisfying inequality (%), there
exists exactly one additive map a : X — Y such that

1709 — a0l < 5ol + 5wl

for all x € X. It is clear that Ger’s result is also an application of Theorem 7.3.

For several other results and a number of interesting applications in nonlinear
analysis of y-additive mappings, one may see the papers and books cited in the
References.
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Chapter 8

The Stability and Asymptotic Behavior of
Quadratic Mappings on Restricted Domains

Kil-Woung Jun and Hark-Mahn Kim

Dedicated to the memory of Professor George Isac

Abstract In this paper, we investigate the generalized Hyers—Ulam stability problem
for quadratic functional equations in several variables, and then obtain an asymptotic
behavior of quadratic mappings on restricted domains.

8.1 Introduction

S.M. Ulam [31, 32] proposed the general Ulam stability problem: “When is it true
that by slightly changing the hypotheses of a theorem one can still assert that the
thesis of the theorem remains true or approximately true?”” The concept of stability
for a functional equation arises when we replace the functional equation by an in-
equality which acts as a perturbation of the equation. Thus one can ask the following
question for general functional equations: If we replace a given functional equation
by a functional inequality, when can one assert that the solutions of the inequality
must be close to the solutions of the given equation? If the answer is affirmative,
we would say that a given functional equation is stable. In 1978, P.M. Gruber [10]
remarked that Ulam’s problem is of particular interest in probability theory and
in the case of functional equations of different types. We wish to note that stabil-
ity properties of different functional equations can have applications to unrelated
fields. For instance, Zhou [33] used a stability property of the functional equation
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f(x=y)+ f(x+y) =2f(x) to prove a conjecture of Z. Ditzian about the relation-
ship between the smoothness of a mapping and the degree of its approximation by
the associated Bernstein polynomials.

The case of approximately additive functions was first solved by D.H. Hyers [11],
and generalized versions of the Hyers theorem for approximate additive mappings
which allows the Cauchy difference to be unbounded was given by T. Aoki [3] and
D.G. Bourgin [4]. In 1978, Th.M. Rassias [22] proved a theorem for the stability of
the linear mapping, which allows the Cauchy difference to be controlled by a sum of
powers of norms. G. Isac and Th.M. Rassias [15, 16, 17] have improved the stability
results for the approximately additive functions using y-additive mappings and a
sum of different powers of norms. During the past decades, the stability problems
of several functional equations have been extensively investigated by a number of
authors [13, 14, 26].

Now, a square norm on an inner product space satisfies the important parallelo-
gram equality [|x+y||* + [lx — y||> = 2(||x||> + |[¥||*) for all vectors x,y in the inner
product space. The following functional equation which was motivated by the iden-
tity

O(x+y)+0(x—y) =20(x) +20(y) (8.1)

is called a quadratic functional equation, and every solution of the equation (8.1)
is said to be a quadratic mapping. It is well known that a mapping Q between real
vector spaces E, E, satisfies the equation (8.1) if and only if there exists a unique
symmetric biadditive mapping B : E| X E| — Ej such that Q(x) = B(x,x) for all
x [1]. The quadratic functional equation and several other functional equations are
useful to characterize inner product spaces [2, 23, 29]. During the past three decades
a number of papers and research monographs have been published on various gen-
eralizations and applications of the generalized Hyers—Ulam stability to a number
of functional equations and mappings (see [4, 5, 8, 12, 25, 27, 28]).

In 1983, F. Skof [30] was the first author to solve the Ulam problem for additive
mappings on a restricted domain. S. Jung [18] and J.M. Rassias [20] investigated the
Hyers—Ulam stability for additive and quadratic mappings on restricted domains.
The stability problems of several quadratic functional equations have been exten-
sively investigated by a number of authors and there are many interesting results
concerning this problem [6, 12, 19, 24].

Now we consider the following functional equations,

d+1 d+1
FI2x)+ Y fai—x)=(d+1)Y fx), (8.2)
i=1 1<i<j<d+1 i=1
d+1
[f (xi +2x;) + f(xi —x;)] = 2d 2 f(xi) (8.3)
1<i<j<d+1 i=1
for all (d + 1)-variables xy,--- ,x411 € E1, where d > 1 is a natural number. As a

special case, these equations reduce to the equation (8.1) in the case d = 1. It is easy
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to see that a mapping f : E; — E» between vector spaces satisfies the functional
equation (8.2) or (8.3) if and only if the mapping f is quadratic. In 1998, D.H.
Hyers, G. Isac and Th.M. Rassias [14] introduced a new study for the asymptotic
behavior of the Hyers—Ulam stability of mappings.

In this paper, we establish the new generalized Hyers—Ulam stability theorems
for the general functional equations (8.2) and (8.3) with several variables and apply
our results to the asymptotic behavior of quadratic mappings on restricted domains.

8.2 Approximately Quadratic Mappings

From now on, let B be a unital Banach algebra with norm |- |, and let X and Y be
left Banach B-modules with norms || - || and || - ||, respectively, unless we give any
specific reference. Let R denote the set of all non-negative real numbers and d a
positive integer with d > 1. A quadratic mapping Q : X — Y is called B-quadratic if

Q(ax) = a*Q(x), VacB,VxcX.

Now before taking up the main subject, given f : X — Y, we define the difference
operator E, f : X%t — Y by

E f(x1, - Xq41)

d+1 d+1
::f<2 ux,->+ Z f(ux,-—uxj)—(d+l)2u2f(xi)

i=1 1<i< j<d+1 i=1

forallu € B(1) :={u € B: |u| =1}, and all (d + 1) variables in X, which acts as a
perturbation of the equation (8.2).

Theorem 8.1. Suppose that a mapping f : X — Y satisfies
[Ewf(xr, - s xa) || < €(x1, -+ Xa11) (8.4)

forallu € B(1) and all (d 4 1)-variables xy,--- ,xq41 € X, and that € : X! — RT
is a mapping such that the series

i S(Zixl [ 72ixd+1)
5

i=0 2

converges forall xy,--+ ,xq+1 € X. If f is measurable or f(tx) is continuous int € R

for each fixed x € X, then there exists a unique B-quadratic mapping Q : X —Y

which satisfies the equation (8.2) and the inequality

2 _ E(2ix. 2ix
0+ T30 0 - g < 3 3 22

1
< - ’
— 4 4

M8

(8.5)

i=0
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where || f(0)] < T3>) and
i—th Jj—th
E(xx) = min{e(0, - A )1 <i<j<d+1} (8.6)

for all x € X. The mapping Q is defined by

O(x) = lim f(2'%)

n—oo 22}1

8.7)

forallx € X.

Proof. Without loss of generality, we may assume that thati = 1, j = 2 in the expres-
sion (8.6). If we take (x1,x2,0,---,0) instead of (x,---,xy41) in (8.4) with u =1,
we obtain

[t + -+ (5 ) 70 = 2100
~2f(2) — (@d+ 1)(d = 1)£(0) | < e(x1,,0,:-,0),
which can be rewritten in the form
llg(x1 +x2) +q(x1 —x2) — 2q(x1) — 2q(x2)[| < €(x1,%2,0,---,0),  (8.8)

for all x1,x; € X, where g(x) := f(x) + w, xeX.
Now applying a standard procedure of direct method (see [5, 9]) to the last in-
equality (8.8), we see that there exists a unique quadratic mapping Q : X — Y which

satisfies the equation (8.2) and the inequality

d—1
.~
2ix,2ix,0,---,0)

1 - ) )
Z; 22

for all x € X. Under the assumption that f is measurable or f(¢x) is continuous in
t € R for each fixed x € X, the quadratic function Q : X — Y satisfies

O(1x) =1*Q(x), VYxeX,VteR.

That is, Q is R-quadratic. Since Q is R-quadratic and Q(ux) = u?Q(x) for each
element u € B(1), we see that Q(ax) = a*Q(x) for all a € Band all x € X. So Q'
X — Y is also B-quadratic as desired. O

Theorem 8.2. Suppose that a mapping [ : X — Y satisfies
1Ewf k1, Xg) || < €(x1, - Xaq)

forallu € B(1) and all (d +1)-variables xy,--- ,xq41 € X, and that € : X! — R"
is a mapping such that the series
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< i (X1 X441
248(57"'7 21'
=

converges forall xy,- -+ ,xq+1 € X If f is measurable or f(tx) is continuous int € R
for each fixed x € X, then there exists a unique quadratic mapping Q : X — Y which
satisfies the equation (8.2) and the inequality

1709 - 00 < § 24 (5. 37)

where €(x,x) is given as in Theorem 8.1. The mapping Q is defined by

O(x) = lim 4" f (%)

n—oo

forallx € X.

Note that one has f(0) = 0 in the above theorem because (0, ---,0) = 0 by the
convergence of the series.

Given a mapping f : X — Y, we define the difference operator D, f : X4*! — Y
by

d+1
Duf(xi,-- xan) = Y, [fluxi+uxy)+ f(wg —wx))] —2d 3w f(x:)
1<i<j<d+1 i=1
for all (d + 1)-variables xi,--- ,x411 € X, which acts as a perturbation of the equa-

tion (8.3). Furthermore, we are going to establish another theorem about the Ulam
stability problem of the equation (8.3) as follows.

Theorem 8.3. Suppose that a mapping f : X — Y satisfies

I1Duf (x1,x2, - s x4 1) || < €(x1,--+ ,X441) (8.9)

forallu € B(1) and all (d 4 1)-variables xy,--- ,xq41 € X, and that € : X! — RT
is a mapping such that the series

i E(Zixl AN ,Zide)
5

i=0 -

converges for all xy,- -+ ,xq.1 € X. If f is measurable or f(tx) is continuous int € R

for each fixed x € X, then there exists a unique quadratic mapping Q : X — Y which

satisfies the equation (8.3) and the inequality

"f(x)+(d2+d3—3)f( ) H 41125 2!;212! x)

for all x € X, where a mapping & : X*> — Y is given by

(8.10)
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i

E(x,y) := min e(x,o,---,o,’y‘,o..-,o)‘2§i§d+1 . @1
The mapping Q is defined by
2n
0(x) — tim 72

n—o0 22’1

forallx € X.

Proof. If we take (x,0,~~~ ,0,7572,0,--- ,0) instead of (x1,--- ,xz.1) in (8.9), we
obtain

£ (x4 y) + f(x—y) =2f(x) = 2f () — (d* +d = 2) (0}
i
§£<xaoa"'70a y 707'“70)
for all x,y € X, and all i with 2 < i < d + 1, which can be written in the form

lg(x+y) +q(x—y) = 2[g(x) +q(y)] — q(0)|| < &(x,y) (8.12)

forall x,y € X, where a mapping ¢ : X — Y is defined by q(x):=f(x)+ w
and a mapping & : X> — Y is given by (8.11). Taking y := x in (8.12), we get

H q(2x)

T q(x) (x,x) (8.13)

for all x € X. Now applying a standard procedure of direct method [5, 9] to the last
inequality (8.13), we see that there exists a unique quadratic mapping Q : X — Y
which satisfies the equation (8.3) and the inequality

1 & E(20x,20x)
It - 0wl < 3 3 =25
1=
forall x € X. O

Theorem 8.4. Suppose that a mapping f : X — Y satisfies

||Duf(xlax27"' axd—‘rl)” < 8()61,-'- axd-H)

forallu € B(1) and all (d 4 1)-variables xy,--- ,xq41 € X, and that € : X! — RT
is a mapping such that the series

< i [X1 Xdi1
de(l1 .t
2ty
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converges forall xy,- -+ ,xq.1 € X. If f is measurable or f(tx) is continuous int € R
for each fixed x € X, then there exists a unique quadratic mapping Q : X — Y which
satisfies the equation (8.3) and the inequality

170 - 0wl < § 242 (.3)

for all x € X, where the mapping € : X> — Y is given by (8.11). The mapping Q is
defined by

O(x) = lim 4" f (%)

n—oo

forallx € X.

8.3 Quadratic Mappings on Restricted Domains

In this section, we are going to investigate the Hyers—Ulam stability problem for the
equations (8.2) and (8.3) on a restricted domain. As results, we have an asymptotic
property of the mappings concerning the equations (8.2) and (8.3).

Theorem 8.5. Let r > 0 be fixed. Suppose that there exists a non-negative real num-
ber € for which a mapping f : X — Y satisfies

ID1f(x1,- xa1)|| < € (8.14)

for all (d + 1)-variables x1,--+ ,xq+1 € X with Y5 ||xi|| > r. Then there exists a
unique quadratic mapping Q X — Y which satisfies the equation (8.3) and the
inequality

(d*>+d—3)f(0)

7 —0)|| <+ (8.15)

Hf(x) "

forallx € X.

Proof. Taking (x1,--+,x441) as (x,,0,---,0) in (8.14) with ||x|| + ||y|| > r, we ob-
tain by the same way as (8.8)

lg(x+y) +q(x—y) —2q(x) = 29(y) —q(0)| < &, (8.16)
for all x,y € X with ||x|| +||y|| > r, where g(x) := f(x) + % Specially, we
have [|¢(0)|| < § by setting y := 0 and x := ¢ with [|¢|| > r in (8.16). Now, assume
|lx]| + |||l < r. And choose a ¢ € X with ||¢|| > 2r. Then it holds clearly

lx£ell = llyell = r and [[2¢] + [lx+ ¥l > 7.
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Therefore from (8.16) and the following functional identity

2[g(x+y) +q(x—y) —2q(x) —2q(y) — q(0)]

= [qlx+y+21) +q(x—y) —2q(x+1) — 2q(y+1)]
+[g(x+y—26)+q(x—y) —2q(x—1) —2q(y —1)]
+[—qlx+y+21)— (x+y—2r)+24(x+y)+2q<2t)]
+[2q(x+1) +2q(x — 1) — 4q(x) — 4q(t)]

+[24( y+t +2q(y—1) —4q(y) —4q(1)]

+[—2q(2t) —2¢(0) +4¢(r) +44(1)],

we get
laCe+3) +4(x ) ~24() ~240) ~ g(O)] < 8.17)

for all x,y € X with ||x|| +||y|| < . Consequently, the last functional inequality holds
for all x,y € X in view of (8.16) and (8.17). Now letting y := x in (8.17), we obtain

lg(2x) — ()||<9 VreX.

Now applying a standard procedure of direct method [5, 9] to the last inequality,
we see that there exists a unique quadratic mapping Q : X — Y which satisfies the
equation (8.2) and the inequality

lg(x) = Q)| < =

forall x € X. O

In the next theorem, we have a similar stability result concerning an asymptotic
property of the equation (8.3).

Theorem 8.6. Let r > 0 be fixed. Suppose that there exists a non-negative real num-
ber € for which a mapping f : X — Y satisfies

|E1f(x1,%2,-+ ,Xq41)|| < €

for all (d + 1)-variables x1,--- ,xq+1 € X with Y3 ||x;|| > r. Then there exists a
unique quadratic mapping Q : X — Y which satisfies the equation (8.2) and the
inequality

d?>+3d—6
+7

0 -0 <

2

Hﬂm

forallx € X.
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We note that if we define
Sar1 = {(x1, - xap) €X x| < Vi= 1, d 1}
for some fixed r > 0, then we have
d+1
{(m,“' A1) €XTN Y ]| > (d+ 1)r} C XN\ Sy
i=1

Thus the following corollary is an immediate consequence of Theorem 8.5 and
Theorem 8.6.

Corollary 8.7. If a mapping f : X — Y satisfies the functional inequality (8.14)
((8.18), respectively) for all (x1,- - ,xq11) € X471\ Sqy1, then there exists a unique
quadratic mapping Q : X — Y which satisfies the equation (8.2) ((8.3), respectively))
and the inequality (8.15) ((8.18), respectively).

From Theorem 8.5, we have the following corollary concerning an asymptotic
property of quadratic mappings.

Corollary 8.8. A mapping f : X — Y with f(0) = 0 is quadratic if and only if

either ||E\f(x1, - ,X411)|| — O,
or [IDif(x1,+ Xa41)|| =0

as T | — e.

Proof. According to our asymptotic condition, there is a sequence (&) decreasing
to zero such that | Dy f(x1, - ,xg+1)|| < &y for all (d+ 1)-variables xj,--- ,x541 € X
with 32! ||x;|| > m. Hence, it follows from Theorem 8.5 that there exists a unique
quadratic mapping Q,, : X — Y which satisfies the equation (8.2) and the inequality

3¢,

() = @ul@] < 22

for all x € X. Let m and [ be positive integers with m > [. Then, we obtain

£ (x) = Om(¥)]| <

for all x € X. The uniqueness of Q; implies that Q,, = Q; for all m,/, and so

3en

1f(x) = Q)| <

[\

for all x € X. By letting m — oo, we conclude that f is itself quadratic.
The reverse assertion is trivial. |



96 K-W. Jun and H-M. Kim
References
1. J. Acz€l and J. Dhombres, Functional Equations in Several Variables, Cambridge Univ.

2.
3.

4.

10.
11.

12.

13.

14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Press, 1989.

Dan Amir, Characterizations of Inner Product Spaces, Birkhauser-Verlag, Basel, 1986.

T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan,
2(1950), 64-66.

D.G. Bourgin, Classes of transformations and bordering transformations, Bull. Amer. Math.
Soc. 57(1951), 223-237.

. C. Borelli and G.L. Forti, On a general Hyers—Ulam stability result, Int. J. Math. Math. Sci.

18(1995), 229-236.

. H.-Y. Chu, D.S. Kang and Th.M. Rassias, On the stability of a mixed n-dimensional quadratic

functional equation, Bull. Belgian Math. Soc. Simon Stevin, 15(2008), 9-24.

. S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math. Sem.

Univ. Hamburg, 62(1992), 59-64.

. S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific

Publishing Company, Singapore, 2002.

. G.L. Forti, Comments on the core of the direct method for proving Hyers—Ulam stability of

functional equations, J. Math. Anal. Appl. 295(2004), 127-133.

P.M. Gruber, Stability of isometries, Trans. Amer. Math. Soc. 245(1978), 263-277.

D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. 27(1941),
222-224.

D.H. Hyers and Th.M. Rassias, Approximate homomorphisms, Aequationes Mathematicae,
44(1992), 125-153

D.H. Hyers, G. Isac and Th.M. Rassias, On the asymptoticity aspect of Hyers—Ulam stability
of mappings, Proc. Amer. Math. Soc. 126(2) (1998), 425-430.

D.H. Hyers, G. Isac and Th. M. Rassias Stability of Functional Equations in Several Vari-
ables, Birkhauser-Verlag, Boston/Basel/Berlin, 1998.

G. Isac and Th. M. Rassias On the Hyers—Ulam stability of w-additive mappings, J. Approx.
Theory, 72(1993), 131-137.

. G. Isac and Th. M. Rassias Functional inequalities for approximately additive mappings,

in: Stability of Mappings of Hyers—Ulam type, Hadronic Press, Inc. Florida, (1994),
pp. 117-125.

G. Isac and Th. M. Rassias Stability of y-additive mappings: Applications to nonlinear
analysis, Int. J. Math. Math. Sci. 19(1996), 219-228.

S. Jung, On the Hyers-Ulam stability of the functional equations that have the quadratic
property, J. Math. Anal. Appl. 222(1998), 126-137.

C.-G. Park and Th.M. Rassias, Hyers-Ulam stability of a generalized Apollonius type
quadratic mapping, J. Math. Anal. Appl. 322(1) (2006), 371-381.

J.M. Rassias, On the Ulam stability of mixed type mappings on restricted domains, J. Math.
Anal. Appl. 276 (2002), 747-762.

J.M. Rassias, Asymptotic behavior of mixed type functional equations, Austral. J. Math. Anal.
Appl. 1(1)(2004), 1-21.

Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.
Soc. 72(1978), 297-300.

Th.M. Rassias, Inner product spaces and applications, Pitman Research Notes in Mathemat-
ics Series, No. 376, Addison Wesley Longman, Harlow, 1997.

Th.M. Rassias, On the stability of the quadratic functional equation and its applicattions,
Studia, Univ. Babes-Bolyai, XLIII (3) (1998), 89-124.

Th.M. Rassias, On the stability of functional equations in Banach spaces, J. Math. Anal.
Appl. 251(2000), 264-284.

Th.M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Appl.
Math. 62(2000), 23-130.



8 The Stability and Asymptotic Behavior of Quadratic Mappings 97

217.
28.
29.
30.
31.

32.
33.

Th.M. Rassias (ed.), Functional Equations and Inequalities, Kluwer Academic Publishers,
Dordrecht, 2001.

Th.M.Rassias (ed.), Functional Equations, Inequalities and Applications, Kluwer Academic
Publishers, Dordrecht, 2003.

D.A. Senechalle, A characterization of inner product spaces, Proc. Amer. Math. Soc.
19(1968), 1306-1312.

F. Skof, Sull’ approssimazione delle applicazioni localmente -additive, Atti Accad. Sci.
Torino Cl Sci. Fis. Mat. Natur. 117(1983), 377-389.

S.M. Ulam, A collection of the mathematical problems, Interscience Publ., New York, 1960.
S.M. Ulam, Problems in modern mathematics, John Wiley & Sons Inc., New York, 1964.
Ding-Xuan Zhou, On a conjecture of Z. Ditzian, J. Approx. Theory 69(1992), 167-172.






Chapter 9

A Fixed Point Approach to the Stability
of a Logarithmic Functional Equation

Soon-Mo Jung and Themistocles M. Rassias

Dedicated to the memory of Professor George Isac

Abstract We will apply the fixed point method for proving the Hyers—Ulam—Rassias
stability of a logarithmic functional equation of the form

PV = 3700 + 3 £0),

where f: (0,0) — E is a given function and E is a real (or complex) vector space.

9.1 Introduction

In 1940, S. M. Ulam [27] gave a wide-ranging talk before the mathematics club
of the University of Wisconsin in which he discussed a number of important un-
solved problems. Among those was the question concerning the stability of group
homomorphisms:

Let Gy be a group and let Gy be a metric group with the metric d(-,-). Given € > 0,
does there exist a 8 > 0 such that if a function h : Gi — G, satisfies the inequality
d(h(xy),h(x)h(y)) < 8 for all x,y € Gy, then there exists a homomorphism H : G| — G,
with d(h(x),H (x)) < € forall x € G, ?
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The Ulam problem for the case of approximately additive functions was solved
by D. H. Hyers [8] under the assumption that G| and G, are Banach spaces. Indeed,
Hyers proved that each solution of the inequality || f(x+y) — f(x) — f(y)|| < &, for
all x and y, can be approximated by an exact solution, say an additive function. In
this case, the Cauchy additive functional equation, f(x+y) = f(x) + f(y), is said to
satisfy the Hyers—Ulam stability.

Th. M. Rassias [23] attempted to weaken the condition for the bound of the norm
of the Cauchy difference as follows

1 Ce+3) = f ) = FOI < e[l + [IvlI7)

and derived Hyers’ theorem for the stability of the additive mapping as a spe-
cial case. Thus in [23], a proof of the generalized Hyers—Ulam stability for the
linear mapping between Banach spaces was obtained. A particular case of Th.
M. Rassias’ theorem regarding the Hyers—Ulam stability of the additive mapping
was proved by T. Aoki [1]. The stability concept that was introduced by Th. M.
Rassias’ theorem provided some influence to a number of mathematicians to de-
velop the notion of what is known today by the term Hyers—Ulam—Rassias sta-
bility of the linear mapping. Since then, the stability of several functional equa-
tions has been extensively investigated by several mathematicians (see, for example,
[1,4,5,6,7,10, 11, 12, 13, 16, 20, 21, 24, 25, 26] and the references therein).

The terminologies Hyers—Ulam—Rassias stability and Hyers—Ulam stability can
also be applied to the case of other functional equations, differential equations, and
to various integral equations.

It is not difficult to prove the Hyers—Ulam stability of the logarithmic functional
equation

Flxy) = f(x)+£(y) ©.1)

for the class of functions f : (0,00) — E, where E is a real (or complex) Banach
space. More precisely, if a function f : (0,) — E satisfies the functional inequality

1fCy) =) = f)ll < e

for all x,y > 0 and for some € > 0, then there exists a unique solution function
F : (0,00) — E of Eq. (9.1) such that

If(x) =F(x)ll <e

for any x,y > 0.
In 1997, S.-M. Jung investigated the stability properties for a logarithmic func-
tional equation of the form

fO) =yfx)

(see [15]). In this connection, we will consider the following functional equation

PV = 3700 + 3 £0), ©2)
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which can be regarded as an abstract formulation of a logarithmic identity

1 1
log\/xy = 3 logx+ 3 logy.

In this paper, we will adopt the idea of L. Cddariu and V. Radu [3] and prove
the Hyers—Ulam—Rassias stability and the Hyers—Ulam stability of the functional
equation (9.2).

It was G. Isac and Th. M. Rassias [14] who proved for the first time in nonlinear
functional analysis that new fixed point theorems can be obtained as applications of
the generalized Hyers—Ulam stability approach. For an extensive treatise of various
nonlinear methods and in particular fixed point theory, the reader is referred to the
book [9].

Throughout this paper, a function f : (0,00) — E will be called a logarithmic
function if f satisfies the logarithmic functional equation (9.1) for all x,y > 0.

9.2 Preliminaries

For a nonempty set X, we introduce the definition of the generalized metric on X.
A function d : X x X — [0,] is called a generalized metric on X if and only if d
satisfies

(M) d(x,y) =0if and only if x = y;
(M) d(x,y) =d(y,x) forall x,y € X;
(M3) d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.

We remark that the only one difference of the generalized metric from the usual
metric is that the range of the former is permitted to include the infinity.

We now introduce a fundamental result of fixed point theory. For the proof,
we refer to [19]. This theorem will play an essential role in proving our main
theorems.

Theorem 9.1. Let (X,d) be a generalized complete metric space. Assume that A :
X — X is a strictly contractive operator with the Lipschitz constant L < 1. If there
exists a non-negative integer k such that d(A*'x, A¥x) < oo for some x € X, then
the following are true:

(a) The sequence {A"x} converges to a fixed point x* of A;

(b) x* is the unique fixed point of A in

X' ={yeX[d(Axy) < e}
(c) If y € X*, then

d(y,x") <

d(Ay,y).
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9.3 Hyers-Ulam—Rassias Stability
In this section, we will first investigate the relationship between the logarithmic
functional equations (9.1) and (9.2).

Theorem 9.2. Let E be a real (or complex) vector space. For a given function f
(0,00) — E, let f: (0,00) — E be defined by f(x) = f(x) — f(1) for all x > 0. Then
f is a solution function of Eq. (9.2) if and only if f is a logarithmic function.

Proof. First, assume that f is a solution function of Eq. (9.2). It then follows from
(9.2) that

PV~ £ (1) = S0~ F)}+ 5 16) — F()

for all x,y > 0, that is,

~

/) = 5760+ 570)

for any x,y > 0. If we set u = \/x and v = , /y in the above equation, then f satisfies
~ 1 " 2 1 " 2
flw) =37 (?) +357(7)
2 2
for every u,v > 0. By putting v = 1, the last equation yields

F(?) =2f(u).

Thus, we have .
fuv) = f(u)+f(v)

for all u,v > 0.
Now, assume that f satisfies

Fly) =F(x) + 7 ()
for all x,y > 0. Then, putting y = x, the last equation yields
F(2) =27 ().

Hence, we get
FO)+F0) = Fl) = F(va®) = 2/ ()

and equivalently we obtain

for all x,y > 0. 0O
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Recently, L. Cddariu and V. Radu [3] applied the fixed point method for the
investigation of the Cauchy additive functional equation. Using such a clever idea,
they presented a proof of the Hyers—Ulam stability of that equation ([2, 17, 22]).

By applying the idea of Cadariu and Radu, we will now prove the Hyers—Ulam—
Rassias stability of the logarithmic functional equation (9.2).

Theorem 9.3. Let (E, || - ||) be a real (or complex) Banach space and assume that
a symmetric function @ : (0,00)% — (0,0) is given such that there exist constants K
and L with the properties:

0<K<2, L>1, 9.3)
@(x*,y*) <Ko(x,y) (x,y>0), (9.4)
and
¢l 1) <Linf(x,y) (x>0). 9.5)
y>

If a function f : (0,00) — E satisfies the functional inequality

|7 - 300 5500 < ot ©:6)

Sor any x,y > 0, then there exists a unique logarithmic function F : (0,e0) — E such
that

1FG) =F () = f(D]| < 5— 0(x,%) 9.7

for each x > 0.
Proof. First, we define a set 2~ by

2 ={h:(0,00) — E | his a function from (0,<°) to E satisfying (1) =0}
and introduce a generalized metric d on 2~ as follows:

d(g,h) =inf{C € [0,°0] | [|g(x) — h(x)|| < Co(x,x) forall x > 0}. 9.8)

(We will here give a proof for the triangle inequality only. Assume that d(g, k) >
d(g,k) + d(k,h) would hold for some g,h,k € £ . Then, due to (9.8), there should
exist an xp > 0 such that

[l§(x0) —h(xo)|| > {d(g,k)+d(k.h)}p(x0,x0)
= d(gvk)(P(XOaxO) +d(k7h)(p(x07x0)
> ||8(x0) — k(xo) | + [[k(x0) — h(x0) I,
a contradiction.)

For the proof of the completeness of (Z,d), we may refer the reader to [18].
Nevertheless, we will here give the proof. Let { A, } be a Cauchy sequence in (2, d).
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Then, for any &€ > 0 there exists an integer N > 0 such that d(h,,,h,) < € for all
m,n > Ng. Furthermore, it follows from (9.8) that

Ve>0 AN, eNVmn>N, Vx>0: ||hp(x)—h(x)] <epx,x). (9.9)

If x is fixed, (9.9) implies that {A,(x)} is a Cauchy sequence in (E,|| - ). Since
(E,||-|) is a complete vector space, {/,(x)} converges for each x > 0. Thus, we can
define a function & : (0,00) — E by

h(x) = lim hy(x),

n—soo

and we see that 2(1) = 0. Hence, & belongs to Z". (It has not been proved yet that
{hy} converges to hin (2,d).)
If we let m increase to infinity, it then follows from (9.9) that
Ve>0 IN,eNVn>N, Vx>0 ||h(x)—h(x)] <ep(x,x).
Moreover if we consider (9.8), then we conclude that

Ve>0 IN, eNVn>Ng: d(hhy) <e

that is, the Cauchy sequence {h,} converges to h in (Z",d). Hence, (2 ,d) is a
complete vector space.
Now, let us define an operator A : 2~ — 2" by

1
(Ah)(x) = 5h(xz) (x> 0) (9.10)
forall h € Z . (Itis obvious that Ah € Z.)
We assert that A is strictly contractive on 2. For any g,h € 27, let us choose a
Cyi € [0,00] satisfying d(g,h) < C,p,. Then, using (9.8), we have
lg(x) =h(x)[| < Can(x,x) (x> 0). ©.11)
From (9.4), (9.10), and (9.11), we obtain

1(Ag)() — (AR (3} | = H )~ 2h()

< E sh(P(xz xz)

1
S §KC8h¢(x7x)
for all x > 0, that is, d(Ag,Ah) < %KCgh. Hence, we may conclude that

d(Ag,Ah) < SKd(g,h), 9.12)

l\)\'—‘
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where by (9.3), we know that 0 < %K < 1.

If we define f(x) = f(x) — f(1) for all x > 0, then (1) =0 (f € Z°) and from
(9.6) it follows that

F(v) = 3760~ 30| < o) ©.13

for any x,y > 0.
Moreover, it follows from (9.4), (9.5), (9.10), and (9.13) that

lap - Fl = 5762) - 7o

- H;f<x2)+;f<1>—f<x>
< (p(x2, 1)

< Lo(x*,x?)
< KLo(x,x)

for every x > 0. Thus, (9.8) implies that
d(Af,f) <KL. (9.14)

Therefore, it follows from Theorem 9.1 (a) that there exists a function F :
(0,00) — E such that A" f — F in (2,d) and AF = F. Indeed, for each x > 0,
(A"f)(x) = 5 f (x*") converges to F(x) pointwise, that is,

F(x) = lim f( )

n—soo 2N
for all x > 0. So, it follows from (9.3), (9.4), and (9.13) that

HF(\/)Ty) - 3P - 570

e )44
E 35‘3@ o(")
(x,

y)

o

< lim —(p

n—oo
=0

for any x,y > 0. That is, F is a solution of Eq. (9.2). Hence, due to Theorem 9.2,
F is a logarithmic function. Moreover, Theorem 9.1 (c), together with (9.12) and
(9.14), implies that
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A 2KL
d(f,F) < ——
(F.F) <5 p

that is, in view of (9.8), the inequality (9.7) is true for each x > 0.
Finally, let G : (0,e0) — E be another logarithmic function satisfying

1F(x) = G(x) = f(D)]| < Mo(x,x)

for each x > 0 and for some constant 0 < M < . Then, as G is a logarithmic func-
tion, G is also a fixed point of A and we have d(f,G) < . Hence

Ge 2" ={ge 2 |d(f,g) <=}

Thus, Theorem 9.1 (b) implies that F = G, that is, F is unique. O

9.4 Applications

By setting ¢(x,y) = € in Theorem 9.3, we can easily deduce the Hyers—Ulam sta-
bility of Eq. (9.2).

Corollary 9.4. Let (E,| -||) be a real (or complex) Banach space. If a function
f:(0,00) — E satisfies the inequality

|7t - 30~ 3100 <e

for all x,y > 0 and for some € > 0, then there exists a unique logarithmic function
F : (0,00) — E such that

1f(x) = F(x)— f(1)]| < 2¢
for any x > 0.

In what follows, let us define a function y : (0,00) — (0,°0) by

\/§(1+x) O0<x<1)

;(1+i) (x>1),

where ¢ is a positive constant. Further, we define a function ¢ : (0,0)? — (0,00) by
o(x,y) = y(x)y(y) for all x,y > 0. Then, we have

v(x) =
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(I+x)(14y) 0<x<1l;0<y<1)

) O<x<l;y>1)
o(x,y) = y(x)y(y) =

DM oM™ N\m | ™

/\/_\

)1+y x>L0<y<])

and

(1+2)(14y*)  (O<x<L;0<y<l)

(1—|—x2)(1+12> O<x<l;y>1)
)

bS]

—

<

S—

=

=

(38

S—

<

—

<

[38)

S~—

Il

M DM M N m

7N
—
+

Hence, we see that
o(x*,y%) < o(x,y)

for any x,y > 0, that is, the condition (9.4) is satisfied with K = 1.
Moreover, we obtain

o(x,1) = y(x)y(l) = V2e y(x)

and

ing(p(x,y) = inf{ 1nf (p(x y), 1nf o(x, y)}
y>

~int{ Nae) \f; v |
= \/g v(x)

1) < 2 inf
P(x,1) < ;gow(x,y)

for all x > 0. Hence, we get

for x > 0, that is, the condition (9.5) is satisfied with L = 2.
According to Theorem 9.3, the following corollary is true:
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Corollary 9.5. Let (E,|| - ||) be a real (or complex) Banach space. If a function
S :(0,00) — E satisfies the inequality

|t - 1100 3700 < ot

for all x,y > 0, then there exists a unique logarithmic function F : (0,00) — E such

that

1F(x) = F(x) = F(D)]| < 4(x,x)

for any x > 0.
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Chapter 10

Fixed Points and Stability of the Cauchy
Functional Equation in Lie C*-Algebras

Choonkil Park and Jianlian Cui

Dedicated to the memory of Professor George Isac

Abstract Using the fixed point method, we prove the generalized Hyers—Ulam sta-
bility of homomorphisms in C*-algebras and Lie C*-algebras and of derivations on
C*-algebras and Lie C*-algebras for the 3-variable Cauchy functional equation.

10.1 Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam
[38] concerning the stability of group homomorphisms. Hyers [10] gave a first af-
firmative partial answer to the question of Ulam for Banach spaces. Hyers’ theo-
rem was generalized by Aoki [1] for additive mappings and by Th.M. Rassias [28]
for linear mappings by considering an unbounded Cauchy difference. The paper of
Th.M. Rassias [28] has provided a lot of influence in the development of what we
call generalized Hyers—Ulam stability or as Hyers—Ulam—Rassias stability of func-
tional equations. A generalization of the Th.M. Rassias theorem was obtained by
Givruta [9] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Th.M. Rassias’ approach.
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The functional equation

fx+y)+ flx—y) =2f(x) +2£(y)

is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic function. A generalized Hyers—Ulam
stability problem for the quadratic functional equation was proved by Skof [37] for
mappings f: X — Y, where X is a normed space and Y is a Banach space. Cholewa
[5] noticed that the theorem of Skof is still true if the relevant domain X is replaced
by an Abelian group. Czerwik [6] proved the generalized Hyers—Ulam stability of
the quadratic functional equation. The stability problems of several functional equa-
tions have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [7], [11]-[15], [18], [21], [24]-[26],
[30]-[36)).

We recall a fundamental result in fixed point theory.

Let X be a set. A function d : X x X — [0, 0] is called a generalized metric on X
if d satisfies

(1) d(x,y) =0if and only if x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.

Theorem 10.1. /2, 8] Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with Lipschitz constant L < 1. Then for
each given element x € X, either

d(]11x7jn+1x) — oo

for all non-negative integers n or there exists a positive integer ngo such that
(1) d(J"x,J" 1 x) < oo, Vn > no;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the umqueﬁxedpomt of Jinthe setY ={y € X | d(J"x,y) < eo};
(4)d(y,y") < 1—d(v,Jy) forally €Y.

This paper is organized as follows: In Sections 10.2 and 10.3, using the fixed point
method, we prove the generalized Hyers—Ulam stability of homomorphisms in C*-
algebras and of derivations on C*-algebras for the 3-variable Cauchy functional
equation.

In Sections 10.4 and 10.5, using the fixed point method, we prove the generalized
Hyers—Ulam stability of homomorphisms in Lie C*-algebras and of derivations on
Lie C*-algebras for the 3-variable Cauchy functional equation.

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems
with applications. By using fixed point methods, the stability problems of several
functional equations have been extensively investigated by a number of authors (see
(41, [16], [17], [22], [23], [27D).
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10.2 Stability of Homomorphisms in C*-Algebras

Throughout this section, assume that A is a C*-algebra with norm || - ||4 and that B
is a C*-algebra with norm || - || 5.
For a given mapping f : A — B, we define

Dy f(x,y,2) := uf(x+y+2z) — f(ux) — f(uy) — f(uz)

forall gy € T' :={v e C:|v| =1} and all x,y,z € A.

Note that a C-linear mapping H : A — B is called a homomorphism in C*-
algebras if H satisfies H(xy) = H(x)H(y) and H(x*) = H(x)* for all x,y € A.

We prove the generalized Hyers—Ulam stability of homomorphisms in C*-algebras
for the functional equation Dy, f(x,y,z) = 0.

Theorem 10.2. Let f : A — B be a mapping for which there exists a function @ :
A3 — [0,00) such that

”D/Jf(x y7 )”B < (p(x7y,z)7 (101)
1/ (x ) ( )*||B < <P(x x X) (10.3)

for all u € T' and all x,y,z € A. If there exists an L < 1 such that ¢(x,y,z) <

3Lo(3, %, %) forall x,y,z € A, then there exists a unique C*-algebra homomorphism

H : A — B such that

170) = HOl < 557 9(050) (10.4)

forall x € A.

Proof. Consider the set
X:={g:A—B}

and introduce the generalized metric on X:
d(g,h) =inf{C € Ry : ||g(x) —h(x)||g < Co(x,x,x), VxecA}.

It is easy to show that (X,d) is complete.
Now we consider the linear mapping J : X — X such that

Jg(x) = 58(30)

forall x € A.
By Theorem 3.1 of [2],
d(Jg,Jh) < Ld(g,h)

forall g,h € X.
Letting 4 =1 and y = z =x in (10.1), we get
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1/(3x) =3/ (x)]ls < @(x,x,x)

forall x € A. So | |
IF () = 57G0)llp < 5 9x,x,%)

for all x € A. Hence d(f,Jf) < 1.
By Theorem 10.1, there exists a mapping H : A — B such that
(1) H is a fixed point of J, i.e.,

H(3x) =3H(x)
for all x € A. The mapping H is a unique fixed point of J in the set

Y={geX:d(f,g) <e}.

(10.5)

(10.6)

This implies that H is a unique mapping satisfying (10.6) such that there exists

C € (0,00) satisfying
1H (x) = f(x) ][ < Co(x,x,x)
for all x € A.
(2)d(J"f,H) — 0 as n — oo. This implies the equality

Jim 13"

Nn—oo 3”

=H(x)

for all x € A.
3)d(f,H) < ﬁd(f,]f), which implies the inequality

d(f.H) < 35—

This implies that the inequality (10.4) holds.
It follows from (10.1) and (10.7) that

[H(x+y+2)—H(x)—H(y) —H(2)s
= lim 7 v+ 2) — 3 — 3) ~ £
< lim 2 (3 3 3'2) < lim L'g(x,,2) = 0
for all x,y,z € A. So
H(x+y+z)=H(x)+H(y)+H(z)
for all x,y,z € A. Letting z = 0 in (10.8), we get

H(x+y) =H(x)+H(y)+H(0)=H(x)+H(y)

(10.7)

(10.8)
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for all x,y € A.
Letting y =z =xin (10.1), we get

W (3x) = f(3ux)
for all u € T' and all x € A. By a similar method to that above, we get
WH (3x) = H(3ux)

for all u € T' and all x € A. Thus one can show that the mapping H : A — B is

C-linear.
It follows from (10.2) that

1
15 (xy) = HO)HY)l|p = lim o2 £(9"xy) = f(3"x) £(3"Y) 5
1 1

< lim —@(3"x,3"y,0) < lim — ¢ (3"x,3"y,0)
n—so0 9” n—so0 3”

< lim L"¢(x,y,0) =0
n—oo

for all x,y € A. So

H(xy) = H(x)H(y)

for all x,y € A.
It follows from (10.3) that

1
17 () = H(x)[|p = lim [ f(3"7) = f(3"x)" |

1
< lim 3—(p(3”x, 3"x,3"x) < lim L" ¢ (x,x,x) =0

n—oo 3N n—soo

forall x € A. So

forall x € A.
Thus H : A — B is a C*-algebra homomorphism satisfying (10.4), as desired.

Corollary 10.3. Let r < 1 and 0 be non-negative real numbers, and let f : A — B
be a mapping such that

1D f (3, 2) |18 < OCIIxlla + [y llA + [lzl[2), (10.9)
1 Gey) = £ @) f )l < Ol + [1y114), (10.10)
I1FO) = ()"l < 36xl (10.11)

for all u € T' and all x,y,z € A. Then there exists a unique C*-algebra homomor-
phism H : A — B such that

36
1fCo) =H@)l < 5 [Ixll (10.12)

forall x € A.
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Proof. The proof follows from Theorem 10.2 by taking

@(x,y,2) == O(|[x([3 + [Iy[l4 + [Izll2)
for all x,y,z € A. Then L =3" 1 and we get the desired result. 0O

Theorem 10.4. Let f : A — B be a mapping for which there exists a function ¢ :
A3 — [0,00) satisfying (10.1), (10.2) and (10.3). If there exists an L < 1 such that
o(x,y,2) < %L(p(Sx,3y, 3z) for all x,y,z € A, then there exists a unique C*-algebra
homomorphism H : A — B such that

|f(x) =Hx)|[p < ﬁqo(x,x,x) (10.13)
forall x € A.

Proof. We consider the linear mapping J : X — X such that

for all x € A.
It follows from (10.5) that

o(x,x,x)

e

£ =3£(3)lla < o

X
<
)<

Wl =

il
37

for all x € A. Hence d(f,Jf) < &.
By Theorem 10.1, there exists a mapping H : A — B such that
(1) H is a fixed point of J, i.e.,

H(3x) =3H(x) (10.14)
for all x € A. The mapping H is a unique fixed point of J in the set

Y={geX:d(fg) <=}

This implies that H is a unique mapping satisfying (10.14) such that there exists
C € (0,e0) satisfying
1H(x) = f(x) ]| < Colx, x,x)
forall x € A.
(2)d(J"f,H) — 0 as n — oo. This implies the equality

lim 3" f( ) = H(x)

n—oo 3n

forall x € A.
(3)d(f,H) < tLd(f,Jf), which implies the inequality
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L
d(f,H) < ——=,
(f.H) < 3-3L
which implies that the inequality (10.13) holds.
The rest of the proof is similar to the proof of Theorem 10.2. 0O

Corollary 10.5. Let r > 2 and 0 be non-negative real numbers, and let f : A — B
be a mapping satisfying (10.9), (10.10) and (10.11). Then there exists a unique C*-
algebra homomorphism H : A — B such that

36

170 ~H)ls < 575

o417
forall x € A.
Proof. The proof follows from Theorem 10.4 by taking

@(x,3,2) = O([lxlla + lIylla + [lz[l2)

for all x,y,z € A. Then L = 3!~" and we get the desired result. 0O

10.3 Stability of Derivations on C*-Algebras

Throughout this section, assume that A is a C*-algebra with norm || - ||4.

Note that a C-linear mapping 6 : A — A is called a derivation on A if § satisfies
O(xy) = 0(x)y+xd(y) for all x,y € A.

We prove the generalized Hyers—Ulam stability of derivations on C*-algebras for
the functional equation Dy, f(x,y,z) = 0.

Theorem 10.6. Let f : A — A be a mapping for which there exists a function @ :
A3 — [0,00) such that

|Duf(x,3,2)lla < @(x,3,2), (10.15)
[ f(xy) = f(x)y=xf(¥)]la < @(x,y,0) (10.16)

Uand all x,y,7 € A. If there exists an L < 1 such that ¢(x,y,z) <
orall x,y,z € A. Then there exists a unique derivation 6 : A — A such

=

)

1709~ 83l < 55700000 (10.17)
forall x € A.

Proof. By the same reasoning as the proof of Theorem 10.2, there exists a unique
C-linear mapping 0 : A — A satisfying (10.17). The mapping 6 : A — A is given by
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for all x € A.
It follows from (10.16) that

[[6(xy) = 6(x)y —x8(y)lla
: 1 7 n n n n
= lim &1 (0"xy) = f(3"x) - 3"y = 3" f(3")a
1 1
< lim 9—”(p(3”x, 3"y,0) < lim 3—"(p(3”x, 3"y,0)

< lim 1"¢(x,7,0) = 0

for all x,y € A. So
8 (xy) = 6(x)y+x6(y)
for all x,y € A. Thus d : A — A is a derivation satisfying (10.17). 0O

Corollary 10.7. Let r < 1 and 0 be non-negative real numbers, and let f : A — A
be a mapping such that

1D f (x,3:2) la < OCllxl3 + Iy llx +[12l[2), (10.18)
17 C) = £ )y = xf ()lla < O(llxll3 + lIyl[2) (10.19)

for all u € T' and all x,y,z € A. Then there exists a unique derivation § : A — A
such that

30
1) = 800l < 57l (10.20)

forall x € A.
Proof. The proof follows from Theorem 10.6 by taking
@(x,y2) = O([lxl[3 + [[¥lla + [1z]l4)
for all x,y,z € A. Then L = 3"~ ! and we get the desired result. 0O

Theorem 10.8. Let f : A — A be a mapping for which there exists a function
@ : A3 — [0,00) satisfying (10.15) and (10.16). If there exists an L < 1 such that
o(x,v,2) < LLo(3x,3y,3z) for all x,y,z € A, then there exists a unique derivation
0 : A — A such that

L
1) =8(0lla = 557 #ex.x) (10.21)

forall x € A.

Proof. The proof is similar to the proofs of Theorems 10.4 and 10.6. 0
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Corollary 10.9. Let r > 2 and 0 be non-negative real numbers, and let f : A — A
be a mapping satisfying (10.18) and (10.19). Then there exists a unique derivation
0 : A — A such that

30
1£C0) =80 lla = = llxlla (10.22)

for all x € A.

Proof. The proof follows from Theorem 10.8 by taking

@(x.3,2) = O([|xlla + lIylla + [lz[l2)

for all x,y,z € A. Then L = 3'~" and we get the desired result. 0O

10.4 Stability of Homomorphisms in Lie C*-Algebras

x) yx

A C*-algebra %, endowed with the Lie product [x,y] := on %, is called a Lie

C*-algebra (see [19], [20], [21]).

Definition 10.10. Let A and B be Lie C*-algebras. A C-linear mapping H : A — B
is called a Lie C*-algebra homomorphism if H([x,y]) = [H(x),H(y)] for all x,y € A.

Throughout this section, assume that A is a Lie C*-algebra with norm || - ||4 and
that B is a Lie C*-algebra with norm || - || 5.

We prove the generalized Hyers—Ulam stability of homomorphisms in Lie C*-
algebras for the functional equation Dy, f(x,y,z) = 0.

Theorem 10.11. Let f : A — B be a mapping for which there exists a function @ :
A3 — [0, 00) satisfying (10.1) such that

||f([x7y]) - [f(x)’f(y)]HB < (p(x,y,O) (10.23)

for all x,y € A. If there exists an L < 1 such that ¢(x,y,z) < 3L¢(%,%,%) for all
X, v,z € A, then there exists a unique Lie C*-algebra homomorphism H : A — B
satisfying (10.4).

Proof. By the same reasoning as the proof of Theorem 10.2, there exists a unique
C-linear mapping H : A — A satisfying (10.4). The mapping H : A — B is given by

H(x) = tim 187

Nn—oo 3”

forall x € A.
It follows from (10.23) that
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1H ([, 1) = [H(x), H()]|l8 = Jﬂ%l\f@”h,y]) —[f(3"), F3"y)]ls

IN

1 1
lim — @(3"x,3"y,0) < lim — @(3"x,3"y,0)
9 n—eo 3N

n—oo QN

lim L"@(x,y,0) =0
n—so0

IN

for all x,y € A. So
H([x,y]) = [H(x),H(y)]

for all x,y € A.
Thus H : A — B is a Lie C*-algebra homomorphism satisfying (10.4), as desire%}

Corollary 10.12. Let r < 1 and 0 be non-negative real numbers, and let f : A — B
be a mapping satisfying (10.9) such that

1F (besy]) = LG, f OB < OCI1xl3 + [1y112) (10.24)

forall x,y € A. Then there exists a unique Lie C*-algebra homomorphism H : A — B
satisfying (10.12).

Proof. The proof follows from Theorem 10.11 by taking

@(x,y,2) := O([lxla + [y Ilx + llllx)
for all x,y,z € A. Then L = 3"~ ! and we get the desired result. 0O

Theorem 10.13. Let f : A — B be a mapping for which there exists a function
@ : A3 — [0,00) satisfying (10.1) and (10.23). If there exists an L < 1 such that
o(x,y,z) < %L(p(3x, 3y,3z) for all x,y,z € A, then there exists a unique Lie C*-
algebra homomorphism H : A — B satisfying (10.13).

Proof. The proof is similar to the proofs of Theorems 10.4 and 10.8. 0

Corollary 10.14. Let r > 2 and 0 be non-negative real numbers, and let f : A —
B be a mapping satisfying (10.9) and (10.24). Then there exists a unique Lie C*-
algebra homomorphism H : A — B satisfying.

30
ﬁ”x”fx

for all x € A.
Proof. The proof follows from Theorem 10.13 by taking
@(x,3,2) := O(|lxll4 + Iyl + llzll3)
for all x,y,z € A. Then L = 3" and we get the desired result. 0O

Definition 10.15. A C*-algebra A, endowed with the Jordan product xoy := w
for all x,y € A, is called a Jordan C*-algebra (see [20]).
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Definition 10.16. Let A and B be Jordan C*-algebras.

(i) A C-linear mapping H : A — B is called a Jordan C*-algebra homomorphism
if H(xoy) =H(x)oH(y) for all x,y € A.

(ii) A C-linear mapping 0 : A — A is called a Jordan derivation if d(xoy) =
x00(y)+0(x)oyforall x,y € A.

Remark 10.17. If the Lie products [-,-] in the statements of the theorems in this
section are replaced by the Jordan products - o -, then one obtains Jordan C*-algebra
homomorphisms instead of Lie C*-algebra homomorphisms.

10.5 Stability of Lie Derivations on C*-Algebras

Definition 10.18. Let A be a Lie C*-algebra. A C-linear mapping 0 : A — A is called
a Lie derivation if 8 ([x,y]) = [0 (x),y] + [x,8(y)] for all x,y € A.

Throughout this section, assume that A is a Lie C*-algebra with norm || - || 4.
We prove the generalized Hyers—Ulam stability of derivations on Lie C*-algebras
for the functional equation Dy, f(x,y,z) = 0.

Theorem 10.19. Let f : A — A be a mapping for which there exists a function @ :
A3 — [0,00) satisfying (10.15) such that

1F(besy]) = (), 3] = e f )] lla < @(x,,0) (10.25)

for all x,y € A. If there exists an L < 1 such that ¢(x,y,z) < 3L@(5,%,5) for all
X,y,2 € A, then there exists a unique Lie derivation 6 : A — A satisfying (10.17).

Proof. By the same reasoning as the proof of Theorem 10.2, there exists a unique
C-linear mapping 6 : A — A satisfying (10.17). The mapping é : A — A is given by

§(x) = lim L5

n—eo 3

for all x € A.
It follows from (10.25) that

18((x.31) ~ [3x).3] ~ [ 30l
= lim 9" Te]) — (£33~ 3" £l

Nn—oo
1 1
< . . n n < s _ n n
_}gl}ogn(p@ x,3"y,0) _r}gl}o 3n(p(3 x,3"y,0)
< lim L"@(x,y,0) =0
Nn—so0
forall x,y € A. So
6 (be,y]) = [8(x),y] + [x, 6(y)]
for all x,y € A. Thus 6 : A — A is a derivation satisfying (10.17). 0O
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Corollary 10.20. Let r < 1 and 0 be non-negative real numbers, and let f : A — A
be a mapping satisfying (10.18) such that

I1F(Bes ) = [F (), 3] = e, F ()] lla < O(lxllx + [1¥114) (10.26)

forall x,y € A. Then there exists a unique Lie derivation 0 : A — A satisfying (10.20).

Proof. The proof follows from Theorem 10.19 by taking

@(x,y,2) := O([lxla + [y llx + llzllx)
for all x,y,z € A. Then L = 3"~ ! and we get the desired result. 0O

Theorem 10.21. Let f : A — A be a mapping for which there exists a function
@ : A3 — [0,00) satisfying (10.15) and (10.25). If there exists an L < 1 such that
o(x,y,2) < %L¢(3x,3y, 3z) for all x,y,z € A, then there exists a unique Lie deriva-
tion 6 : A — A satisfying (10.21).

Proof. The proof is similar to the proofs of Theorems 10.4 and 10.8. 0O

Corollary 10.22. Let r > 2 and 0 be non-negative real numbers, and let f : A — A
be a mapping satisfying (10.18) and (10.26). Then there exists a unique Lie deriva-
tion 0 : A — A satisfying (10.22).

Proof. The proof follows from Theorem 10.21 by taking

@(x,y,2) := O([lxll3 + [y llx + llllx)
for all x,y,z € A. Then L = 3'~" and we get the desired result. 0O

Remark 10.23. If the Lie products [-,-] in the statements of the theorems in this
section are replaced by the Jordan products - o -, then one obtains Jordan derivations
instead of Lie derivations.
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Chapter 11

Fixed Points and Stability of Functional
Equations

Choonkil Park and Themistocles M. Rassias

Dedicated to the memory of Professor George Isac

Abstract Using the fixed point method, we prove the generalized Hyers—Ulam sta-
bility of the functional equation f(x+y)+ 5 f(x—y)+ 3 f(y—x) =3 f(x) + 3 f(y) +
1 f(=x)+ L f(—y) in real Banach spaces.

11.1 Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam
[36] concerning the stability of group homomorphisms. Hyers [10] gave a first af-
firmative partial answer to the question of Ulam for Banach spaces. Hyers’ theo-
rem was generalized by Aoki [1] for additive mappings and by Th.M. Rassias [26]
for linear mappings by considering an unbounded Cauchy difference. The paper of
Th.M. Rassias [26] has provided a lot of influence in the development of what we
call generalized Hyers—Ulam stability or as Hyers—Ulam—Rassias stability of func-
tional equations. A generalization of the Th.M. Rassias theorem was obtained by
Gavruta [9] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Th.M. Rassias’ approach.
The functional equation

Fx+y) 4+ flx—y) =2f(x) +2£(y)
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is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic function. A generalized Hyers—Ulam
stability problem for the quadratic functional equation was proved by Skof [35] for
mappings f: X — Y, where X is a normed space and Y is a Banach space. Cholewa
[5] noticed that the theorem of Skof is still true if the relevant domain X is replaced
by an Abelian group. Czerwik [6] proved the generalized Hyers—Ulam stability of
the quadratic functional equation. The stability problems of several functional equa-
tions have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [7], [11]-[15], [18], [19], [22]-[24],
[28]-[34]).

We recall a fundamental result in fixed point theory.

Let X be a set. A function d : X x X — [0, 0] is called a generalized metric on X
if d satisfies

(1) d(x,y) = 0if and only if x = y;

(2) d(x,y) = d(y,x) for all x,y € X;

(3) d(x,z) <d(x,y)+d(y,z) forall x,y,z € X.

Theorem 11.1. [2, 8] Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with Lipschitz constant L < 1. Then for
each given element x € X, either

d(J"x, J"x) = oo

for all non-negative integers n or there exists a positive integer ngo such that
(1) d(J"x,J" 1 x) < oo, Vn > no;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unzqueﬁxedpomt of J inthe setY ={y € X | d(J"x,y) < o},
(4

) d(y,y*) < tL2d(y,Jy) forally €Y.

This paper is organized as follows: In Section 11.2, using the fixed point method,
we prove the generalized Hyers-Ulam stability of the functional equation

Flet) + 37—+ 572 = FO)+ 37+ 3 7(=) (LD
in real Banach spaces: an even case.

In Section 11.3, using the fixed point method, we prove the generalized Hyers—
Ulam stability of the functional equation (11.1) in real Banach spaces: an odd case.

Throughout this paper, let X be a real normed vector space with norm || - ||, and
Y areal Banach space with norm || - ||.

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems
with applications. By using fixed point methods, the stability problems of several
functional equations have been extensively investigated by a number of authors (see
(41, [16], [17], [20], [21], [25]).
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11.2 Fixed Points and Generalized Hyers—Ulam Stability
of the Functional Equation (11.1): An Even Case

It is easily shown that an even mapping f : X — Y satisfies (11.1) if and only if the
even mapping f : X — Y is a Cauchy quadratic mapping, i.e., f(x+y)+ f(x—y) =
2f(x)+2f(y), and that an odd mapping f : X — Y satisfies (11.1) if and only if
the odd mapping mapping f : X — Y is a Cauchy additive mapping, i.e., f(x+y) =
FO)+F0).
For a given mapping f : X — Y, we define
3 3

CF(xy) =) + 3 7=+ 3702~ 3 7@ =3 70) = 3 7(~x)

- %f (=)

forall x,y € X.
Using the fixed point method, we prove the generalized Hyers—Ulam stability of
the functional equation Cf(x,y) = 0: an even case.

Theorem 11.2. Let f : X — Y be a mapping with f(0) = 0 for which there exists
a function @ : X> — [0,00) such that there exists an L < 1 such that ¢(x,y) <
%L(p(Zx,Zy) forall x,y € X, and

ICfx )] < o(x,y) (11.2)

for all x,y € X. Then there exists a unique Cauchy quadratic mapping Q : X —Y
satisfying

17G) +f(=x) = Q)| < (@(x,2) + ¢(—x,—x)) (11.3)

4—-4L
forallx € X.

Proof. Consider the set
S={g:X—-Y}

and introduce the generalized metric on S:
d(g,h) =inf{K € R : [|g(x) = h(x)[| < K(@(x,x) + ¢(—x,—x)), VxeX}.

It is easy to show that (S,d) is complete. (See the proof of Theorem 2.5 of [3].)
Now we consider the linear mapping J : § — S such that

Jg(x) =48 (3)

for all x € X.
It follows from the proof of Theorem 3.1 of [2] that

d(Jg,Jh) < Ld(g,h)

forall g,h € S.
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Letting y = x in (11.2), we get

17(22) =3/ () = f(=0)]| < @(x,%) (11.4)

for all x € X. Replacing x by —x in (11.4), we get
1F(=2x) =3f(=x) = f) | < @(—x,—x) (11.5)

for all x € X. Let g(x) := f(x) + f(—x) for all x € X. Then g: X — Y is an even
mapping. It follows from (11.4) and (11.5) that

st -5 (3)| < 5(0te0) + o(—x—0)

for all x € X. Hence d(g,Jg) < %.
By Theorem 11.1, there exists a mapping Q : X — Y satisfying the following:
(1) Q is a fixed point of J, i.e.,

0(3)= %Q(X) (11.6)

forall x € X. Then O : X — Y is an even mapping. The mapping Q is a unique fixed
point of J in the set

M={geS:d(f,g) <e}.

This implies that Q is a unique mapping satisfying (11.6) such that there exists a
K € (0,00) satisfying

s~ oWl <& (o (5. 3) +o (-5.-5))
forall x € X;

(2)d(J"g,Q) — 0 as n — oo. This implies the equality
o (X
lim 4"g (7) = 0(x) (11.7)

forall x € X
(3)d(g,0) < %d(ng), which implies the inequality

(gQ)_4 TR

This implies that the inequality (11.3) holds.
It follows from (11.2) and (11.7) that

% (532

< lim 4" ((p(zji )—i—(p( i Y )) < th”((p(x,y)—Hp(—x,—y)) =0

n—oo n ’ n

ICO(x,y)|| = lim 4"
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forall x,y € X. So CQ(x,y) =0 forall x,y € X. Since Q : X — Y is even, the mapping
Q: X — Y is a Cauchy quadratic mapping.

Therefore, there exists a unique Cauchy quadratic mapping Q : X — Y satisfying
(11.3), as desired. O

Corollary 11.3. Let p > 2 and 6 > 0 be real numbers, and let f : X — Y be a
mapping such that

ICF o)l < O([[x[1”+[[¥[17) (11.8)

for all x,y € X. Then there exists a unique Cauchy quadratic mapping Q : X —Y
satisfying

40

If @) +f(=x) =0 < 57—

e[ [”

forallx € X.

Proof. The proof follows from Theorem 11.2 by taking

@(x,y) == O([1XI” +[y117)

for all x,y € X. Then we can choose L = 2277 and we get the desired result. 0

Remark 11.4. Let f : X — Y be a mapping for which there exists a function ¢ : X> —
[0,0) satisfying (11.2) and f(0) = 0. By a similar method to the proof of Theo-
rem 11.2, one can show that if there exists an L < 1 such that @(x,y) <4Lg (%, %)
for all x,y € X, then there exists a unique Cauchy quadratic mapping Q: X — Y
satisfying

[1f () + f(=x) — Q)| <

4— 4L((P(x,x) + (P(*X, *x))
forallx € X.

For the case 0 < p < 2, one can obtain a similar result to Corollary 11.3: Let
0 < p <2and 6 > 0 be real numbers, and let f: X — Y be a mapping satisfying
(11.8). Then there exists a unique Cauchy quadratic mapping Q : X — Y satisfying

40
4—2p

[1F () + f(=x) = Q)| <

[P

forall x € X.
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11.3 Fixed Points and Generalized Hyers—Ulam Stability
of the Functional Equation (11.1): An Odd Case

Using the fixed point method, we prove the generalized Hyers—Ulam stability of the
functional equation Cf(x,y) = 0: an odd case.

Theorem 11.5. Let f : X — Y be a mapping with f(0) = 0 for which there exists
a function @ : X*> — [0,00) such that there exists an L < 1 such that ¢(x,y) <
%L(p(2x,2y) forallx,y € X, and

[Cf) < o(x,y) (11.9)

for all x,y € X. Then there exists a unique Cauchy additive mapping A : X —Y
satisfying

1F () = f(=2) =A@ < (@(x,x) + @(—x, —x)) (11.10)

2-2L

forallx € X.

Proof. Consider the set
S={g:X—-Y}

and introduce the generalized metric on S:
d(g,h) =inf{K € R : [|g(x) = h(x)[| < K(@(x,x) + ¢(—x,—x)), VxeX}.

It is easy to show that (S,d) is complete. (See the proof of Theorem 2.5 of [3].)
Now we consider the linear mapping J : § — S such that

X

Jg(x) :==2¢ (§>

forall x € X.
It follows from the proof of Theorem 3.1 of [2] that

d(Jg,Jh) < Ld(g,h)

forall g,h € S.
Letting y =xin (11.9), we get

[1/(2%) =3f(x) = f(=x)]| < @(x,%) (11.11)

for all x € X. Replacing x by —xin (11.11), we get

1/ (=2x) =3/ (=x) = f(D)]| < @(—x,—x) (11.12)
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for all x € X. Let g(x) := f(x) — f(—x) for all x € X. Then g : X — Y is an odd
mapping. It follows from (11.11) and (11.12) that

s -22(3)] < 5 (0e2) + 0(—x—0)

for all x € X. Hence d(g,Jg) < 5.
By Theorem 11.1, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

A (g) - %A(x) (11.13)

for all x € X. Then A : X — Y is an odd mapping. The mapping A is a unique fixed
point of J in the set
M={geS:d(f.g) <e}.

This implies that A is a unique mapping satisfying (11.13) such that there exists a
K € (0,00) satisfying

s - Al <k (0 (5. 5) +o(-3.-2))

forall x € X;
(2)d(J"g,A) — 0 as n — oo. This implies the equality

. X
lim 2" (?) — A(x) (11.14)
forall x € X;
(3)d(g,A) < 71;d(g,Jg), which implies the inequality
d(g,A) < ——.

This implies that the inequality (11.10) holds. It follows from (11.9) and (11.14)

g ( !l’l !n o !l’l !}’l !l’l !n

< lim L (9(x,y) + ¢(—x,—y)) =0

|CA(x,y)|| = lim 2"
n—oo

forall x,y € X. So CA(x,y) =0 forall x,y € X. Since A : X — Y is odd, the mapping
A : X —Y is a Cauchy additive mapping.

Therefore, there exists a unique Cauchy additive mapping A : X — Y satisfying
(11.10), as desired. O

Corollary 11.6. Let p > 1 and 0 > 0 be real numbers, and let f: X — Y be a
mapping satisfying (11.8). Then there exists a unique Cauchy additive mapping A :
X — Y satisfying
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40
27 =2

£ (x) = f(=x) —AX)|| <

[l

forallx € X.

Proof. The proof follows from Theorem 11.5 by taking

@(x,y) = O([Ix|”+IyI1")

for all x,y € X. Then we can choose L = 2! 7 and we get the desired result. O

Remark 11.7. Let f : X — Y be a mapping for which there exists a function ¢ : X> —
[0,00) satisfying (11.9) and f(0) = 0. By a similar method to the proof of Theo-
rem 11.2, one can show that if there exists an L < 1 such that ¢(x,y) < 2L¢ (3,%)
for all x,y € X, then there exists a unique Cauchy additive mapping A : X — Y sat-
isfying

1F(0) = f(=x) —A)| < (@(x,%) + @(—x, —x))

2-2L
forallx € X.

For the case 0 < p < 1, one can obtain a similar result to Corollary 11.6: Let
0 < p<1and 6 >0 be real numbers, and let f: X — Y be a mapping satisfying
(11.8). Then there exists a unique Cauchy additive mapping A : X — Y satisfying

40

1£() = f(=x) =AM < 2_p

[xl1”

forall x € X.
Combining Corollaries 11.3 and 11.6 yields the following.

Theorem 11.8. Let p > 2 and 0 > 0 be real numbers, and let f: X — Y be a
mapping satisfying (11.8). Then there exist a unique Cauchy quadratic mapping
Q: X — Y and a unique Cauchy additive mapping A : X — Y satisfying

121109~ 0) ~ AW < (555 + 575 ) OIKIP

forall x € X.

Remark 11.9. Let f : X — Y be a mapping for which there exists a function ¢ : X> —
[0,00) satisfying (11.9) and f(0) = 0. By a similar method to the proof of Theo-
rem 11.5, one can show that if there exists an L < 1 such that ¢(x,y) < 2L¢ (3,3)
for all x,y € X, then there exists a unique Cauchy additive mapping A : X — Y sat-
isfying

1) = f(=x) —A)[| <

57 (P00 + (5, )

forall x € X.
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Combining Remarks 11.4 and 11.7 yields the following.

Theorem 11.10. Let p < 1 and 0 > 0 be real numbers, and let f : X — Y be a
mapping satisfying (11.8). Then there exist a unique Cauchy quadratic mapping
Q: X — Y and a unique Cauchy additive mapping A : X — Y satisfying

12109~ 00) - AW < (355 + 5255 ) OIKIP

forall x € X.
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Chapter 12

Compression—Expansion Critical Point
Theorems in Conical Shells

Radu Precup

Dedicated to the memory of Professor George Isac

Abstract We present compression and expansion type critical point theorems in
a conical shell of a Hilbert space identified to its dual. The notion of linking is
involved and the compression—expansion boundary conditions are expressed with
respect to only one norm.

12.1 Introduction

One of the most common approaches to the existence, localization and multiplicity
of positive solutions to nonlinear problems is based on compression and expansion
conditions and Krasnoselskii type theorems.

To be more precise, let us consider a normed linear space X with norm |.| and let
K be a wedge of X, i.e., a closed convex subset of X, K # {0}, with AK C K for
every A € R, For two numbers 0 < Ry < R, we define the conical shell Kz r, by

KRORI = {u eK:Ry< |u| SR[}.
Suppose that we are interested in a solution u in Kg g, to the operator equation

where N is a given nonlinear map acting in K.
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Here is an existence result of Krasnoselskii type which follows from index theory
(see [6]), or directly, from Schauder’s fixed point theorem and retract arguments (see

[9D.

Theorem 12.1. Let o, 3 > 0, o0 # 3, Rp := min{a, B} and R; := max{a,B}. As-
sume that N : Kr,r, — K is a compact map and that the following condition is
satisfied:

Nu # Au for |ul=o and A > 1, (12.2)
Nu # Au for |ul=Band 0 <A <1,
inf [Nu| > 0.

|u|=P
Then N has a fixed point in KR, -

Notice that condition Nu # Au for |u| = oc and A > 1 is known as the Leray—
Schauder boundary condition. There is a huge literature devoted to the applications
of the Leray—Schauder boundary condition to lots of classes of nonlinear problems:
integral equations and boundary value problems for ordinary and partial differen-
tial equations (see [9], [10] and [12]). An interesting and atypical application to
the nonlinear complementarity problem from optimization theory is due to G. Isac
[7], whose notion of an exceptional family of elements is in connection with the
Leray—Schauder boundary condition and with the so called Leray—Schauder nonlin-
ear alternative.

If B < o, then (12.2) can be seen as a compression property of N upon Kg,
whereas if 2 < 3, then (12.2) represents an expansion property of N upon K.

A direct consequence of Theorem 12.1 is the following norm-type compression—
expansion theorem.

Theorem 12.2. Let o, 3 > 0, o0 # 3, Ry := min{ e, B} and R; := max{a,B}. As-
sume that N : Kpyr, — K is a compact map and that the following condition is
satisfied:

INu| < [ul| for |u|=a,
[Nu| = [u| for |u|=p.

Then N has a fixed point in KgR, -

Next assume that equation (12.1) has a variational form, i.e., there exists a C L
(energy/elevation) functional £ : X — R such that

Nu=u—E'(u).

Here X is a Hilbert space which is identified to its dual. Then the problem is to
find solutions of equation (12.1) of a certain energy/elevation. For instance, we may
think at absolute minimizers for £ on K g, , or at saddle points of £ in Kg g, , which
in physical systems appear as stable and respectively unstable equilibria. Some ideas
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for an answer to this problem can be found in the recent paper [11], where only the
compression case was considered together with a mountain pass argument (see [1]
and [10]). Also, in [11], working in the energy space whose norm is nonmonotone,
we had to define the conical shell by means of two norms (the energy norm and a
monotone second one). The aim of this paper is threefold: (1) to obtain both com-
pression and expansion type critical point theorems; (2) to use more generally the
notion of linking rather than the mountain pass condition; and (3) to develop the
theory in a Hilbert space endowed with only one norm.

12.2 Main Results

Throughout this section, X will be a Hilbert space, K C X a wedge and E € C! (X)
a functional. Also we shall consider 0 < Ry < Ry, a closed subset S C Kg g, and a
submanifold Q C Kg g, with relative boundary dQ, and we shall assume that S and
dQ link (with respect to I' := {h € C (Kgyr,; Krr, ) : hlyp =id}),ie.,SNIQ =0
and h(Q)NS # 0 for every h € I'. For more information about linking, we refer
the reader to [2], [5], [13] and [14].

Theorem 12.3. Let € € {—1;1}. Assume that
u—E' (u) €K forallucK (12.3)

and that there exists vy > 0 with

€ (E"(u),u) < vo forall u € K with |u| = Ro; (12.4)
€ (E"(u),u) > —vy forallu € K with [u| = R;. (12.5)
In addition assume that
sup E (u) < infE (u). (12.6)
uedQ uesS

Let
= inf supE (h .

Then there exists a sequence (uy) with uy € Kg,r, such that
E(u) —c as k— o 12.7)
and one of the following three properties holds:

E' (ux) — 0 as k— oo (12.8)

luk| = Ro, €(E' (ux),ur) >0 and
(12.9)

E' () — (E () ur )

72 u, — 0 as k— oo
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luk| =Ry, €(E'(wi),ur) <0 and
B () — (E ) (12.10)

2 u — 0 as k— oo.
1

If in addition, any sequence (uy) as above has a convergent subsequence (i.e., the
modified Palais—Smale—Schechter (MPSS) condition holds in KRORI) and E satisfies
the boundary conditions

E' (u)—€eAu+#0 foruck,|u| =Ry, A >0; (12.11)
E' (u)+€eAu#0 foruek,|u|=Ry, A >0, (12.12)
then there exists u € Kg,r, with
E'(u)=0 and E (u) =c.

Remark 12.4. Let N (u) :=u— E' (u) . For € = 1, conditions (12.11), (12.12) can be
written under the form

N(u) # (1—A)u forueK, |u| =Ry, A >0; (12.13)
N@w)# (14+A)u foruek, |u|=R;, A >0,

showing a compression property of N upon Kgg,. Similarly, for e = —1, (12.11),
(12.12) become

N(u)# (1+A)u forueKk, |uf=Ry, A >0; (12.14)
N(u) # (1—A)u foruek, |ul=R;, L >0,

that is, an expansion property for N.

The next critical point result can be compared to the fixed point Theorem 20.2 in

(4].

Theorem 12.5. Let € € {—1;1}. Assume that conditions (12.3), (12.6), (12.11) and
(12.12) hold. In addition assume that the restriction to Kgyr, of the map N :=1—E'
is compact and

inf{|N(u)\:ueK, \u|:R1%g}>0. (12.15)
Then there exists a point u € Kg,r, with
E'(u)y=0 and E(u)=c.

The following result is the compression—expansion critical point theorem accom-
panying the corresponding fixed point theorem of Krasnoselskii [8] (see also [6, p.
325)).

Theorem 12.6. Assume that conditions (12.3) and (12.6) hold. In addition assume
that the restriction to Kgr, of the map N :=1 — E' is compact and one of the fol-
lowing conditions is satisfied:
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(a) [N (u)| < |u| for |u| =Ro, and |N (u)| > |u| for |u| =Ry,
(b) [N (u)| > |u| for|u| =R, and |N(u)| < |u| for|u] =R;.

Then there exists a point u € Kgyg, with E' (u) =0 and E (u) = c.

Now if instead of critical points of saddle type we seek critical points of minimum
type, then we obtain:

Theorem 12.7. Let € € {—1;1}. Assume that conditions (12.3), (12.4), (12.5) are
satisfied and that
m:= inf E > —co, (12.16)
KRoR,
Then there exists a sequence (uy) with uy € Kgyr, such that
E(u)—m as k— e (12.17)

and one of the conditions (12.8), (12.9), (12.10) holds. If in addition, any sequence
(ux) as above has a convergent subsequence and (12.11), (12.12) are satisfied, then
there exists u € Kg,r, with

E'(u)=0 and E(u)=m.

Remark 12.8. If both conditions (12.6) and (12.16) are satisfied, then Theorems 12.3
and 12.7 guarantee the existence of two distinct critical points of £ in Kgg, -

12.3 Proofs

The proofs need some lemmas.

Lemma 12.9 ([11]). Let X be a Hilbert space, w,v € X \ {0} and o, 0 € R such
that 0 < o < 1—0 and (w,v) > —0|w| |v|. Then there exists an element h € X with

|n| =1, (w,h) < —o|w| and (v,h) <O.

Assume in addition that K C X is a wedge. Then
19ifv € K and v—w € K, then there exists a A > 0 with

v+uh €K forall pel0,A];
20 if —v € K and —v —w € K, then there exists a A > 0 with
—v+uh ek forall u<l0,1].
In case that 1 — 0 <20, A do not depend on v and w, for |v| > Ry and |w| > a > 0.

Lemma 12.10 ([11]). Let X be a Hilbert space, K C X awedge, D C K a subset,
a>0,let G:D — X be a continuous map, D = {u € D : |G (u)| > a} and Dy,D| C
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D\ {0} be two disjoint closed sets. Assume that
u—G(u) €K forall ue D
and there exists a 0 € [0, 1) such that
[(u,G (u))| < 6 |u||G(u)| forallue DyUD;.
Then there exists oo > 0 and a locally Lipschitz map H : D — X such that
\H ()| <1, u+H(u) €K, (G(u),H (u)) < —a|Gu)||H ()| forueD
and

(u,H (u)) > 0 forue Dy
(u,H (1)) <0 forueDy.

Lemma 12.11 ([3]). Let X be a Banach space, D a closed convex set in X. Assume
that W : D — X is a locally Lipschitz map which satisfies

|
W (u)| <C, 1112})‘lf1d(“+lw(“)’1)):0

for all u € D. Then, for any u € D, the initial value problem in Banach space

do
—=W(o), 0(0)=

9 —w(o), s0)=u

has a unique solution o (u,t) on Ry, and o (u,t) € D for everyt € Ry.

The next lemma was also given in [11]. Here we just complete its proof by the
step on the locally Lipschitz extension.

Lemma 12.12. Assume all the assumptions of Theorem 12.3 hold. In addition as-
sume that there are constants 6 > 0 and 0 € [0, 1) such that for u € K g, satisfying
|E (u) —c| < 8, one has

|(E" (u),u)| < Oul|E"(u)| if |u] =Ro or |u| =Ry. (12.18)
Then there exists a sequence of elements u; € Kgyg, with
E (u) — ¢ and E' (u) — 0 as k — oo. (12.19)

Proof. Assume there are no sequences satisfying (12.19). Then there would be con-
stants 6,a > 0 such that
’E’ (u)‘ >a

for all u in
O ={u€ Ky, : |E(u)—c|<368}.
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Clearly, we may assume 36 < ¢ —sup,cyo E (#) and that (12.18) holds in Qo={uc
Q:|ul =Ry} and Q; = {u € Q: |u| = R, }, respectively. Denote

Qo = {u € Kgyr, : |E (u) —c| <268}
Q1 = {u € Kpy, : |E (1) — | < 8}
0> = Kgyr, \ Qo
_ d(”aQ2)
nu) = A0 +d(w,0s)

We have
N (u)=1inQy, N (u) =0in Oz, 0 < N (1) < 1 otherwise.

We now apply Lemma 12.10 to G (1) = E' (u) , D = Kgyr, , Do = Qo and Dy = Q.
It follows that there exists ¢« > 0 and a locally Lipschitz map H : D — X (here D
means the set {u € Kgyg, : |[E' ()| > a}) such that

H (1) < 1, —a|E' (u)| > (E' (u) ,H () forueD

(u,H (1)) > 0 foru e Qp (12.20)
(u,H (1)) < 0 forue Q,
and R
u+H (u) € K forall ueD. (12.21)
Define W : Kg,g, — X by

(M (u)H (u) forue D
W (u) = {O for u € Kgyr, \5

This map is locally Lipschitz and can be extended to a locally Lipschitz map on the
whole of K, by setting

w %I/l s |u|>R1
R, R,
ww={ Wu), T sll<R
2 R R
R—O|u\W(‘7°‘u),O<\u|<7°
0, u=N>0.

Let o be the semiflow generated by W as shows Lemma 12.11. Note o (u,.) does
not exit K since for each v € K, there is A > 0 with v+ AW (v) € K, as follows from
(12.21). We claim that ¢ (u,.) does not exit Kg g, forr € Ry if u € Kg g, . Indeed,
we have
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o () =

(ZGWJ%GWJO

2
t
2(W(o (u;1)), 0 (u;1)).

Assume o (u,t) € Kgyr, for all r € [0,19) and |0 (u,19)| = Ry for some 7y € Ry. If
o (u,t9) € Qp then (12.20) guarantees that

(W (o (u,1)),0 (u,1)) >0

for 7 in a neighborhood of 9. If & (u,%9) & Qo , then N (0 (u,19)) = 0 in a neigh-
borhood of 79. Hence d |6 (u,1)|* /dt > 0 in a neighborhood of 7y, which means that
|o (u,t)| is nondecreasing on some interval [tg,%p + €). Similarly, if |0 (u,%)| = Ry,
then d |0 (u,1)|* /dt < 0 in a neighborhood of o, which means that |& (1,7)| is non-
increasing on some interval [fo,7o + €). Therefore o (u,1) does not exit K g, for
teR,.

Let us denote by Ej the level set (E < 1), i.e.,

E;L:{UEKRORIZE(M)S)L}.

We have

E’(G(u,t)),jto(u,t)) (12.22)
H

Let 11 > 26/ (ata) and let u be any element of E. 5. If there is a 7y € [0,7;] with
O'(M,to) ¢ 01, then

E(o(u,n)) <E(c(ut)) <c—8.

Hence o (u,1) € E._g. Otherwise, 6 (u,t) € Q) forallt € [0,#;],and so ) (o (u,1)) =
1. Then (12.22) implies

E(o(u,n)) <E(u)—oat; <c+06—28=c—20.

Thus
O-(Ec+5atl) CE.s. (12.23)

Now by the definition of ¢, there isa h € I" with
h(u) €E. g forall ueQ. (12.24)
We define a new map h; € I” by

hi(u) =0 (h(u),t1), u€ Kgyg, -
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Since 1 vanishes in the neighborhood of every u € dQ, we have & (u,t) = u for
u € 0Q. Hence h; € I'. On the other hand, from (12.23) and (12.24), we have

E(h(u)) <c—98 forall ueQ,
which contradicts the definition of c. 0O

Proof of Theorem 12.3. Assume that there do not exist sequences satisfying (12.7)
and (12.9) or (12.10). Then there are a,d > 0 such that

(B (u).u)

E' (u)— |u|2

for all u € Kg,g, satisfying |E (u) —c| < 8, with |u| = Ry and € (E' (u),u) > 0, or
lu| = Ry and € (E' (1) ,u) < 0.
Let 6 > 0 be such that
0<0 *—1<a’Rv,°.
Then, also using (12.4) and (12.5), we obtain

(E' () ,u)2 (672 —1) < (E'(u) ,u)zazR(z)v(;z

"(u) ,u g
< (B () u)*|E’ <u>—<E|<uZ”u g
(E'(w),u) |
< E’(u)—7|:‘2’u ul ul?.

It follows that

(E (u),u)* 072 < (E" (u),u)” +|E" (w)|* [u = (E' (u) ,u)?
= |E' () uf?.
Hence
|(E"(u),u)| < Oul|E" (u)|.
Thus, for u € Kg g, satisfying |E (u) —c| < 8, one has
|(E'(u),u)| <0 |u ’E’(u)| if |u| =Ry or |u| =R;.
Now the conclusion of the first part follows from Lemma 12.12. 0O

Finally we remark that (12.11), (12.12) make impossible the existence of a se-
quence as in (12.9) and (12.10), respectively.
Proof of Theorem 12.5. First note that (12.4) and (12.5) trivially hold since the map
N is bounded on Kg,g, , a consequence of its compactness. It remains to prove that
the (MPSS) condition holds in Kg,r,, that is, any sequence (i) like in Theorem
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12.3 has a convergent subsequence. Let (u;) C Kgyr, be such a sequence. Passing
if necessary to a subsequence, we may assume that N (1) — v for some v € X. If
(12.8) is satisfied, then from E’ (1) = uy — N (uy) — 0 we deduce that u; — v as we
wished. Assume € = 1 and (12.10). Passing to another sequence we may suppose

(E' (ug) 1)
that ~——~—~+

2
R]

— a for some real number a < 0. Then (12.10) implies

(1—a)ug—N () — 0 (12.25)

and in consequence u; — Ly, Assume € = 1 and (12.9). As above we may as-

1—a
(E' () i)
RZ

sume that — a this time for some real number a > 0. Notice a # 1, since

1
otherwise (12.25) would imply that N () — 0 where |ug| = Ry, which contradicts
(12.15). Now the conclusion follows as above. The case € = —1 can be discussed
similarly. 0

Proof of Theorem 12.6. 1t is sufficient to check that (a) guarantees (12.14) and
(12.15) for € = —1, and (b) guarantees (12.13) and (12.15) for € = 1. Thus the
result follows from Theorem 12.5. O

The next lemma is used in the proof of Theorem 12.7.

Lemma 12.13. Assume all the assumptions of Theorem 12.7 hold. In addition as-
sume that there are constants 6 > 0 and 0 € [0, 1) such that for u € K g, satisfying
E (u) —m < &, one has

|(E" (u),u)| < Olul|E"(u)| if |u| =Ro or |u| =Ry. (12.26)
Then there exists a sequence of elements u; € Kgyg, with
E(u) —m and E'(u)— 0 ask — oo.

Proof. We follow the proof of Lemma 12.12 with the only difference that one has
m instead of ¢. Thus we obtain o (u,7) which does not exit Kg g, fort > 0. We fix
any u € Q1 = {v € Kgyg, : E(v) <m+ 8} and take t; > 28/ (owa). Then (12.22)
guarantees that o (u,t) € Q) for all 7 > 0. Then

E(o(u,n)) <m+08—oaary <m—9,
contradicting the definition of m. 0O

Proof of Theorem 12.7. Assume there are no sequences satisfying (12.17) and (12.9)
or (12.10). Then, as in the proof of Theorem 12.3, there are &, 0 > 0 such that for
u € Kgyr, satisfying E (1) < m+ 0, one has (12.26). Now the conclusion of the first
part follows from Lemma 12.13.

O
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Chapter 13

Gronwall Lemma Approach
to the Hyers—Ulam—Rassias Stability
of an Integral Equation

JIoan A. Rus

Dedicated to the memory of Professor George Isac

Abstract The aim of this paper is to give some Hyers—Ulam—Rassias stability results
for Volterra and Fredholm integral equations. To do these, we shall use some Gron-
wall lemmas.

13.1 Introduction

In [10], V. Radu presents a simple and nice proof for the Hyers—Ulam stability of the
Cauchy additive functional equation. S.-M. Jung, in [6], adopts the idea of V. Radu
to prove the Hyers—Ulam—Rassias stability of some Volterra integral equations. The
Theorem 2.1 in [6] is the following:

Theorem 13.1. Let f € C([a,b] x C), ¢ € C([a,b],(0,)) be two given functions
and ty € [a,b]. We suppose that:
(1) there exists Ly > 0 such that

|f(t,u)— f(t,v)| < L¢lu—v|, Vt € la,b], Vu,yeC;

(ii) there exists cy > 0 such that

/[.[ o(s)ds

J10

<cpo(t), Vi € [a,b];

(1ii) 0 < Lycy < 1.

Ioan A. Rus
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Springer Optimization and Its Applications 35, DOI 10.1007/978-1-4419-0158-3_13,
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In the above conditions, if x € C([a,b],C) satisfies

x(t) — tlf(s,x(s))ds <o), Vte€la,b),

then there exists a unique x* € C([a,b],C) such that:

(a) x*(t) = tf(sgc*(s))ds, t € a,b);

and
(b) [x(r) =x*(1)] < (1 = Lycg) ' (1), 1 € [a,b].

Remark 13.2. In the conditions of the Theorem 13.1, the equation (a) has in
C(Ja,b],C) a unique solution (see H. Amann [1], C. Corduneanu [3], I.A. Rus
[11], ...). So, this unique solution satisfies the inequality (b). In V. Radu’s paper,
the Cauchy additive functional equation has an infinity set of solutions.

The aim of this paper is to give a simple proof of the Theorem 13.1, in a more
general setting, and to present a similar result for a Fredholm integral equation. To
do these, we shall use some Gronwall lemmas.

13.2 Gronwall Lemmas

In this paper, we need the following results (see H. Amann [1], pp. 89-90, or C.
Corduneanu [3], pp. 15-17, or P. Ver Eecke [14] pp. 224-226; see also I.A. Rus
[12], [13] and [11] and the references therein).

Lemma 13.3. Let J be an interval in R, ty € J and h,k,u € C(J,R4). If

tk(s)u(s)ds

T

u(t) < h(t)+ ,Vield,

then

4 t
h(s)k(s)e”s Kool gsl el

T

u(t) <h(t)+

Lemma 13.4. Let h € C([a,b],R.) and B > O with B(b—a) < 1. Ifu € C([a,b],R)

satisfies
ule) <he) + [ ushds, 1€ fab]
then

w(t) < h(t)+B(1—B(b—a))”! /abh(s)ds7 Vielab).
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13.3 Stability of a Fixed Point Equation
Let J be an interval in R, (B, |-|) a (real or complex) Banach space, A : C(J,B) —
C(J,B) an operator and @ € C(J,R;).
Definition 13.5. The fixed point equation
x=A(x) (13.1)

has the Hyers—-Ulam—Rassias stability with respect to ¢ if there exists ¢, > 0 such
that for each solution x € C(J,B) of

(1) —AX) (@) < @(t), Vi e
there exists a unique solution x* of (13.1) such that
() =x"(1)] < co(t), V1 €J.

Remark 13.6. For the notion of Hyers—Ulam—Rassias stability for the functional
equations see D.H. Hyers, G. Isac and Th.M. Rassias [5], V. Radu [10], L. Cddariu
and V. Radu [2].

13.4 Stability of Volterra Integral Equations

LetK : [a,b] x [a,b] xB — B, g: [a,b] — B and 1y € [a, b] be given. We consider the
following integral equation
1
x(t)=g(t)+ | K(t,s,x(s))ds, t€]a,b]. (13.2)
fo

We have

Theorem 13.7. We suppose that:
(i) K € C([a,b] x [a,b] xB,B), g € C([a,b],B), ¢ € C([a,b],R;) and ty € [a,b];
(ii) there exists Lx > 0 such that
|K(t,s,u) — K(t,5,v)| < Lg|u—v|
forallt,s € [a,b] and u,v € B;
(iii) there exists Ny > 0 such that

< TI(p‘P(t), Vie [aab]'

1
o(s)ds
Io

Then:
(a) The equation (13.2) has in C([a,b],B) a unique solution, x*;
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(b) If x € C(|a,b],B) is such that

x(0)g0)~ [ Klt,s,x(5))ds| < 900

AN

forallt € [a,b], then
(1) =x"(1)| < (14 Lgnge™® ") o 1), V1 € [a,b],

i.e., the equation (13.2) has the Hyers—Ulam—Rassias stability.

Proof. (a) It is a well-known result (see for example [3], [4], [9], [11]).

(b) We have

/tt [K(z,s,x(s)) — K(t,s,x*(s))]ds

t |x(s) —x*(s)|ds|.

fo

<o) +Lg

From Lemma 13.3 it follows that

[x(e) =" (1)] < (1) + Ly~

/tot o(s)ds

< 14+ npLge™* =N @(1), 1 € [a,b).

I. A. Rus

O

Remark 13.8. In the case B := ¢(R) and for x € ¢(R), x = (x0,X1,,Xn,...)s
|x| := sup|xx|, we have a stability result for an infinite system of Volterra integral

_keN
equations.

Remark 13.9. In the case B :=R™, |x| := sup |x;
0<k<m

system of Volterra integral equations.

, we have a stability result for a

Remark 13.10. In the case B := C, we have a new proof and a generalization of

Theorem 2.1 in [6].

13.5 Stability of Fredholm Integral Equations

For the following Fredholm integral equation

b
x(t) = g(t) + / K(t,5,x(s))ds, 1€ [a,b]

(13.3)
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we have

Theorem 13.11. We suppose that:
(i) K € C([a,b] x [a,b] xB,B), g € C([a,b],B) and ¢ € C(|a,b],B);
(ii) there exists Lx > 0 such that

|K(t,s,u) —K(t,s,v)| < Lg|u—v|

forallt,s € [a,b] and u,v € B;
(iii) Lg (b —a) < 1;
(iv) o(t) >0, V¢ € [a,b].
Then:
(a) The equation (13.3) has in C([a,b],B) a unique solution, x*;
(b) If x € C([a,b],B) is such that

b
x(0)=8()~ [ K(t.5,55)ds| < 9(0)

forallt € [a,b], then there exists ¢y, > 0 such that
x(1) =x* (1) S co@(t), V1 € [a,b],
i.e., the equation (13.3) has the Hyers—Ulam—Rassias stability.

Proof. (a) It is a well-known result (see for example [4] and [11]).

(b) We have
b
—/ K(t,s,x(s))ds

[ K (s 6)) — K050 (5) s

x(8) =x"(0)] < |x(2) —

+

b
< (1) +1Lg / Ix(s) — x*(5)|ds.

From Lemma 13.4 it follows that

()~ )] < 90) + L1~ Li(r—)) " [ p(s)a

< [1+Lg(1~Lg(b—a)~" 9( p(b—a),my)] @(1),

where mg and My, are such that

0<my<@(t) <My, Vi€ la,b].

Remark 13.12. For some particular cases, see Remark 13.8 and Remark 13.9.
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Chapter 14
Brezis—Browder Principles and Applications

Mihai Turinici

Dedicated to the memory of Professor George Isac

Abstract In Part 1, we show that the version of Brezis—Browder’s principle [Adv.
Math., 21(1976), 355-364] for general separable sets is a logical equivalent of the
Zorn—Bourbaki maximality result. Further, in Part 2, it is stressed that most (sequen-
tial) maximality principles are logical equivalents of that of Brezis—Browder; and
the remaining ones, including Kang—Park’s [Nonlinear Analysis, 14 (1990), 159-
165] may be viewed as particular cases of an “asymptotic” type version of Brezis—
Browder’s principle. Finally, in Part 3, the variational statement due to Kada, Suzuki
and Takahashi [Math. Japonica, 44 (1996), 381-391] is deduced from a “relative”
type version of Brezis—Browder’s principle. The connections with some variational
statements in Suzuki [J. Math. Anal. Appl., 253 (2001), 440-458], Lin and Du [J.
Math. Anal. Appl., 323 (2006), 360-370] or Al-Homidan, Ansari and Yao [Nonlin.
Anal., 69 (2008), 126—139] are also investigated.

14.1 Brezis-Browder Principles in General Separable Sets

14.1.1 Introduction

Let M be some nonempty set; and (<), some quasi-order (i.e., reflexive and tran-
sitive relation) over it. Further, let x — ¢@(x) stand for a function from M to
R :=0,00[. Call the point z € M, (<, ¢)-maximal when

(all) we Mandz<wimply @(z) = ¢(w).
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A basic result involving such points is the 1976 Brezis—Browder ordering principle
[12] (in short: BB principle).

Theorem 14.1. Suppose that

(I11a) (M,<) is sequentially inductive:
each ascending sequence in M has an upper bound
(11b) @ is (<)-decreasing (x <y = @(x) > @(y)).

Then, for each u € M there exists a (<, @)-maximal v € M with u <.

This principle, including the well known Ekeland’s [19] [20], found some useful
applications to convex and nonconvex analysis; we refer to the quoted papers for
a survey of these. As a consequence, many extensions of Theorem 14.1 were pro-
posed. Here, we shall concentrate on the structural way of extension. This, roughly
speaking, consists of (R;,>) being substituted by an ordered structure (P, <) en-
dowed with (cardinal-) countable regularity properties for its chains. Some pioneer-
ing results in the area were obtained in the standard countable case by Gajek and
Zagrodny [23]; further refinements of these may be found in the 2007 paper by Zhu
and Li [85]. It is our aim in the following to show that such techniques are applica-
ble beyond the (standard) countable framework; details will be given in Subsection
14.1.4 (the transitive case) and Subsection 14.1.5 (the amorphous case). The specific
tool for deducing these is a variant of the Zorn—Bourbaki maximality principle for
general separable sets, given in Subsection 14.1.3. All preliminary material involv-
ing such objects is presented in Subsection 14.1.2. Some possible applications of
these facts (in the general case) are obtainable under the lines in the quoted papers;
see also Zhu, Fan and Zhang [84].

14.1.2 General Separable Sets

(A) Let W stand for the class of ordinal numbers, introduced in a “factorial” way; cf.
Kuratowski and Mostowski [42, Ch 7, Sect 2]. Precisely, call the partially ordered
structure (P, <), well ordered if each (nonempty) part of P admits a first element.
Given the couple (P, <), (Q, <) of such objects, put

(P, <) = (Q, <) iff there exists a strictly increasing bijection: P — Q.

This is an equivalence relation; the order type of (P, <) (denoted ord(P, <)) is just
its equivalence class; also referred to as an ordinal.

Note that W is not a set, as results from the Burali-Forti paradox; cf. Sierpin-
ski [55, Ch 14, Sect 2]. However, when one restricts to a Grothendieck universe 4
(taken as in Hasse and Michler [28, Ch 1, Sect 2]) this contradictory character is
removed for the class W(¥) of all admissible (modulo ¢) ordinals (generated by
(non-contradictory) well ordered parts of ¢). In the following, we drop any refer-
ence to ¢, for simplicity. So, by an ordinal in W one actually means a ¢-admissible
ordinal with respect to a “sufficiently large” Grothendieck universe ¢. Clearly,
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& = admissible ordinal and 1 < & imply 1 = admissible ordinal.
Hence, in the formulae
W(a)={EeW:& <a}, Wlap]={SecW:a<f<p}

the symbol W in the brackets is the “absolute” class of all ordinals.
Now, an enumeration of W is realized via the immediate successor map of a
subset M C W

suc(M) =min{& € W;M < &} (hence suc(a) = o+ 1, Voo € W).

(Here, M < £ means: A < &,YA € M). It begins with (the set of) all natural num-

bers N := {0, 1,...}. Their immediate successor is @ = suc(N) (the first transfinite
ordinal); the next in this enumeration is @+ 1, and so on. Put Wy = W\ {0} (= {& €
W& > 0}). This set is composed of two disjoint classes of ordinals. The former
of these, WO], collects all first kind ordinals & > 0 [in the sense: W (&) admits a last
element max[W (&)] = & — 1]. And the latter of these, W7, collects all second kind
ordinals £ > 0 [in the sense: W (&) does not admit a last element; or, equivalently:
A <& = A+1<&];thisis also referred to as & > 0 being a limit ordinal.

The basic operations with ordinals may be introduced in a synthetic way as fol-
lows. Let o, be two ordinals; and (A, <), (B, <), well-ordered structures with
ord(A,<) = at,ord(B,<) = B, ANB = 0. Then a) oc + § = ord(A UB, <), where
the associated order is given by the concatenation procedure: x < y iff either
[xeA,yeBlor[(x,yeA,x<y),(x,y€B,x<y)];b) o- B =ord(A x B,<), where
the associated order is defined by the lexicographic procedure: (x,y) < (u,v) iff ei-
ther [y < v] or [x < u,y = v]. The basic properties of these may be found, e.g., in
Kuratowski and Mostowski [42, Ch 7, Sect 5].

In parallel to this, we may (construct and) enumerate the class of all admissible
cardinals. Let P and Q be nonempty sets; we put

P < Q(P ~ Q) iff there exists an injection (bijection): P — Q.

The former is a quasi-order (denoted card(P) < card(Q)); whereas the latter is an

equivalence (written as card(P) = card(Q)). Denote also
P < Qifandonlyif P < Qand —(P ~ Q).

This relation is irreflexive (—(P < P), for each P) and transitive; hence a strict order
(indicated as: card(P) < card(Q)). Let o > 0 be an (admissible) ordinal; we say that
itis an (admissible) cardinal if W (&) < W () [i.e., card(W (&)) < card(W (et))], for
each & < o. The class of all these will be denoted by Z. Now, the enumeration we
are looking for is realized via the immediate successor (in Z) map

SUC(M) =min{n e Z;M <n}, MCZ.
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Precisely, this begins with the natural numbers N := {0, 1,...}. The immediate suc-
cessor (in Z) of all these is @ = SUC(N) (the first transfinite cardinal). To describe
the remaining ones, we may introduce via transfinite recursion the function A — X
from W to Z as

Xo=m; and, foreach A >0,
X, =SUC(X,_;), ifA—1exists
NA:SUC{N§;€<A}, if A — 1 does not exist.

Note that, in such a case, the order structure of Z(®,<) ={& € Z;® < £} is com-
pletely reducible to the one of W; further details may be found in Just and Weese
[35,Ch 11, Sect 11.2].

Any nonempty part P with card(P) < o (card(P) = ) is termed finite (effectively
countable); the union of these (card(P) < w) is referred to as P is countable. When
P =W (&), all such properties will be transferred to &. Generally, take some ordinal
y; and put I" = X,. Any nonempty part P with card(P) < I" (card(P) = I') is termed
I -finite (effectively I'-countable); the union of these (card(P) < I') is referred to as
P is I'-countable. As before, when P = W (&), all such properties will be transferred
to &.

Denote by A the immediate successor (in Z) of I' [A = SUC(I"); hence A =
Ry, 1, if I' = X,]. By the very definition above, one has

& is I'-countable, for each £ < A;  but A is not I'-countable. (14.1)

A basic consequence of this is precise in the statement below (to be found, e.g., in
Kuratowski and Mostowski [42, Ch 3, Sect 4]). Let M be a nonempty set; and A, u
be ordinals with A < u. Any map & + ag from W(A) to M will be referred to as a
A-net in M; or, simply, net when A is understood. If A < u, we say that the A-net
(ag;& < A) is p-subordinated (in short: u-sub); and if A < u, the same net will be
referred to as U-strongly subordinated (in short: [-strongsub).

Proposition 14.2. The following are valid:

i) The ordinal A cannot be attained via I -sub net limits of I -countable ordinals.
In other words: if(océ;é < 0) is an ascending 0-net (where 0 < I') of I -countable
ordinals then

(al2) o = supg (0 )(=limg (o))

is I'-countable too.

ii) Each second kind I -countable ordinal is attainable via such nets. In other
words: if (the I'-countable) o. < A is of second kind, there must be a strictly as-
cending I'-sub net (a(g;& < 0) (where 0 < T') of I'-countable ordinals with the

property (al2).

(B) Let M be a nonempty set; and (<), some order (=antisymmetric quasi-order)
on it. By a (<)-chain of M we shall mean any (nonempty) part A of M with (A, <)
well ordered (see above). Note that any such object may be written as A = {a¢ HS
A}, where the net & +— ag is strictly ascending (§ < 1 == ag < ap); the uniquely
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determined ordinal A4 is just ord(A, <). Let u be another ordinal. If A < u, we say
that the (<)-chain (A, <) is u-subordinated (in short: p-sub); and if A < u, the same
chain (A, <) will be referred to as p-strongly-subordinated (in short: pL-strongsub).
A basic particular case of these conventions is the following. Let ¥ > 0 be arbitrary
fixed; and put I' = X,, A = SUC(I") (hence A = Xy, ). Note that, by the very
definition above (and (14.1)) A is I'-countable iff (A, <) is A-strongsub. This in
particular happens when (A, <) is I"-sub. The following characterization of the last
concept is useful for us; cf. Sierpinski [55, Ch 13, Sect 5].

Proposition 14.3. The (<)-chain A is I'-sub if and only if

A={b(&);E <0}, where 6 ¢ W|w,I'| and

& — b(E) is ascending (E <1 = b(E) < b(N)). (14.2)

Let P,Q be nonempty parts with P O Q. We say that P is majorized by Q (and
write P o< Q) provided Q is cofinal in P (Vx € P,3y € Q with x < ). The (<)-chain
S C M is called upper I' -countable in case:

(b12) ST, for some I'-sub (<)-chain T C S.

Clearly, this happens if S is I"-sub. As a completion, we have

Proposition 14.4. The generic relation holds

(V(L)-chain) I -countable => upper I'-countable. (14.3)

Hence, the (<)-chain S C M is upper I'-countable if and only if

Se< T, for some I -countable (<)-chain T C S. (14.4)

The verification is immediate, via Proposition 14.2; so, we do not give details.

Remark 14.5. The reciprocal of (14.3) is not in general true; just take any (<)-chain
S of M with A < ord(S, <)= first kind ordinal.

(C) Let us now return to our initial setting. We say that the order structure (M, <)
is I'-separable if

(c12) any (<)-chain of M is upper I'-countable.

For example, this holds (under (14.3)) whenever

(d12) (M,<) is strongly I'-separable: any (<)-chain of M is I'-countable.
In fact, the reciprocal holds too; so that, we may formulate

Proposition 14.6. Under these conventions,

(V ordered structure) I -separable <= strongly I" -separable. (14.5)
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Proof. Assume that (M, <) is I'-separable; and let S = {s(£); & < A} be some (<)-
chain of M; where A := ord(S, <). If, by absurd, S is not I"-countable, we must have
A > A. The initial segment (of S) U = {s(&§); < A} is not I'-countable too; cf.
(14.1). On the other hand, by hypothesis, U is upper I"-countable; so, there exists
a strictly ascending I'-sub net (&,;v < 6) (where 0 < T') of ranks in W(A) with
U < {s(&y);v < 0}; hence A = lim,(&,). This, however, cannot be accepted, in
view of Proposition 14.2. Hence, S is I'-countable; and the proof is complete. [

Remark 14.7. From this result it follows that the notion of I'-separable structure
is a transfinite extension of the concept of w-separable structure; which has been
introduced by Zhu, Fan and Zhang [84].

Now, call the cardinal I', separable-admissible (in short: sep-admissible) for
(M, <) whenever (M,<) is I"-separable [or, equivalently: strongly I'-separable];
The class of all these, denoted Sep(M, <), is nonempty; because card(M) is an
element of it. In addition, it is hereditary after the cardinal magnitude; i.e., I €
Sep(M,<) and I < A imply A € Sep(M,<). The minimal element of this set,
sep(M, <) = minSep(M, <) is therefore well defined as a cardinal number; it will
be referred to as the separability cardinal of (M, <). By the remark above, we have
sep(M, <) < card(M); but, the converse relation may be false, in general. However,
in many practical situations, card(M) is a good “approximation” for sep(M, <).

(D) In the following, we shall give some useful examples of such structures.

I) Let # (M) := {(x,x);x € M} stand for the identical relation over M. By an
almost uniformity (on M) we shall mean any family %/ of parts in M x M with
(M) C N7% . Suppose that we fixed such an object. The basic condition we need
further may be written as

(12a) % is I'-pseudometrizable: there exists a I"-countable subfamily
¥V CU,cofinalin (% ,2) VU e %,3Ve¥:U DV]
(12b) 7% is sufficient: "% = .#(M).

For the next one, we need some preliminaries. Call the (ascending) net (ag ;E <),
U -Cauchy, when: YU € % ,3u = u(U), such that u <& < n = (ag,an) € U.
Likewise, call the (ascending) sequence (b,;n < ), % -asymptotic, in case: VU €
% ,3k = k(U), such that n > k = (b,,,bp+1) € U. The following auxiliary fact is
useful for us.

Lemma 14.8. The global conditions below are equivalent to each other

(12c) each ascending net is 7 -Cauchy
(12d) each ascending sequence is U -asymptotic.

By definition, either of the introduced properties will be referred to as: % is
(strongly) regular.

Proposition 14.9. Assume that there exists an almost uniformity % over M which
is I'-pseudometrizable, sufficient and (strongly) regular. Then, (M, <) is (strongly)
I'-separable.
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Proof. Without loss of generality, one may assume that %/ itself is I'-countable;
i.e., it may be written as % = (Ué;é < 0), where 6 < A. (Otherwise, we simply
replace % by 7¥'). The case 6 < @ is clear; so, it remains to discuss the alternative
0 > . Let S be some (<)-chain in M. If there exists a last element s = max(S), we
are done; so, without restriction, one may assume that

(12e) for each x € S there exists y € § with x < y.
This, and the (strong) regularity of %/, yields (cf. Turinici [67])

Vx € S,YU € % , there exists y = y(x,U) € S(x, <)

such that: p,g e S,y <p<g=— (p,q) €U. (14.6)

Fix a € S. By (12e) and (14.6), there exists (in S) ap > a with [p,q € S,a90 < p <
qg = (p,q) € Up). Further, again by this relation, there exists (in S) a; > ao with
[p,q € S,a1 < p<qg=(p,q) € U]; and so on. Generally, assume that, for the
ordinal u < 6 we constructed a net (ag;& < p) in S with the property that, for each
A<u,

(12f) & <A implies az < a,
(12g) p,g€S.a, <p<q=(p,q) €Uy.

Two possibilities may occur.

J)  is a first kind ordinal: A = u — 1 exists. Again by (12¢) and (14.6), there
exists (in §) 1 > ay with [p,q € S,t < p < g = (p,q) € Uy]. It will suffice taking
ay =t so that (12)+(12g) are fulfilled with (with u in place of A).

Jj) 1 is a second kind ordinal: yt — 1 does not exist. By the choice of 6, the (<)-
chain (in §) T = {ag;é < u} is I'-countable. If T is cofinal in S, we are done;
because (cf. Proposition 14.4) S is upper I"-countable. Otherwise,

(12h) ag <s, forall§ <p andsomescS.

Again by (12e) and (14.6), there exists (in S) t > s with [p,g € S;t < p < g —
(p,q) € Uy]. It will suffice then putting ay, =t so that (12f)+(12g) are fulfilled (with
u in place of 1).

As a consequence, the process above either stops at a certain stage ¢ < 0 (and
then, we are done); or else (in the opposite situation) it is continuable over all of
W(0); ie., (12f)+(12g) hold for each A < 6. We claim that, in such a case, T =
{a§;§ < 0} is cofinal in S; and this, combined with the I'-countable property of
the same, completes the argument. Assume not; i.e., (12h) is true with 6 in place
of . By (12e), there exists t € S with # > s; hence ¢ # 5. On the other hand, by
the choice of (ag;€ < 0), one has (s,7) € Ug, for all & < 6; hence s =t (by the
sufficiency condition). The obtained facts involving (s,#) are contradictory. Hence,
(12h) cannot hold (with 8 in place of u); and our claim follows. O

A basic particular construction of this type may be described along the follow-
ing lines. By a pseudometric over M we mean any map d : M x M — R, . Call this
object reflexive provided d(x,x) =0, Vx € M. Let D = (dj;A < o) be a family
of reflexive pseudometrics; where & > @. Then % (D) = {U(A,r); A < o, r > 0},
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where U(A,r) = {(x,y) € M X M;d; (x,y) <r}, A < o, r > 0, is an almost uni-
formity over M. The sufficiency condition for this object is characterized as: D
is sufficient [d), (x,y) = 0,YA < oo => x = y]. On the other hand, the subfamily
¥ ={U(A,27");A < o,n < w} is cofinal in (%, D); and this, in conjunction with
card(W (o) x W(w)) = card(W (e)) (cf. Alexandrov [1, Ch 3, Sect 6]) shows that
is I'-pseudometrizable, where I' = card(W ()). A translation of Proposition 14.9 in
terms of D = (d); A < ) is immediate; we do not give details. In particular, when
I' = , these developments reduce to the ones in Turinici [74].

II) Let .7 be a topology on M. Any subfamily & C .7 with the property that
each D € .7 is a union of members in A, will be referred to as a basis for 7. If,
in addition, 4 is I'-countable, then .7 will be called second I' -countable. Term the
ambient order (<), closed from the left provided M (x,>) = cl(M(x,>)), for each
X € M; here, “cl” stand for the closure operator.

Proposition 14.10. Assume that .7 is second I'-countable and (<) is closed from
the left. Then, (M, <) is (strongly) I'-separable.

Proof. Let % = {B¢;§ < 0} (where ® < 6 < A) stand for a I'-countable basis of
. Further, take some choice function “Ch” of the nonempty parts in M [Ch(X) €
X, for each X C M,X # 0]. Given the arbitrary fixed (<)-chain S of M, denote
T ={Ch(BNS);B € A} (hence T C S). For the moment, T is I"-countable (because
T < %). In addition, we claim that cI(T') O S [wherefrom, T is dense in S]. In fact, let
s be some point of S; and U stand for an open neighborhood of it. By the definition
of %, U may be written as a union of members in this family; so

U D B> s (hence U 3 Ch(BNS)), forsome B € %;

and our claim follows. If T is cofinal in S, we are done (cf. Proposition 14.4). Oth-
erwise, there must be some s € S with T C M(s, >); wherefrom

S Cal(T) C el(M(s, 2)) = M(5,2);
i.e., {s} is cofinal in S. The proof is thereby complete. O

It remains to establish under which conditions is .7, second I'-countable. An
appropriate answer may be given in a uniform context:

(12i) there exists an (up-directed) family D = (dj;A < ) of
semimetrics (over M) whose associated topology is just 7.

Then, e.g., the condition below yields the desired property for .7 [where I' =
card(W(a))]:

(12j) M has a I'-countable dense subset.

The proof is very similar to the one in Bourbaki [11, Ch 9, Sect 2.8]; see also
Alexandrov [1, Ch 4, Sect 4]. Finally, note that, when I" = ®, the developments

above reduce to the ones in Zhu and Li [85]. Some related aspects may be found in
Zhu, Fan and Zhang [84].
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14.1.3 Zorn—Bourbaki Principles

(A) Let M be a nonempty set; and (<), some order (antisymmetric quasi-order) on
it. Call the point z € M, (<)-maximal in case

(al3) weM,z<w=—z=w;i.e., z <xis false, for each x € M.

(Here, (<) is the strict order attached to (<)). Sufficient conditions for the existence
of such elements may be obtained as follows. Call the (nonempty) part A of M, a
linear (<)-chain provided (A, <) is linearly ordered [Vx,y € A: eitherx <y ory < x];
and a (natural) (<)-chain, when (A, <) is well ordered [cf. Subsection 14.1.2].

Theorem 14.11. Suppose that one of the conditions below holds

(13a) each linear (<)-chain (of M) is bounded above
(13b) each (<)-chain (of M) is bounded above.

Then, (<) is a normal order; in the sense: for each u € M there exists a (<)-maximal
veMwithu <.

Some remarks are in order. The first explicit formulation of Theorem 14.11 in
terms of (13a) was given in 1914 by Hausdorff [29, Ch 6, Sect 1]; a slight different
version of it was obtained in 1922 by Kuratowski [41]. Note that the quoted authors
regarded Theorem 14.11 only as a handy tool in solving various existence problems
in the setting of (AC) (= the axiom of choice); cf. Taskovic [63]. Finally, again under
the lines of (13a), we must mention the 1935 contribution due to Zorn [87]; who
regarded Theorem 14.11 as an axiom. The version of this result involving (13b) was
stated in Bourbaki [9]; who also established its equivalence with the well ordering
principle in Zermelo [83] (equivalent with (AC)). For this reason, Theorem 14.11
is referred to as the Zorn—-Bourbaki principle. Note that, in the context of (AC),
we have: (13b) = (13a) (hence (13b) <= (13a)); see also Felgner [22]. Further
historical aspects may be found in Moore [49, Ch 4, Sect 4] and the references
therein.

(B) Now, as results from the developments in Subsection 14.1.2, the verification
of (13b) for (cardinal-) countable chains only will suffice (for its validity) in many
concrete cases. This suggests us considering maximality principles over ordered
structures with such regularity properties. So, let (M, <) be a (partially) ordered
structure. Further, take some y > 0 and put I' = X ,,,A = SUC(I") (hence A = K. ).
Assume firstly that

(13c) (M,<) is sequentially I'-inductive:
each I'-sub (<)-chain of M is bounded from above (modulo (<)).

Note that, by Proposition 14.3, this notion is identical with the concept of sequen-
tially inductive (ordered) structure in Turinici [67] when I = ®. Moreover, by
Proposition 14.4, it may be also written as

(13d) each I'-countable (<)-chain of M is bounded above (modulo (<)).
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Secondly, assume that (cf. Subsection 14.1.2)

(13e) (M, <) is (strongly) I"-separable: each (<)-chain S C M
is majorized by some I'-countable (<)-chain 7 C S.

Remember that, by Proposition 14.6, this also reads
(13f)  each (<)-chain of M is I'-countable.

Theorem 14.12. Assume that (13c)+(13e) hold. Then, (<) is a normal order (in the
sense above).

Proof. By the remarks involving (13d)+(13f), it is clear that Theorem 14.11 applies
to these data; and, from this, we are done. O

For the moment, Theorem 14.12 is deductible from Theorem 14.11. The reverse
inclusion is also true; just take I' = card(M) in the above statement. Hence Theorem
14.12 and Theorem 14.11 are logically equivalent; i.e., the enlargement of Theorem
14.11 ensured by Theorem 14.12 is technical in nature.

Now, remember that the regularity conditions in Theorem 14.11 are logically
minimal so that its conclusion is retainable. (See the quoted papers for details). So,
it is natural to ask whether this is also true for the conditions in Theorem 14.12. Two
situations may occur.

i) Assume that in Theorem 14.12 condition (13c) does not hold. By definition,
there exists a I'-sub (<)-chain K of M which is not bounded above (in M). As a con-
sequence, (K, <) is not sequentially I'-inductive; but it is (strongly) I'-separable.
This, added to (K, <) having no (<)-maximal elements, proves the logical mini-
mality of (13c).

ii) Assume that, in Theorem 14.12, condition (13e) does not hold. By definition,
there must be a (<)-chain L C M with (cf. Proposition 14.4)

L o< Q is false, for each I'-countable (<)-chain Q C L.

As a consequence, the structure (L, <) is sequentially I'-inductive; but not (strongly)
I'-separable. This, added to (L,<) having no (<)-maximal elements, proves the
logical minimality of (13e).

Summing up, we proved

Proposition 14.13. Either of the regularity conditions (13c) and (13e) in Theorem
14.12 is logically minimal for the conclusions given there to hold.

In particular, when I" = @, Theorem 14.12 (and Proposition 14.13 as well) is just
the statement in Zhu and Li [85] proved via similar techniques.

(C) An interesting completion of these facts may be given along the following
lines. Let M be a nonempty set; and (<), a quasi-order (reflexive and transitive
relation) over it. The associated relation

(b13) (x,yeM):x 2 yiff x <yand —(y <x)
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is irreflexive (—(x < x), Vx € M) and transitive; hence a strict order. As a conse-
quence, its completion

(c13) (x,yeM): x<Xyiffeitherx <yorx=y

is an order on M. For z € M, its (=)-maximal property is the one in (al3) (with (<)
in place of (<)); which, in terms of our initial quasi-order means:

d13) z<w=w <z (or,equivalently: M(z,<) C M(z,>));

referred to as: z is (<)-maximal. [This must be not confused with the strong (<)-
maximality of z, which may be introduced as in (al3) (the first part): z <x =z =
x]. Concrete circumstances for the existence of such points are obtainable from The-
orem 14.12 above. For practical reasons, it would be useful having the conditions
(13c)+(13e) expressed in terms of our quasi-order. However, a complete translation
of (13e) is not useful from a practical perspective. So, the only acceptable way is
to consider a “hybrid” result like the one below. For each 6-net (ué: ;E < A)in M,
define its ascending/boundedness (modulo (<)) properties in the usual way.

Theorem 14.14. Let the sep-admissible cardinal T for (M, <) be such that

(13g) (M, <) is sequentially I -inductive:
each I'-sub ascending net in M is bounded from above (modulo (<)).

Then, for each u € M there exists v =v(u) € M with (i) u < v and (ii) M(v,<) C
M(v,>) (or, equivalently: v < x is false, whenever so is x < v).

Proof. By the very choice of I it is clear that (13e) holds for (M, =); so, it will
suffice showing that (13c) also holds for this structure. Let P be a I'-sub (=<)-chain
in M; hence, P may be represented as a net (ug;& < u) where u < I" and the map
& ug is strictly ascending:

& < n implies ug < un (hence ug <upy, —(upy < ug)).

When u is a first kind ordinal, we are done; because P < u;, where A = u — 1.
Assume now that  is a second kind ordinal. By the strict ascending property above,
the net (ug;& < 4) is ascending (modulo (<)); wherefrom, by hypothesis, uz <,
for all £ < A and some v € M. On the other hand, again by the property in question,
v < ug is impossible for all & < u; since for each 1 with & < 1 < we should have
un <v<ug (hence up < ug), in contradiction with a previous relation. Hence, v is
an upper bound of P (modulo (=); and the claim follows. But then, all is clear from
Theorem 14.12, applied to the structure (M, <). O

14.1.4 Main Results

With this information at hand, we may now return to the questions in Subsection
14.1.1. The natural setting for discussing them is the one of transitive relations. This,
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apart from giving us new useful forms of Theorem 14.1 allows a direct approach to
the quasi-order and amorphous cases.

(A) Let (M, V) and (P, V) be transitive structures. The relation over M
(al4) (x,y e M) x < yiff xVy and =(yVx)

is irreflexive (—(x < x),VYx € M) and transitive; hence a strict order. As a conse-
quence, its completion

(bl4) (x,yeM) x<yiffeitherx <yorx=y

is an order on M. Denote in the same way the strict/standard order on P attached to
(V). Further, let ¢ : M — P be some (V, V)-increasing function

(14a) xVy = @(x)Ve(y) [equivalently: (@ (x)Vo(y)) = —(xVy)].
This allows us introducing the relation (in M)
(cl4) (x,yeM)xCyiffxVyand —(¢(y)Ve(x)).

By the remark involving (14a), one has
xCyiffx<yand ¢o(x) < ¢(y); (14.7)

wherefrom, (C) is a strict order on M. Let (C) stand for the associated (by (b14))
order in M. Note that, by the very definitions (and remarks) above

[(xZ y,yVz) or (xVy,y C z)] imply x C z. (14.8)

Having these precise, call the point z € M, (V,V; @)-maximal, when
(d14) for each w € M: zVw implies ¢ (w)Vo(z).

Note that, if (M, V) is identical with (P, V) and (V) is an order (on M) this concept
reduces to the one in Subsection 14.1.3 (when ¢ = identity). Hence, maximality
results of this type are not without interest for us. The basic step in deducing these
is a characterization of our concept in terms of (C); cf. Turinici [75]:

Lemma 14.15. The generic relation is available
(VzeM): (V,V;)-maximal <> (C)-maximal. (14.9)

Now, as (C) is an order, the developments of Subsection 14.1.3 apply to (M,C);
and this yields the following maximality principle to be used further. Take a certain
ordinal yand put I = Xy, A = SUC(I") (hence A = X, 1).

Theorem 14.16. Assume that

(14b) (M, C) is sequentially I -inductive
(14c) (M,C) is (strongly) I'-separable.
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Then, for each u € M there exists v € M with

vis (V,V: @)-maximal (14.10)

in such a way that
u=v (hence u is (V,V; Q)-maximal), whenever M(u,V) =0 (14.11)
uVv,  whenever M(u,V) # 0. (14.12)

Proof. (Sketch). By Theorem 14.12 (applicable, via (14b)+(14c)) it follows that, for
each u € M there exists v € M with

uCv(.e:uCvoru=v); andvis(C)-maximal. (14.13)

The latter of these yields (14.10), if one takes Lemma 14.15 into account. And the
former of these gives the couple of alternatives (14.11)/(14.12). O

It remains now to give sufficient conditions (involving our initial data) under
which (14b)+(14c¢) are fulfilled. This necessitates further conventions and auxiliary
facts. Let the ordinal A > 0 be arbitrary fixed. We say that the A-net (bg;§ < 1)
is ascending (modulo (V)) when [£ < n = bgVby]. Given such an object, call
u € M an upper bound (modulo (V)) of it when

bgVu, for all & < A (written as: (bg;é < A)Vu).

If u is generic in this convention, we say that (bg;& < A) is bounded from above
(modulo (V)). Finally, we call (M, V), sequentially I"-inductive provided

each ascending (modulo (V)) 6-net (where 0 € Wi {w,I'])
is bounded from above (modulo (V)).

Lemma 14.17. Under these conventions, one has
(M, V) is seq. I -inductive => (M, C) is seq. I -inductive. (14.14)
We are now in position to get an appropriate answer to the posed question.

Theorem 14.18. Suppose that

(14d) (M, V) is sequentially I -inductive
(14e) (P, <) is (strongly) I'-separable.

Then, conclusions of Theorem 14.16 are retainable.

Proof. By Lemma 14.17, condition (14b) holds via (14d). We claim that (14c) holds
too (from (14e)); and this will complete the argument. Let S be some (C)-chain of
M; and put V = ¢(S). Clearly,

Visa (<)-chainin P;  (cf. (14.7));
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so, in view of (14e), V is I'-countable (in P). On the other hand, the same relation
(14.7) shows that ¢ is an order isomorphism between (S,C) and (V, <); wherefrom,
S is countable too; and the claim follows. O

(B) In particular, assume that the (transitive) relation (V) is a quasi-order (<) in
both M and P. By Theorem 14.18 we then derive (under (14a)):

Theorem 14.19. Assume (14e) is true, as well as
(14f) (M, <) is sequentially I -inductive.

Then, for each u € M, there exists v € M, with
[u<vjand [v<w= o(w)<oV)]. (14.15)

In particular, when I = @, this result reduces to the one in Turinici [74]; see
also Zhu and Li [85]. But, as shown in that paper, the precise statements include
the Brezis—Browder ordering principle [12] (Theorem 14.1) when (P, <) is identical
with (R, >). Hence, so does Theorem 14.19; and, as such, it may be also referred to
in this way. On the other hand, if (M, <) is identical with (P, <) and ¢ = the identity,
Theorem 14.19 is just Theorem 14.14. Summing up,

Th 14.12 = Th 14.18 = Th 14.19 = Th 14.14 — Th 14.12; (14.16)

hence, all these are mutually equivalent. In particular, this also shows that Theorem
14.19 includes the “transfinite” version of Theorem 14.1 obtained in Turinici [67].
The question of the reciprocal inclusion being also true remains open; we conjecture
that the answer is positive.

(C) Let us return to our initial framework. The basic hypothesis used in all these
developments is (14a). So, the question arises: what can be said about such results
when (14a) is no longer available. To this end, put

d14) (x,yeM) xAyiff xVyand o(x)Vo(y).

This is a transitive relation over M; and condition (14a) holds with (A, V) in place of
(V,V). An application of Theorem 14.18 to these data yields an appropriate answer
to the problem we deal with.

Theorem 14.20. Assume that (14e) holds, as well as
(14g) (M,A) is sequentially inductive.

Then, for each u € M, there exists v € M with
vis (A, V;@)-maximal (14.17)
in such a way that

u=v (hence uis (I\,V;@)-maximal), whenever M(u,\) =0 (14.18)
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u/lNv, whenever M(u,\) # 0. (14.19)

A quasi-order version of this (under the lines of Theorem 14.19) is immediately
obtainable; we do not give details. In particular, when I = , this result is just the
one in Turinici [74]; which, in turn, extends a related statement due to Kada, Suzuki
and Takahashi [36]. Further structural aspects may be found in Manka [47].

14.1.5 Some Amorphous Versions

A slight extension of these facts may be reached when the relation (V) over M
is no longer transitive. Further aspects occasioned by the obtained results are then
discussed.

(A) Let (L) stand for an amorphous relation over M. Denote by (V) the transitive
relation (over the same) attached to (L)

(al5) (x,yeM)xVyiff x=u; L ... L uy =y (in the sense:
u; Luiyp,Vie{l,...k—1}), for some k > 2 and uy,...,u € M.

Take a transitive relation (A) over P; as well as a function ¢ : M — P with
(15a) @ is (L,A)-increasing: x L y= @(x) A @(y).

Note that, under (al5) above, one gets
¢ is (V,A\)-increasing (in the sense of (14a)).

Given z € M, we say that it is (L, A; ¢)-maximal, if
(b15) (foreachweM): zLlw=— o(w)Ao(z).

Again by (al5), one gets the generic relation
(for each z € M): (V,A; p)-maximal = (L, A; ¢)-maximal. (14.20)

So, existence results involving such points are deductible from Theorem 14.18
above. The only aspect to be clarified is that of expressing (14d) in terms of (.L).
This will necessitate a lot of new conventions.

Let o > 0 be an ordinal. Remember that @ - o = ord(W (@) x W (o), <); where
(<) stands for the lexicographic order (cf. Subsection 14.1.2). By a (®, o)-net, we
shall mean any map (n,&) — b(n,&) from W(w) x W(a) to M. Given such an
object, call it ascending (modulo (L)) when

(c15) b(n,&) Lb(n+1,&), foralln<w,& <o
Any (o, a)-net (a(n,&);n < ®,& < o), with

(d15) (a(n,&);n < w) is a subsequence of (b(n,&);n < w), foreach & <
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will be referred to as a strong subnet of (b(n,&);n < ®,& < o). Further, call u € M,
an upper bound (modulo (1)) of (b(n,&);n < ®,& < o), when

€15 b(n,&) Lu,Vn< ®,VE < a (in short: (b(n,&);n < 0,€ < a) L u).

If this holds only on a strong subnet of (b(n,&);n < ®,& < @), we say that u is an
asymptotic upper bound (modulo (L)) of this net; written as: (b(n,&);n < 0,§ <
o) L1 u. When u € M is generic in these conventions, the corresponding prop-
erty will be referred to as: (b(n,&);n < 0,& < o) is bounded above (respectively,
asymptotic bounded above) modulo (_L). Finally, call the structure (M, L), sequen-
tially I -inductive if

(f15)  each ascending (modulo (1)) (w, &)-net (where - ot <T")
is asymptotic bounded above (modulo (L)).

(Here, the couple of ordinals [I" = X, A = X, ] is the one in Subsection 14.1.4).
The following auxiliary fact is useful for us.

Lemma 14.21. Under these conventions,
(M, L) is seq. I'-inductive = (M, V) is seq. I -inductive. (14.21)
Now, by simply adding this to Theorem 14.18, one gets
Corollary 14.22. Assume (14e) holds, as well as
(15b) (M, L) is sequentially I -inductive.
Then, for each u € M, there exists v € M with
vis (L, A; @)-maximal (14.22)
in such a way that either (14.12) (Subsection 14.1.4) is retainable or else
u=v (hence uis (L, \; ¢)-maximal) whenever M(u,V) = 0. (14.23)
(Here, (V) is the transitive relation given by (al5)).

In particular, when (L) is a transitive relation over M, this statement reduces to
Theorem 14.18. Since the opposite inclusion also holds, we get

Corollary 14.22 <= Theorem 14.18 (<= Theorem 14.12). (14.24)

Hence, this extension is technical in nature.

(B) Now, the basic assumption used here is (15a). So, we may ask what happens
when such a condition is no longer true. To this end, put
(gl5) (x,yeM) xTyiffx Lyand @(x)Ae(®y).

This is an amorphous relation over M; and condition (15a) holds with (T,A) in
place of (L, A\). An application of Corollary 14.22 to these data gives:
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Corollary 14.23. Assume (14e) holds, as well as
(15¢) (M, T) is sequentially I -inductive.

Then, for each u € M there exists v € M with
vis (T, @)-maximal (14.25)
in such a way that, either (14.12) (Subsection 14.1.4) is retainable, or else
u=v (hence uis (T,\; ¢)-maximal) whenever M(u,V) = 0. (14.26)

(Here, (T) is the amorphous relation of (g15); and (V), its associated by (al5)
transitive relation).

A basic particular case of this corresponds to the choice I" = w. Then, the
above results are just the ones in Turinici [74]. But, as precise there, this version
of Corollary 14.23 includes a related maximality principle in Gajek and Zagrodny
[23]; hence, so does our statement. Further aspects were delineated in Sonntag and
Zalinescu [56].

14.2 Pseudometric Maximal Principles

14.2.1 Introduction

Let M be a nonempty set. Take a quasi-order (<) (i.e., reflexive and transitive re-
lation) over it, as well as a function x — y(x) from M to R. Call the point z € M,
(<, yw)-maximal when: w € M and z < w imply w(z) = y(w). A basic result about
the existence of such points is the 1976 Brezis—Browder ordering principle [12]:

Theorem 14.24. Suppose that

(2la) (M, <) is sequentially inductive:

each ascending sequence has an upper bound (modulo (<))
(21b) wyis (<)-decreasing (x <y = y(x) > y(y))
(21c) y is bounded from below (inf[y(M)] > —co).

Then, for each u € M there exists a (<, y)-maximal v € M with u < v.

This statement is nothing but a particular case of the developments in Subsection
14.1.4 (when I' = w); see also Zhu and Li [85]. The structural way of enlarging
it was discussed in the precise place. In the following, the (pseudo) metrical ex-
tensions of Theorem 14.24 will be considered. Among these, we quote the papers
by Altman [3], Turinici [66], and Anisiu [5]; see also Bae, Cho and Yeom [6]. The
obtained results are interesting from a technical viewpoint. However, we must em-
phasize that, in all concrete situations when a maximality principle of this type is



170 M. Turinici

applicable, a substitution of it by the Brezis—Browder principle is always possible.
This (cf. Bao and Khanh [7]) raises the question: To what extent are these enlarge-
ments of Theorem 14.24 effective? As we shall see below (in Subsection 14.2.2
and Subsection 14.2.4) the answer is negative for most of these. On the other hand,
there do exist metrical maximality principles which are not comparable with The-
orem 14.24; see the 1990 paper in Kang and Park [37]. It is our second aim in this
exposition to show (cf. Subsection 14.2.3) that all such statements may be viewed as
particular cases of an “asymptotic” type version of Theorem 14.24 (which includes
it in a technical sense). Finally, in Subsection 14.2.5, an application of these facts is
given to (standard) Zorn maximality principles.

14.2.2 Logical Equivalents of Brezis—Browder’s Principle

Let M be some nonempty set; and (<), some quasi-order on it. Further, let x — ¢(x)
stand for a function between M and R} U {eo} = [0,00]. The following maximality
principle is our starting point (cf. Turinici [76]):

Proposition 14.25. Assume (21a) and (21b) are true, as well as

(22a) ((M,<) is almost regular (modulo @))
VxeM,Ve >0,Fy=y(x,e) >x:0(y) <e.

Then, for each u € M there exists v € M withu < v and ¢(v) =0 (hence vis (<, @)-
maximal).

Proof. By (22a), there must be some z > u with @(z) < . Clearly, (21a)—(21c)
apply to M(z,<) :={x € M;z <x} and (<, ). So, for the starting point z € M(z, <)
there exists v € M(z,<) with i) z < v (hence u < v) and ii) v is (<, ¢)-maximal in
M(z,<). Suppose by contradiction that y := ¢(v) > 0; and fix some 3 in |0, 7[. By
(22a) again, there must be y = y(v, ) > v (hence y € M(z,<)) with ¢(y) < B <
¥(= @(v)). This cannot be in agreement with the second conclusion above. Hence,
¢(v) = 0; and we are done. O

Clearly, Proposition 14.25 is a logical consequence of Theorem 14.24. But, the
converse inclusion is also true; to verify it, we need some conventions. By a (gener-
alized) pseudometric over M we shall mean any map d : M X M — R U {e}. Sup-
pose that we introduced such an object; which is also reflexive [d(x,x) = 0,Vx € M].
Call the point z € M, (<,d)-maximal, if: u,v € M and z < u < v imply d(u,v) =0.
Note that, if d is (in addition) sufficient [d(x,y) = 0 = x = y], the (<,d)-maximal
property becomes: w € M,z < w => z = w (and reads: z is strongly (<)-maximal).
So, existence results involving such points may be viewed as “metrical” versions of
the Zorn maximality principle (cf. Moore [49, Ch 4, Sect 4]). To get sufficient condi-
tions for these, one may proceed as below. Let (x,) be an ascending sequence in M.
The d-Cauchy property for it is introduced in the usual way [Ve > 0, 3n(g) such that
n(e) <p<qg=d(xp,x,) <el. Also, call (x,), d-asymptotic when d (x,,X,41) — 0,
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as n — oo, Clearly, each (ascending) d-Cauchy sequence is d-asymptotic too. The
reverse implication is also true when all such sequences are involved; i.e., the global
conditions below are equivalent

(22b) each ascending sequence is d-Cauchy
(22c) each ascending sequence is d-asymptotic.

By definition, either of these will be referred to as (M, <) is regular (modulo d).
Note that this property implies its relaxed version

(22d) ((M,<) is weakly regular (modulo d))
VxeM,Ve >0,Fy=y(x,e) >xy<u<v=—d(u,v) <e.

The following ordering principle is then available (cf. Kang and Park [37]):

Proposition 14.26. Assume that (M, <) is sequentially inductive and weakly regular
(modulo d). Then, for each u € M there exists a (<,d)-maximal v € M with u < v.

Proof. Let us introduce the function (from M to R, U {eo})
(a22)  @q(x) =sup{d(u,v);x <u<v}, x€M.

Clearly, (21b)+(21c¢) hold for this object, as well as (22a) (if one takes (22d) into
account). Hence, Proposition 14.25 is applicable to M and (<, ¢,). This, added to
[@a(z) = 0iff zis (<,d)-maximal], gives the desired conclusion. |

As a direct consequence of this, we get the maximality principle in Turinici [68]
(see also Conserva and Rizzo [16]):

Proposition 14.27. Assume that (M, <) is sequentially inductive and regular (mod-
ulo d). Then, the conclusion of Proposition 14.26 is holding.

So far, Proposition 14.27 is a logical consequence of Theorem 14.24. The recip-
rocal of this is also true, by simply taking d(x,y) = |w(x) — w(y)|,x,y € M (where
v is the above one). We therefore established the inclusional chain Th 14.24 —-
Prop 14.25 = Prop 14.26 = Prop 14.27 = Th 14.24. Hence, all these order-
ing principles are nothing but logical equivalents of the Brezis—Browder principle
[12] (Theorem 14.24). (This also includes the related statements in Szaz [60] and
Tataru [64]; which extend the one in Dancs, Hegedus and Medvegyev [17]). Further
aspects may be found in Hamel [27, Ch 4]; see also Hyers, Isac and Rassias [31,
Ch 5].

14.2.3 Asymptotic Extensions

(A) The developments in the preceding subsection raise the (delicate) question of
whether or not extensions of Theorem 14.24 (or its variants) exist without being
reducible to it. Any attempt of solving it must begin from the sequential inductivity
condition (21a). Precisely, an examination of the argument in Proposition 14.26
shows that one may impose it asymptotically (i.e., to sequences (x,) with @;(x,) —
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0) for the written conclusion to be retainable. So, it is natural to ask whether this has
a general character. A positive answer to this may be given under the lines below.
Let again M be some nonempty set. Take a quasi-order (<) over it, as well as a
function @ : M — R U{ec}. The following “asymptotic” counterpart of Proposition
14.25 is now available (cf. Turinici [79]):

Theorem 14.28. Assume that (21b) and (22a) are true, as well as

(23a) (M, <) is sequentially inductive (modulo ¢): each ascending sequence
(xn) with @(x,) — 0 has an upper bound (modulo (<)).

Then, for each u € M there exists v € M withu <v and ¢(v) =0 (hence v is (<, 9)-
maximal).

Proof. By (22a), it is not hard to construct an ascending (modulo (<)) sequence
(un) with (u < up and) @(u,) <27",Vn (hence ¢(u,) — 0). Let v stand for an up-
per bound (modulo (<)) of this sequence (assured by (23a)). This element has all
properties we need. O

Now, (21a) is a particular case of (23a). This tells us that Proposition 14.25
(hence Theorem 14.24 as well) is a particular case of Theorem 14.28. The recip-
rocal question (Prop 14.25 = Th 14.28) remains open; we conjecture that the
answer is negative. To explain our position, it will be useful to consider:

Example 14.29. Let R> = R x R stand for the Cartesian plane; and (<) denote
the partial order induced by the convex cone Rﬁ. Further, put M = AU B, where
A={u,:=(n,0);n >0}, B={v,:=(n,27");n > 0}; and take the function (from M
to R U{eo}): ¢(z) = oo, if z€ A and ¢(z) =0, if z € B. For the moment, (21b) is re-
tainable, because each point of B is (strongly) (<)-maximal (cf. Subsection 14.2.2).
Moreover, (22a) is retainable too, in view of u, < v,, for all n > 0. Unfortunately,
the structure (M, <) cannot satisfy (21a); for, e.g., the ascending sequence (u,) is
not bounded above; so that, Proposition 14.25 is not applicable to (M, <) and ¢.
Nevertheless (in compensation to this), (M, <) fulfills (23a); wherefrom, Theorem
14.28 applies to the same data.

Summing up, Theorem 14.28 includes in a strict sense Proposition 14.25; but,
this is realized at the level of the same structure. For a genuine answer to the posed
question, a variant of Example 14.29 involving many sub-structures of (M, <) is
needed. Concerning this aspect, notice that roughly speaking, (21a) acts as a global
completeness of (M, <) and (23a) as a local completeness of the same, with respect
to the function ¢. So, if the latter property is strictly larger than the former one
(modulo these sub-structures), we are done. This tells us that a promising way of
constructing such examples is related to completeness type techniques, as developed
in Amato [4], Liu [46], Sempi [54], and Sullivan [57]; see also Jinag and Cho [34].

(B) The following version of this result may be noted. Let M be a nonempty set;
and & (M) stand for the class of its subsets. According to Du [18] any function
w: P (M) — RyU{eo} with

(a23) u(0)=0; u(A) <u(B)ifACB
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will be called sizing-up. Assume that we fixed such an object; and let (<) be a
quasi-order on M. Then, the function ¢, from M to R U {eo} given as

(623)  @u(x) =puM(x, <)), xeM,

fulfills (21b). An application of Theorem 14.28 yields the following practical maxi-
mality principle:

Theorem 14.30. Suppose that

(23b) ((M,<) is almost regular (modulo ¢y ))
VxeM,Ve >0, Jy=y(x, &) >x: u(M(y,<))<e

(23c) (M, <) is sequentially inductive (modulo @y ): each ascending sequence
(x) with (M (x,,<)) — 0 has an upper bound (modulo (<)).

Then, for each u € M there exists v € M with u < v and (M(v,<)) =0 (hence v is
(<, @y)-maximal).

In particular, (23c) holds under

(23d) each ascending sequence (x,) with u({xn,Xy11,...}) = 0asn — e
has an upper bound.

Then, Theorem 14.30 is just the basic maximal principle in Du [18]; which, among
others, includes Brezis—Browder’s principle [12] (Theorem 14.24). An interesting
aspect refers to Theorem 14.28 being deductible from Theorem 14.30; we conjec-
ture that the answer is positive.

(C) A basic particular case of these facts corresponds to the construction in Sub-
section 14.2.2. Precisely, let d : M x M — R, U {eo} be a reflexive (generalized)
pseudometric (over M); and ¢, : M — R U {eo}, its associated by (a22) function.
Clearly, (21b) holds in this context; and the almost regularity (modulo ¢;) condi-
tion (22a) is just the one in (22d). Putting these together, it results in the following
maximality statement involving these data.

Theorem 14.31. Assume that (M,<) is sequentially inductive (modulo @;) and
weakly regular (modulo d). Then, for each u € M there exists a (<,d)-maximal
veMwithu <.

As before, the sequential inductivity (modulo ¢;) holds under (21a); wherefrom,
Theorem 14.31 includes Proposition 14.26. It would be interesting to determine
whether the reciprocal inclusion is also retainable; further aspects will be treated
elsewhere.

14.2.4 Convergence and Uniform Versions

(A) Let us now return to the initial setting. As a rule, the ambient set is endowed
with various (sequential) convergence structures; and then, it is natural to ask of
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which is the corresponding version of the sequential inductivity condition in such a
case. For an appropriate answer, a re-formulation of Theorem 14.24 is needed. Let
(M, <) be a quasi-ordered structure; and ¢ : M — RU {eo} be some proper bounded
from below function. The following ordering principle is our starting point.

Proposition 14.32. Assume that (in addition)
(24a) each ascending sequence in Dom(Q) is bounded above.

Then, for each u € Dom(Q) there exists a (<, ¢)-maximal v € Dom(@) with u <v.

Proof. Denote for simplicity M, = M(u,<). We show that conditions of Theorem
14.24 hold for (M,,, <) and ¢. Let (x,) be an ascending (modulo <) sequence in M,,.
By (24a) (and M,, C Dom(¢)) there must be some y € M with x,, < y, Vn; wherefrom
y € M,,. Hence, (21a) holds for our data, as claimed. By Theorem 14.24 it then
follows that, for the starting point u € M,, there exists another one v € M,, with j)
u <vand jj) vis (<, ¢)-maximal in M,. The former of these yields v € Dom(¢).
And, from the latter one, it results that v is (<, ¢)-maximal in M; because v < w €
M=v<weM,= o(v)=0(w). O

For the moment, Proposition 14.32 is reducible to Theorem 14.24. The converse
reduction also holds; because Dom(y) = M when y(M) C R. Summing up, these
ordering principles are logically equivalent.

(B) Let .7 (M, <) stand for the class of all ascending sequences in M. By a (se-
quential) convergence structure on (M, <) we mean, as in Kasahara [38], any part
€ of (M, <) x M with the properties

(@24) x,=x,YneN = ((x,);x) €€
(b24)  ((xn):x) € € = ((yn);X) € €, for each subsequence (y,) of (x,).

In this case, ((x,);x) € € will be denoted x,, %, x; and referred to as: x is the ¢-
limit of (x,). When x is generic in this convention, we say that (x,) is €-convergent.
Now, given such a structure, the natural way of treating (24a) is that of “splitting” it
as

(c24)  (V(xn) € Dom(@)) ascending = %-convergent = bounded above.

Precisely, the following convergence type version of Proposition 14.32 is available
(cf. Turinici [78]):

Proposition 14.33. Suppose that

(24b) each ascending sequence in Dom(Q) is € -convergent
(24c)  the €-limit of each ascending € -convergent sequence in Dom()
is an upper bound of it.

Then, the conclusion of Proposition 14.32 is retainable.

The proof is immediate (via Proposition 14.32); just note that (24b)+(24c) —>
(24a). Hence, Proposition 14.33 is deductible from the quoted result. But, the recip-
rocal deduction is also possible; to verify this, it will suffice taking the (sequential)
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convergence structure over (M, <) as the bounded from above property % [intro-

duced as: x, 2, xiff x, < x, for all n]. Summing up, these ordering principles are
mutually equivalent; and as such, equivalent with Brezis—Browder’s principle [12]
(Theorem 14.24).

(C) Let us now return to the developments in Subsection 14.2.3. The pseudo-
metric setting introduced there is an appropriate one for discussing the usefulness
of the above concept in extending Theorem 14.31 above. For reasons of simplicity
we shall work with its amorphous version. Precisely, denote by .7 (M), the class
of all sequences (x,) in M. By a (sequential) convergence structure on M we mean
any part ¢ of (M) x M with the properties (a24)+(b24) above. Assume that we
fixed such an object and let (<,d) be taken as before. Call the subset Z of M, (<)-
closed (modulo %) when the €-limit of each ascending sequence in Z is an element
of it. Further, let us say that (<) is self-closed (modulo %) when M (x, <) is (<)-
closed (modulo %), for each x € M; or, equivalently: the %’-limit of each ascending
sequence is an upper bound of it. Finally, term the (reflexive) pseudometric d, (<)-
complete (modulo €’) when each ascending d-Cauchy sequence is %’-convergent.

We may now give an appropriate answer to the posed question.

Theorem 14.34. Suppose that (<) is self-closed (modulo €), d is (<)-complete
(modulo €') and (M, <) is weakly regular (modulo d). Then, conclusions of Theorem
14.31 are retainable.

Proof. We claim that, under the accepted conditions, Theorem 14.31 is applicable to
(M, <;d); precisely, that (M, <) is sequentially inductive (modulo ¢;). Let (x,) be
an ascending sequence with @, (x,) — 0. In particular, it is an ascending d-Cauchy

sequence; so that (by the (<)-completeness (modulo %) of d) x, N y, for some
y € M. Combining with the self-closeness (modulo %) of (<) yields x, <y, for all
n; and this proves the claim. O

. . d N
Now, a good choice for our convergence structure is 4 = (—) [introduced

as: x ., x whenever d (xn,x) — 0 as n — oo; and called the primal convergence
structure attached to d]. For, if (in addition) d is triangular [d(x,z) < d(x,y) +
d(y,2),Vx,y,z € M], Theorem 14.34 includes the statement by Kang and Park [37];
which, in turn, includes the maximality principle by Granas and Horvath [25]. Fur-
ther aspects of structural nature may be found in Gajek and Zagrodny [23]; see also
Brunner [14] and Turinici [74].

(D) Let (M, <) be a quasi-ordered structure. Denote . (M) = {(x,x);x € M} (the
diagonal of M); and let ¥ be a family of parts in M x M. Under a convention similar
to that in Nachbin [50, Ch 2, Sect 2], we say that ¥ is a pseudo-uniformity over it
when NY O #(M). Suppose that we introduced such an object. The associated
(sequential) convergence structure (#°) on (M, <) may be described as

v
(d24) x, ) yiffw e ¥, An(V): n>n(V) = (x,,x) €V.
In addition to this, we may introduce the ¥-Cauchy property for such a sequence
asVV e?,3n(V):n(V) < p <qg= (xp,x4) € V.Now, given ¢ : M — RU{eo} as
before, the natural way of treating (24a) is that of further “splitting” (c24) as
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(e24)  (V(xy) € Dom(¢))
ascending = ¥'-Cauchy = (¥')-convergent —> bounded above.

To state a result of this type, we need some conventions and auxiliary facts. Call the
sequence (x,), ¥ -asymptotic when YV € ¥ ,3n(V) :n > n(V) = (x4, %,11) € V.
Clearly, each #'-Cauchy sequence is ¥ -asymptotic too. The converse is also true,
if all such sequences are involved; for example, the global conditions below are
equivalent to each other

(24d) each ascending sequence in Dom(¢) is ¥ -Cauchy
(24e) each ascending sequence in Dom(¢) is ¥ -asymptotic.

By definition, either of these will be referred to as (M, <) is regular (modulo
(7, )). Finally, call the ambient pseudo-uniform structure (M,¥"), sequentially
complete (modulo (<, ¢)) when each ascending ¥ -Cauchy sequence in Dom(¢) is
(7)-convergent. The following “uniform” type version of Proposition 14.33 is then
available.

Proposition 14.35. Suppose that (24c) (related to (V")) holds, (M, <) is regular
(modulo (V,@)) and (M, ) is sequentially complete (modulo (<, ®)). Then, con-
clusion of Proposition 14.33 is retainable.

The proof is immediate (via Proposition 14.33); just note that the last two con-
ditions above imply (24b) (related to (¥')). As a consequence of this, Proposition
14.35 is deductible from the quoted result; hence, a fortiori, from Proposition 14.32.
But, the reciprocal deduction is also possible. In fact, let the premises of Proposition
14.32 be in force; and put ¥ = {gr(<)}, where gr(<) := {(x,y) € M x M;x < y}.
Clearly, (M, <) is regular (modulo (¥, @)). On the other hand, the associated (se-
quential) convergence structure (¥') over (M, <) (cf. (d24)) is just the bounded from
above property %; and this tells us that (24c) is fulfilled. Finally, (M, ¥') is sequen-
tially complete (modulo (<, ¢)), via (24a). Summing up, these ordering principles
are mutually equivalent; and as such, equivalent with the Brezis—Browder principle
[12] (Theorem 14.24).

The discussed particular case is an “extremal” one. To get “standard” examples
in the area, we need some conventions. Let ¥ be some family of parts in M x M;
we call it, a fundamental system of entourages for a uniformity over M, when (cf.
Bourbaki [10, Ch 2, Sect 1])

(f24) (7¥,D) is directed and N¥ D .7 (M)
(@24) WeV,IWe?V : WCV I WoWCV.

The uniformity in question is just ZZ={P C M x M; P D Q, for some Q € ¥'}.
As a rule, the “uniform” terminology refers to it. However (as results directly by
definition), all %/ -notions are in fact ¥ '-notions. For example, the (sequential) con-
vergence structure (%) (introduced via (d24)) is nothing else than (¥'). Likewise,
the (attached to %) Cauchy and asymptotic properties are identical with the (corre-
sponding) ones related to 7.
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The following “standard” version of Proposition 14.35 is available. (As precise
before, (M, <) is a quasi-ordered structure; and @ : M — RU {eo} is some proper
bounded from below function as in (21b)).

Proposition 14.36. Assume that

(24f)  the limit of each ascending sequence in M is an upper bound of it
(modulo (<))

(24g) (V is (<,Q)-compatible) VV € ¥ ,Je = €(V) > 0 such that:
x,y € Dom(¢),x <y, ¢(x) —@(y) <e = (x,y) €V

(24h) (V¥ is sequentially (<)-complete)
each ascending ¥ -Cauchy sequence is (V')-convergent.

Then, for each u € Dom(Q) there exists a (<, @)-maximal v € Dom(@) with u < v.

Proof. Let (x,) be an ascending (modulo <) sequence in Dom(¢). The sequence
(¢(x,)) is decreasing and bounded from below; hence a Cauchy one (Ve > 0, 3n(g) :
n(e) < p<qg= ¢(x,)—@(x,) < €). This, along with (24g), assures us that (M, <)
is regular (modulo (¥, @)). On the other hand, (24f) = (24c¢); and (24h) assures
us that (M, 7") is sequentially complete (modulo (<, ¢)). Hence, Proposition 14.35
is applicable to (M, <), ¢ and ¥'; wherefrom, all is clear. O

Some remarks are in order. A direct consequence of (24g) is

if x,y € Dom(¢) are comparable (either x <y ory < x)

and @(x) = @(y) then (x,y) € Y. (14.27)
This gives the generic inclusion
(Vz € Dom(¢)) (<, ¢)-maximal = (<, ¥")-maximal; (14.28)

where the last property means: w € M and z < w imply (z,w) € N¥". So, Proposition
14.36 is, at the same time, an existence principle for (<, ¥’)-maximal elements; and,
as such, it may be compared with a related statement in Turinici [70]. In particular,
when ¥ is separated ("Y' = .9 (M)), we have

(Vz € M) (<,7)-maximal = strongly (<)-maximal, (14.29)

and Proposition 14.36 yields the maximal principle in Hamel [26, Theorem 1], ob-
tainable via different reasoning. On the other hand, (14.27) (and the separated prop-
erty of ¥) also gives (via (21b))

x,y €Dom(p), x<yy<x=x=y. (14.30)

The ambient quasi-order < is therefore antisymmetric (hence an order) on Dom(¢).
In fact, it may be viewed as such over all of M; for, otherwise, passing to the order
(on M)

(h24) x = yiff either [x,y € M \ Dom(¢@),x =y] or [x,y € Dom(¢),x <y],
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the regularity conditions (24f)—(24h) are retainable; and we are done. Summing
up, the “separated” variant of Proposition 14.36 is identical with the main result
in Brondsted [13, Theorem 1] (if we also take into account Remark 1 in that paper).
In addition, the developments above tell us that the precise variant is deductible from
the Brezis—Browder ordering principle [12]; see also Turinici [65]. The question of
the reciprocal deduction being also possible remains open; we conjecture that the
answer is negative. A partial motivation of this position comes from the fact that,
in the particular case of M = R (endowed with the standard order and (metrical)
uniformity) any (proper bounded from below) function ¢ which satisfies (21b) and
the compatibility condition (24g) must be injective over Dom(@) (if we take (14.27)
into account). Further aspects may be found in Isac [32] and Mizoguchi [48]; see
also Szaz [61].

14.2.5 Zorn Maximality Principles

Let us now return to the setting of Subsection 14.2.2. Precisely, given the nonempty
set M, take a reflexive (generalized) pseudometric (x,y) — d(x,y) over it. Remember
that, when d is (in addition) sufficient, the point v € M assured by Proposition 14.26
is strongly (<)-maximal. In the absence of this property, we may ask whether the
weaker counterpart of this concept is holding: w € M,z < w = 7 > w (referred
to as: z is (<)-maximal). To establish a maximality result of this type, we need
some conventions. Let dist(.,.) stand for the associated (to d) point to set distance
function [dist(x,Z) = inf{d(x,2);z € Z},x € M,Z C M]. The working hypothesis to
be considered is

(25a) ((M, <) is almost weakly regular (modulo d))
VxeM,Ve >0,Ty=y(x,e) >xy<u<v=dist(u,M(v,<)) <e.
This is nothing else but the condition (22a) with respect to the function

(@25)  yy(x) =sup{dist(u,M(v,<));x <u <v}, x€M.

Further, let (L) stand for the dual convergence attached to d [introduced by the

convention: x «— X, if and only if d(x,x,) — 0 as n — oo].

Theorem 14.37. Assume that (M, <) is sequentially inductive (modulo ;) and al-

most weakly regular (modulo d); and (<) is self-closed (modulo (L) ). Then, for
each u € M there exists a (<)-maximal v € M with u < v; i.e., (<) appears as a
Zorn quasi-order.

Proof. By the admitted hypotheses (on (M, <)) it follows via Theorem 14.28 that,
for the starting point u € M, there exists another one v € M with u < v and y,(v) =0
(hence v is (<, y;)-maximal). We now claim that the generic implication is valid:
(Vz €M) yu(z) =0 = zis (<)-maximal. (And from this, the conclusion is clear.)
For, take some w > z. Since [dist(z,M(y, <)) = 0,Vy > w], it is not hard to construct
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an ascending sequence (x,) in M(w, <) with z <% x,.. But then, the choice of (<)
yields x, < z,Vn; hence w < z, as claimed. O

The following completion of this fact may be noted. Call the (ascending) se-
quence (x,), eventually d-asymptotic when

Vn,Ye > 0,3(p,q) :n < p < gq,d(xp,x4) < €.

This is a weaker form of the d-asymptotic property introduced in Subsection 14.2.2.
Precisely, the generic implication is clear: (for each sequence) d-asymptotic —>
eventually d-asymptotic; but, the converse is not in general valid. Let us now con-
sider the condition

(25b) ((M, <) is eventually regular (modulo d))
each ascending sequence is eventually d-asymptotic.

We claim that this is a sufficient one for (25a) above. In fact, assume this were
not true; then, there must be some pair x € M, € > 0 with [Vy > x,3(u,v) : y <
u < v, dist(u,M(v,<)) > €]. Put xop = x; with y = xo we get a couple (x;,x2) with
xo < x1 < xp, dist(x,M(xp,<)) > €. Further, with y = x, there exist (x3,x4) with
x2 < x3 < xg, dist(x3,M(x4,<)) > €&; and so on. This finally gives us an ascending
sequence (x,) with: d(x2,11,x¢) > €, for all k > 2p+1 and all p > 0. So, for the
ascending sequence (y, = X2,+1) we must have d(y,,y,) > €, for all p,q > 1 with
p < g; in contradiction with the eventual d-asymptotic property of it, ensured by
(25b); hence the claim. As a direct consequence, we have (cf. Turinici [68]):

Theorem 14.38. Assume that (M, <) is sequentially inductive and eventually regu-
lar (modulo d); and (<) is self-closed (modulo (L) ). Then, conclusions of Theo-
rem 14.34 are retainable.

In particular, assume that

(25¢) M is (<,d)-compact (modulo (L)): each ascending sequence

has a d-Cauchy convergent (modulo (L)) subsequence.
The first half of this (related to the d-Cauchy property) gives at once (25b). And
the second half of the same (involving the convergence (modulo (L)) property)
gives (21a) if one admits the self-closeness (modulo (i)) of (<). We therefore
deduced:
Theorem 14.39. Assume that M, (<) and d are taken so as M is (<,d)-compact and
(<) is self-closed (modulo (L) ). Then, for each u € M there exists a (<)-maximal
veMwithu <.

Note that, when d is (in addition) triangular and symmetric [d(x,y) = d(y,x), for
all x,y € M], the regularity condition (25¢) reads in the standard way
(25d) M is (<,d)-compact:

each ascending sequence has a convergent subsequence;
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and the corresponding version of Theorem 14.39 includes the metrical portion of a
related statement in Ward [81]. Some applications of these to mapping theory may
be found in Park and Yie [52].

14.3 Relative KST Statements

14.3.1 Introduction

Let (M, d) be a complete metric space; and ¢ : M — RU {e}, some function with
(3la) ¢ is inf-proper (Dom(¢) # @ and @, := inf[@(M)] > —oo)
(31b) ¢ is d-lsc (liminf @(x,) > ¢(x), whenever x,, 4, X).

n

The following 1974 statement in Ekeland [19] (referred to as Ekeland’s variational
principle; in short: EVP) is deductible at once from the developments above (in
Subsection 14.2.2):

Theorem 14.40. Let the precise conditions hold. Then
a) for each u € Dom(@) there exists v=v(u) € Dom(¢) with

d(u,v) < @(u) — @(v) (hence @(u) > @(v)) (14.31)

v is E-variational (modulo (d, @)):

dv,x) > o(v)—o(x), forallxeM\{v} (14.32)
aa) if u € Dom(@), p > 0 fulfill o(u) — @. < p, then (14.31) gives
(p(u) > o(v) and) d(u,v) <p. (14.33)

This principle found some basic applications to control and optimization, gener-
alized differential calculus, critical point theory and global analysis; we refer to the
1979 paper by Ekeland [20] for a survey of these. So, it cannot be surprising that,
soon after its formulation, many extensions of EVP were proposed. For example,
the abstract (order) one starts from the fact that, with respect to the (quasi-)order

@31) (ryeM) x<yiffd(x,y)+¢(y) < o(x)

the point v € M appearing in (14.32) is maximal; so that, EVP is nothing but a
variant of the Zorn—Bourbaki maximality principle [87], [9]. The dimensional way
of extension refers to the support space (R) of Codom(¢) being substituted by a
(topological or not) vector space. An account of the results in this area may be
found in the 2003 monograph by Goepfert, Riahi, Tammer and Zdlinescu [24, Ch
3]; see also Isac [33], Rozoveanu [53], and Turinici [72]. Finally, the metrical one
consists in the conditions imposed to the ambient metric over M being relaxed.
The basic 1996 result in this direction obtained by Kada, Suzuki and Takahashi
[36] may be stated as follows. By a pseudometric over M we shall mean any map
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(x,y) — e(x,y) from M x M to Ry := [0,eo[. Suppose that we fixed such an object;
which, in addition, is triangular [e(x,z) < e(x,y) +e(y,z),Vx,y,z € M]. We say that
it is a w-distance (modulo d) over M provided

(b31) y+— e(x,y) is d-lsc on M (see above), Vx € M
(c31) eis strongly d-sufficient: for each € > 0, there exists 6 > 0
such that: e(z,x),e(z,y) <8 = d(x,y) < €.

Theorem 14.41. Let the conditions in Theorem 14.40 be admitted; and e be some
w-distance (modulo d) over M. Then

b) For each u € Dom(@), there exists an E-variational (modulo (e, @))v=v(u) €
Dom(¢) with ¢(u) = ¢(v)

bb) For each p > 0 and each u € Dom(¢) with e(u,u) =0, ¢(u) < @+ p there
exists an E-variational (modulo (e, ®)) v=v(u,p) € Dom(@) with ¢(u) > ¢(v) and
e(u,v) <p.

In particular, when e = d, these regularity conditions hold; and Theorem 14.41 in-
cludes the local version of EVP based upon (14.33). The relative form of the same,
based upon (14.31), also holds, but indirectly; see Bao and Khanh [7] for details.
Note that the (rather involved) authors’ argument relies on the nonconvex minimiza-
tion theorem in Takahashi [62]; see also Ume [80]. It is our aim in the following to
show (cf. Subsection 14.3.4) that a simplification of this is possible. The basic tool
of our investigations is (according to Subsection 14.3.3) a pseudometric variational
principle (including the one in Tataru [64]) deductible from a set of maximal princi-
ples (discussed in Subsection 14.3.2) comparable with Brezis—Browder’s principle
[12]. As an argument for its usefulness, we show that the variational principles in
Suzuki [58], Lin and Du [44], or Al-Homidan, Ansari and Yao [2] are obtainable
from such an approach.

14.3.2 Maximal Principles

(A) Let M be a nonempty set; and (<), some quasi-order (i.e., reflexive and
transitive relation) over it. By a pseudometric over M we shall mean any map
d:MxM — Ry. If, in addition, d is reflexive [d(x,x) = 0,Yx € M, triangular
[d(x,z) <d(x,y)+d(y,z),Vx,y,z € M] and symmetric [d(x,y) = d(y,x),Vx,y € M],
we say that it is a semimetric (on M). Suppose that we fixed such an object. Call
the point z € M, (<,d)-maximal, in case: w € M and z < w imply d(z,w) = 0. To
get sufficient conditions for these, one may proceed as below. Call the (ascending)
sequence (x,) (in M), d-Cauchy when Ve > 0,3n(g) such that n(e) < p < g =
d(xp,x4) < €; and d-asymptotic, provided d(x,,xn,41) — 0, as n — oo. Clearly, each
(ascending) d-Cauchy sequence is d-asymptotic too. The reverse implication is also
true when all such sequences are involved; i.e., the global conditions below are
equivalent each other:

(32a) each ascending sequence is d-Cauchy
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(32b) each ascending sequence is d-asymptotic.

By definition, either of these will be referred to as (M, <) is regular (modulo d).
Further, call (M, <), sequentially inductive when each ascending sequence has an
upper bound (modulo (<)). The following answer to the posed question obtained in
Turinici [71] is available (cf. Subsection 14.2.2):

Proposition 14.42. Assume that
(32¢) (M, <) is regular (modulo d) and sequentially inductive.

Then, for each u € M there exists an (<,d)-maximal v € M with u < v.

(B) An interesting completion of this fact may be given under the lines below.
Let the function ¢ : M — RU {eo} be such that

(32d) ¢ is proper (Dom(¢) # @), bounded from below (inf[@(M)] > —oo)
(32e) @ is (<)-decreasing (x <y = ¢(x) > ¢(y)).

Proposition 14.43. Assume that (in addition) conditions of Proposition 14.42 are
fulfilled over Dom(@); in the sense

(32f)  (Dom(), <) is regular (modulo d):
each ascending sequence in Dom(@) is d-Cauchy
(32g) (Dom(@),<) is relatively sequentially inductive:
each ascending sequence in Dom(@) has an upper bound (in M).

Then, for each u € Dom(Q) there exists v € Dom(@) withi) u < v andii) v < x =
d(v,x) =0, o(v) = @(x).

Proof. By (32d)+(32e), ¢ has finite values over M (u, <) := {x € M;u < x}; so, the
convention

(@32)  e(x,y) = max{d(x,y),|0(x) —@)[}, xyeMu,<)

is meaningful and introduces a semimetric over it. We claim that Proposition 14.42
is applicable to M (u, <) and (<, e); wherefrom, all is clear. Let (x,) be an ascend-
ing sequence in M(u,<). The real sequence (¢(x,)) is (again by (32d)+(32¢)) de-
scending and bounded; hence a Cauchy one. In addition, (x,) is d-Cauchy by (32f);
wherefrom, it is e-Cauchy; and this tells us that (M(u,<),<) is regular (modulo
e). On the other hand, each upper bound in M of (x,) (existing by (32g)) belongs
to M(u,<); wherefrom, (M(u,<),<) is sequentially inductive. Hence, the claim
follows. O

In particular, (32f) holds under
(32h) x,y € Dom(¢) and x <y imply d(x,y) < @(x) — @(y);

and Proposition 14.43 reduces to the Brezis—Browder ordering principle [12]. [In
fact, the converse reduction is also possible; hence, these two results are logically
equivalent]. Note that, by the developments in Carjd, Necula and Vrabie [15, Ch 2,
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Sect 2.1], this last statement is reducible to the principle of dependent choices (see,
e.g., Wolk [82]); hence, so does Proposition 14.43.

(C) A useful application of these developments is to monotone variational prin-
ciples. Let the triple (M, <;d) be introduced as above; and the function ¢ : M —
RU{eo} be taken as in (32d)+(32e).

Proposition 14.44. Assume that (in addition)

(32i) (Dom(@) is relatively (<)-complete:

each ascending d-Cauchy sequence in Dom(Q) converges (in M)
(32j) (<) is relatively self-closed over Dom(Q):

the limit of each ascending sequence in Dom(¢)

is an upper bound of it (in M)

Then, for each u € Dom(Q) there exists v € Dom(p) with j) u <v, d(u,v) < ¢(u) —
¢(v) and jj) v < x, d(v,x) < @(v) = @(x) imply d(v,x) = 0, @(v) = ¢ ().

Proof. Let (X) stand for the quasi-order
(b32) (x,y€M): xZyiffx <y, d(x,y)+¢(y) < o(x).

It will suffice verifying that Proposition 14.43 applies to (M, <) and d; precisely,
that (32)+(32g) hold with (=) in place of (<). Let (x,) be an ascending (modulo
(%)) sequence in Dom(¢)

(32k)  xn < Xy d (X, Xm) < Q(xn) — @ (%), if 0 <m.

The (real) sequence (¢(x,)) is (by (32d)+(32e)) descending and bounded; hence a
Cauchy one. This, added to (32k), tells us that (x,) is an ascending (modulo (<))
d-Cauchy sequence in Dom(); so, (32f) holds. Further, (32i) yields; x,, — x as
n — oo, for some x € M. Combining with (32j) gives (via (32e)): x,, < x (hence
©(x,) > @(x)), for all n. Taking again (32k) into account gives (passing to limit as
m— o0) d(x,,x) < @(x,) — @(x), for all n. This, added to the previous relation shows
that x,, < x, for all n; and establishes (32g). The proof is thereby complete. O

In particular, a good choice for the ambient quasi-order (<) is
(c32) x<yifandonlyifd(x,y)+ ¢(y) < @(x).
Note that, in such a case, the self-closeness condition (32j) holds under
(32m) @ is descending d-Isc over Dom(@):

lim@(x,) > @(x), whenever (x,) C Dom(¢)

satisfies x, — x and (@ (x,)) is descending.
The resulting variant of Proposition 14.44 (under these data) is a direct extension of
Ekeland’s variational principle [20] (Theorem 14.40). For this reason, the obtained
statement will be referred to as the monotone EVP. An interesting question is that of
Proposition 14.44 being deductible in a direct way from EVP; we conjecture that the

answer is positive. Further aspects may be found in Turinici [69]; see also Borwein
and Preiss [8].



184 M. Turinici

14.3.3 Transitive (Pseudometric) Versions

Let M be some nonempty set and (V) be some transitive (over M) relation (xVy and
yVz imply xVz). Denote

(a33) (x,y € M) x <y iff either x =y or xVy.

This is a quasi-order on M; which, in addition, fulfills
[(xVy,y <z) or (x <y,yVz)] = xVz. (14.34)

Denote, for simplicity reasons
(b33) M(x,V)={y e M;xVy} (thex-section of (V)), x € M.

Further, take a function y : M — R. The (V)-decreasing property for it is intro-
duced as (cf. Subsection 14.2.1)

(c33) x,y €M, xVy = y(x) > y(y).
Note that, by (a33) above,

y is (V)-decreasing <= vy is (<)-decreasing.

Further, call the point z € M, (V, y)-maximal, provided
(d33) we M and zVw imply y(z) = y(w).

For a non-trivial concept, we must take z as (V)-starting (in the sense: M (z,V) # 0);
for, otherwise, z is vacuously (V, y)-maximal. Note that such a requirement holds
whenever V is z-reflexive (i.e., zZVz). Again by (a33), the generic property holds

(for each z € M) (V, y)-maximal <= (<, y)-maximal.

As a consequence, maximality results involving our transitive relation (V) are de-
ductible from the Brezis—Browder principle (cf. Subsection 14.3.2) written for its
associated quasi-order (<). The key moment of this approach is that of the sequen-
tial inductivity condition about (M, <) being assured. It would be useful to have this
property expressed in terms of (V). Call the sequence (x;), ascending (modulo (V))
when

X, VX, 41, Vn (or, equivalently: x,Vx,, if n < m).

Note the generic (sequential) relation
ascending (modulo (V)) = ascending (modulo (<)).

The reciprocal is not in general true. For example, the constant sequence (x, = a;n €
N) is ascending (modulo (<)); but not ascending (modulo (V)), provided that aVa
is false. Further, given the sequence (x,) in M, let us say that u € M is an upper
bound (modulo (V)) of it provided
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X, Vu, for all n (written as: (x,,)Vu).

If u is generic in this convention, we say that (x,) is bounded above (modulo (V)).
As before, the relation below is clear

bounded above (modulo (V)) = bounded above (modulo (<)).

(The converse is not in general valid). Finally, let the concept of sequential induc-
tivity for (M, V) be that of (32a) [with (V) in place of (<)].

Lemma 14.45. Under the precise setting,
(M, V) sequentially inductive <= (M, <) sequentially inductive.

We are now in position to give an appropriate answer to our question; cf. Turinici
[77]:

Proposition 14.46. Assume that the structure (M, V) is sequentially inductive and
the function y is (V)-decreasing. Then, for each (V)-starting u € M there exists a
(V,y)-maximal v € M with uVyv.

Proof. Let (<) stand for the quasi-order (a33). By the remarks above (and Lemma
14.45), the Brezis—Browder principle is applicable to these data. So, for the arbitrary
fixed u; € M(u,V) there exists v € M with

u; <v(i.e.: either uy = v oru;Vv); and v is (<, y)-maximal.
This yields uVv; and the proof is complete. O

Clearly, the Brezis—Browder principle follows from Proposition 14.46. The re-
ciprocal inclusion also holds, by the argument above. Hence these two statements
are logically equivalent. Nevertheless, a direct use of Proposition 14.46 is more
profitable in all concrete situations involving explicitly (V); cf. Subsection 14.3.4.

An interesting completion of Proposition 14.46 may be given under the lines
below. Let us introduce the concept of (V)-maximal element as

(e33) we M and zVw imply z = w;

this is a stronger version of the concept (d33). As before, it is effective only if z is
(V)-starting; for, otherwise, z is vacuously (V)-maximal. To get a result involving
such points, we need an extra condition upon our data:

(33a) (V) is y-sufficient: zVx, zVy, y(2) = y(x) = y(y) = x =y.

Proposition 14.47. Suppose that conditions of Proposition 14.46 hold, as well as
(33a). Then, for each (V)-starting u € M there exists a (V)-maximal w € M with
uVw.
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Proof. By Proposition 14.46, there must be some (V, y)-maximal v € M with uVv.
If v is (V)-maximal, we are done (with w = v); so, it remains the alternative of v
fulfilling the opposite property:

vWw (hence y(v) = y(w)), for some w € M\ {v}.

In this case, w is our desired element. Assume not: wVy, for some y € M, y # w.

By the preceding relation we get vVy (hence y(v) = w(y)). Summing up, vWw, vVy
and y(v) = y(w) = y(y); wherefrom (by (33a)) w =y, contradiction. This ends the
argument. O

The obtained statement is nothing but a “transitive” form of the Zorn—Bourbaki
maximality principle for these structures; cf. Hazen and Morin [30]. It may be also
viewed as a counterpart of the “reflexive” version of Brezis—Browder principle due
to Bae, Cho and Yeom [6]. Further aspects were delineated in Gajek and Zagrodny
[23]; see also Hyers, Isac and Rassias [31, Ch 5].

14.3.4 Main Results

Let M be some nonempty set. Remember that, by a pseudometric over it we mean
any map e : M x M — R U{eo} (cf. Subsection 14.3.1). Suppose that we fixed such
an object; which, in addition, is triangular (see above). Let also @ : M — RU {0}
be some inf-proper function. For an easy reference, we shall formulate the basic
regularity condition involving our data. This will necessitate some conventions and
auxiliary facts. Call the sequence (x,) in M, strongly e-asymptotic when

the series Ze(xn,an) converges (in R).
n

Further, let the e-Cauchy property of this object be the usual one
Vo6 > 0,3n(0), such that n(8) < p < g = e(xp,x4) < 0.
The generic relation below is clear (by the triangular property of e)

(for each sequence) strongly e-asymptotic => e-Cauchy; (14.35)

but the converse is not in general true. Nevertheless, in many conditions involving
all such objects, this is retainable. A concrete example may be constructed under
the lines below. Let us introduce an e-convergence structure over M by

e .
Xp — xiff  e(x,,x) =0 asn— oo,

We consider the regularity condition
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(34a) (e, ) is weakly descending complete: for each strongly
e-asymptotic sequence (x,) in Dom(¢) with (¢(x,)) descending
there exists x € M with x, —— x and lim ¢ (x,) > ¢(x).

n
By (14.35) above, it includes its (stronger) counterpart

(34b) (e, @) is descending complete: for each e-Cauchy sequence
(x,,) in Dom(¢) with (¢(x,)) descending there exists x € M

with the properties x, — x and lizn O (xn) > @(x).
A remarkable fact to be added is that the reciprocal inclusion also holds:
Lemma 14.48. Under the precise conditions,
(34a) = (34b);  hence (34a) <= (34D).

Now, call v € Dom(¢), Brezis—Browder (in short: BB)-variational (modulo
(e,)) provided
(@34) xeM,e(vx) <o) —@(x) = @(v) =@(x) (hence e(v,x) =0).

Some basic properties of this concept are collected in

Lemma 14.49. Suppose that v € Dom(¢) is BB-variational (modulo (e, @)). Then,
the following are true

e(v,x) > o(v)—o(x), forallxeM (14.36)
e(v,x) > @(v)—@(x), foreachx e M with e(v,x) > 0. (14.37)
Finally, let (V = V) stand for the transitive relation (over M)
(b34) (x,y e M)xVyiffe(x,y)+o(y) < o(x).
Remember that u € M is called (V)-starting if M(u,V) # 0; i.e.,

(c34) e(u,x)+o(x) < p(u), foratleastonexe M.

This will be also referred to as u is starting (modulo (e, ®)); for example, (c34)
holds under

(34c) eis reflexive at u: e(u,u) =0.

We are now in position to state a pseudometric variational principle useful in the
sequel.

Theorem 14.50. Let the general conditions upon (e, Q) be accepted; as well as (one
of the conditions) (34a)/(34b). Then, for each starting (modulo (e, ®)) u € Dom()
there exists a BB-variational (modulo (e,@)) v =v(u) € Dom(@) with

e(u,v) < o(u)— @(v) (hence o(u) > o(v)). (14.38)
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Proof. Denote for simplicity
M, ={xeM;p(x) < @(u)} (where u is the above one).

Clearly, 0 # M,, C Dom(¢) (by the choice of u). Further, let us introduce the function
(from M, to R)

v(x)=@(x)— @, x€M, (where @, is that of (31a)).
Note that, by (b34) (and the definitions above)

(x,y € My) xVyiff e(x,y) < w(x) = y(y)(= @(x) — @(y)). (14.39)

We claim that the pair (V,y) fulfills conditions of Proposition 14.46 over M,,. In
fact, y is (V)-decreasing ; so, it remains to show that (M,,, V) is sequentially induc-
tive. Let (x,) be an ascending (modulo (V)) sequence in M,,:

(34d)  e(xn,xm) < W(xy) — W(xm) (= 0(x4) — @(x)), whenever n < m.

The sequence (y/(x,)) is descending in Ry; hence a Cauchy one. Moreover, both
these properties are transferrable to (¢(x,)) as well; and, by (34d), (x,) is an e-
Cauchy sequence in M,,. Putting these together, it follows (via (34b)) that there must
be some y € M with

X, — yand lim@(x,) > @(y) (hence limy(x,) > w(y)). (14.40)

This gives on the one hand @(y) < ¢ (u) (or, equivalently, y(y) < w(u)); wherefrom
y € M,, [because (x,) C M,,]. On the other hand, fix some rank n. By (34d) and the
triangular property (of (x,y) — e(x,y))

e(xn,y) < e(Xn,xm) +e(xm,y) < W(xg) — W(xy) + e(xm,y), ¥Ym > n.
This, along with (14.40), yields by a limit process (relative to m)
e(xn,y) < Ylm) —limy (o) < ylx) —y(y) Ge:xVy).

As n was arbitrarily chosen, one deduces that (x,)Vy; and this proves our claim. By
Proposition 14.46 it then follows that, for the starting (modulo (e, y)) u € M,, there
exists a (V, y)-maximal v € M,, with uVv. It suffices now remarking that

vis (V, y)-maximal (on M,) <= v is BB-variational (modulo (e, @))

to get all the conclusions above. O

Now, the regularity condition (34a) holds under

(34e) (e, o) is weakly complete:
for each strongly e-asymptotic sequence (x,) in Dom(¢)

there exists x € M with x, —— x and liminf @ (x,) > @(x).
n
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This, in the particular case when e is (in addition) reflexive (e(x,x) = 0,Vx € M),
tells us that Theorem 14.50 includes the variational principle in Tataru [64]. The
question of the converse inclusion being also true remains open; we conjecture that
the answer is positive.

Let us now return to our initial setting. An interesting completion of Theorem
14.50 may be done under the lines of Subsection 14.3.2. Precisely, let the concept
of E-variational (modulo (e,)) point be introduced as in (14.36) (with e in place
of d). This is stronger than the concept of BB-variational (modulo (e, ¢)) element
introduced via (a34). To get a corresponding form of Theorem 14.50 involving such
points, we have to impose (in addition to (34a)/(34b))

(34f) e s transitively sufficient (e(z,x) =e(z,y) =0=x=1y).

Theorem 14.51. Let the precise conditions be in force. Then, for each starting
(modulo (e,@)) u € Dom(@) there exists an E-variational (modulo (e,®)) w =
w(u) € Dom(@) with the property (14.38).

Proof. Let M,, and y be introduced as in Theorem 14.50. As already shown, condi-
tions of Proposition 14.46 hold over M, for the couple (V, ). On the other hand, the
special regularity condition (33d) also holds in M,, for (V,y), via (34f). Summing
up, Proposition 14.47 is applicable to our data. It gives us, for the starting (modulo
(e,9)) u € My, a (V)-maximal w € M, with uVw. It suffices now remarking that

w is (V)-maximal (in M,) <= w is E-variational (modulo (e, ¢))
to derive the written conclusions. O

As before, the regularity condition (34b) holds under

(34g) (e, @) is complete:
for each e-Cauchy sequence (x,,) in Dom(¢)
there exists x € M with x, —— x and liminf @ (x,) > @(x).
n

On the other hand, (34f) holds whenever e is sufficient (e(x,y) = 0= x =y).
Note that, in such a case, Theorem 14.51 becomes the variational principle in
Turinici [73]. Another interesting choice is ¢ = (standard) metric over M, when
Theorem 14.51 includes directly Ekeland’s variational principle (Theorem 14.40).
Further aspects were delineated in Dancs, Hegedus and Medvegyev [17]; see also
Fang [21] and Hamel [27, Ch 4].

14.3.5 Extended KST Statements

We are now in position to get an appropriate answer to the questions in Subsection
14.3.1. Let M be a nonempty set; and d : M x M — R, be a pseudometric over
it; supposed to be triangular (see above) and reflexive sufficient (d(x,y) = 0 <
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x =y). This map has all properties of a metric, except symmetry; we shall term
it, an almost metric on M. Given such an object, the d-Cauchy and d-convergence
properties for a sequence in M are those in Subsection 14.3.4. Let us consider the
condition

(a35) d is complete: each d-Cauchy sequence is d-convergent.

Note that, by the lack of symmetry, a d-convergent sequence need not be d-Cauchy;
hence, this requirement has a technical motivation only.

Lete: M x M — R, be a triangular pseudometric over M. We shall say that this
object is a KST-metric (modulo d) provided

(b35) e is Cauchy d-Isc in the second variable:

(yn) is e-Cauchy and y, N y imply liminfe(x,y,) > e(x,y),Vx € M
(c35) e is Cauchy subordinated to d: !

each e-Cauchy sequence is d-Cauchy (hence d-convergent).

Further, let ¢ : M — RU {e} be some inf-proper, d-lsc function. The following
auxiliary fact will be useful for us.

Lemma 14.52. Assume that e is some KST-metric (modulo d) over M. Then, (e, @)

is complete (in the sense of (34g)); hence (a fortiori) descending complete (in the
sense of (34D)).

Now, combining these with Theorem 14.50, we derive

Theorem 14.53. Let e be some KST-metric (modulo d) and @ be inf-proper, d-Isc.
Then, for each starting (modulo (e, )) u € Dom(@) there exists v=v(u) € Dom()
with the properties (14.37) and (14.38) (Subsection 14.3.4).

An interesting problem to be posed is that of getting a corresponding form of this
result involving E-variational (modulo (e, ¢)) points. The appropriate answer to this
is obtainable via Theorem 14.51. Call the triangular pseudometric e : M x M — R,
a strong KST-metric (modulo d) when it is a KST-metric (modulo d) and fulfills the
extra condition (34f).

Theorem 14.54. Assume that e is some strong KST-metric (modulo d) and ¢ is inf-
proper, d-Isc. Then, for each starting (modulo (e,@)) u € Dom(@) there exists w =
w(u) € Dom(o) fulfilling

e(u,w) < o(u) —@(w) (hence ¢(u) > @(w)) (14.41)
e(w,x) > @(w)—@(x), forallxe M\{w}. (14.42)

In the following, we shall give some particular cases of our statements.

(I) Let d be a metric (i.e., symmetric almost metric) on M; supposed to be com-
plete (cf. (a35)). Further, let e : M x M — R be some w-distance (modulo d). By
(c31), one gets at once (c35) (see above). On the other hand, (b31) yields (b35); and
(c31) = (34f); because (as d = metric)
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e(z,x) = e(z,y) =0==[d(x,y) < &,Ve > 0] = x=).

Summing up, any w-distance is a strong KST-metric (modulo d). Hence the varia-
tional statement in Kada, Suzuki and Takahashi [36] (subsumed to Theorem 14.41)
is a particular case of Theorem 14.54. But, as explicitly stated by these authors, their
contribution extends the one due to T. H. Kim, E. S. Kim and S. S. Shin [40]; hence
so does our statement. This also shows that any recursion to the nonconvex mini-
mization theorem in Takahashi [62] is avoidable in such approaches. Some related
facts may be found in B. M. Lee, B. S. Lee, J. S. Jung and S. S. Chang [43]; see also
Zhu, Zhong and Wang [86]. For a number of structural aspects, we refer to Nemeth
[51], Ume [80], and Khanh [39].

(ID) Let (M, d) be a complete metric space; and e : M x M — R be a triangular
pseudometric over M. According to Suzuki [58], we say that this object is a -
distance (modulo d) over M when there exists a function 1 = 1(e) from M X R, to
R with the properties

(35a) t+ n(x,t) is increasing and limon (x,t) =0=n(x,0),YxeM
11—

(35b)  Tim(sup{n (2, e(zym))im > n}] = 0 and y,, <= y imply
liminfe(x,y,) > e(x,y), for each x € M
(35¢) ’ lilgn[sup{e(xn,ym);m >n}]=0and lilgnn(xn,t,,) =0 imply
hrllnn(yn»tn) =0
(35d) lirIlnn(zn,e(zn,xn)) =0 and li’?ln(zn,e(zn,yn)) = 0 imply
lilgnd(xn,yn) =0.
Clearly, any w-distance is a T-distance too; just take 1n(x,) =1,Vx € M,Vr € R;.
On the other hand (as we already remarked), any w-distance is a strong KST-metric.

So, it is natural asking of what can be said about the relationships between these
enlargements of our initial concept. The answer to this is given in:

Proposition 14.55. Each t-distance (modulo d) is a strong KST-metric (modulo d);
so, we have the generic inclusions (over triangular pseudometrics)

w-distance => t-distance = strong KST-metric (modulo d).

Proof. Let e : M x M — R be a t-distance (modulo d); and 11 = 1(e) stand for
some associated map fulfilling (35a)-(35d). For the moment, e is transitively suf-
ficient. In fact, let x,y,z € M be such that e(z,x) = e(z,y) = 0. By (35a), we have
N(z,e(z,x)) = N(z,e(z,y)) = 0; and this, added to (35d), gives d(x,y) = 0 (hence
x =y); wherefrom (34f) holds. Further, e is Cauchy d-Isc in the second variable. To
verify this, call the sequence (x,) in M, (1, e)-Cauchy provided

(d35) lim[sup{n(za,e(zn,xm));m >n}] =0, for some (z,) C M.

By [58, Lemma 3], the generic inclusion holds
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[for each sequence] e-Cauchy = (7, ¢)-Cauchy. (14.43)

On the other hand, note that (35b) may be written as

(35e) (yn) is (n,e)-Cauchy and y, 4, y imply
liminfe(x,y,) > e(x,y), for each x € M.
n

Combining these gives the conclusion (b35) we want. Finally, we show that e is
Cauchy subordinated to d. Indeed, note that by [58, Lemma 1]

[for each sequence] (1,e)-Cauchy = d-Cauchy; (14.44)

and this, via (14.43), yields (c35). The proof is thereby complete. u

Now, by simply adding this to Theorem 14.54, one gets the following variational
statement.

Theorem 14.56. Assume that e is some T-distance (modulo d), and ¢ is inf-proper,
d-Isc. Then, for each starting (modulo (e,®)) u € Dom(¢) there exists an E-
variational (modulo (e, @)) w =w(u) € Dom(¢) with the property (14.41).

The original proof of this result was provided in Suzuki [58]; but, it is rather in-
volved. The proposed reasoning (based on the developments in Subsection 14.3.2)
may be viewed as a refinement of this one; however, it still depends on Suzuki’s ar-
guments concerning the inclusions (14.43)+(14.44). It would be interesting to have
alternate proofs of these, which should avoid Proposition 14.55 above. Some appli-
cations of these techniques to variational principles may be found in Suzuki [59].

(IIT) Let again d be a complete metric over M; and e : M x M — R be a triangular
pseudometric. According to Lin and Du [44], we say that it is a T-function (modulo
d) provided (34f) holds and

(35f) xeM,y, —yande(x,y,) <M, Vn (for some M = M(x) > 0)
imply e(x,y) < M
(35g) lim[sup{e(xy,x;);m > n}] =0 and lime(x,,y,) =0
n n

imply lirrlnd (Xn,yn) = 0.

By [44, Remark 1] each w-distance (modulo d) is a 7-function (modulo d). We
complete this remark with

Proposition 14.57. Each t-function (modulo d) is a strong KST-metric (modulo d).
So (combining with the above) we have the generic inclusions (over triangular pseu-
dometrics)

w-distance = T-function = strong KST-metric (modulo d).

Proof. Lete: M x M — R, be some 7-function (modulo d). By definition, it fulfills
(341); so, it remains to prove that (b35)+(c35) hold. The former of these is imme-
diate via (35f). To verify the latter, call the sequence (x,), almost e-Cauchy when
lillln[sup{e(xn,xm);m > n}| = 0. By definition,
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[for each sequence] e-Cauchy = almost e-Cauchy.
On the other hand, [44, Lemma 2.1] tells us that
[for each sequence] almost e-Cauchy = d-Cauchy. (14.45)

Combining with the above gives (c35); and the claim follows. 0

As a consequence of this, the variational statement (involving 7-functions (mod-
ulo d)) obtained by the quoted authors [44, Theorem 2.1] is deductible from The-
orem 14.54 above. Note that (as before) the proposed proofs are still depending on
Lin—Du’s reasoning involving the relation (14.45); so, it would be interesting to have
alternate proofs of it. Further aspects may be found in Lin and Du [45].

(IV) Let (M,d) be a complete almost metric space (see above); and e : M x M —
R be a triangular pseudometric over M. According to Al-Homidan Ansari and Yao
[2], we say that it is a Q-function (modulo d) provided (c31) and (35f) hold. Clearly,
the latter condition is just (b31); and from this, (b35) is fulfilled. On the other hand,
(c31) yields (c35) and (34f). [The argument is similar to the “metrical” one in (I)].
We therefore have the inclusion (over triangular pseudometrics)

QO-function = strong KST-metric (modulo d).

As a direct consequence, the variational statement (involving Q-functions (mod-
ulo d)) obtained by the quoted authors [2, Theorem 3.1] is deductible from Theorem
14.54. The converse question is still open; we conjecture that a positive answer is
ultimately available.

An interesting particular case refers to d being (in addition) symmetric; hence, a
metric on M. By the previous remark involving (b31), we have

1) each 7-function is a Q-function (modulo d) (cf. [2, Remark 2.1])
n the concepts of O-function and w-distance are identical.

This, along with Proposition 14.57, gives us the inclusions
w-distance = 7-function = w-distance (modulo d);

i.e., the concepts of w-distance and 7-function are identical (within the metric frame-
work). This conclusion must be treated with care, in view of [2, Example 2.1]. Fur-
ther aspects will be delineated elsewhere.
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Chapter 15
A Generalized Quasi-Equilibrium Problem

Mircea Balaj and Donal O’Regan

Dedicated to the memory of Professor George Isac

Abstract In this paper, using the Kakutani—Fan—Glicksberg fixed point theorem, we
obtain an existence theorem for a generalized vector quasi-equilibrium problem of
the following type: for a suitable choice of the sets X, Z and V and of the mappings
T:X —oX,R:X—-X,0:X—o0Z F:XXxXXZ-—-oV,C:X —V,findx € X such
that X € T(%) and (V)y € R(X), (ot)z € Q(%),p (F((X,y,2),C(X)), where p is a given
binary relation on 2" and o is any of the quantifiers V, 3. Finally, several particular
cases are discussed and some applications are given.

15.1 Introduction

As a direct generalization of the classical variational inequalities, the scalar equi-
librium problem encompasses as special cases many important problems including
optimization problems, Nash equilibrium problems, complementarity problems and
fixed point problems (see [6]). Naturally, the scalar equilibrium problem has been
extended and generalized for set-valued mappings in several directions by many re-
searchers, see for example [2], [4], [8], [12], [15], [16], [26]. In the past decade,
many authors studied several types of vector quasi-equilibrium problems (see for
example [3], [10], [14], [19], [27]).

In this paper, we consider the following generalized quasi-equilibrium problem:
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Let X be a nonempty compact convex subset of a locally convex Hausdorff topo-
logical vector space E and Z,V be two nonempty sets. Let p be a binary relation on
V. T:X —oX,R: X —-X,0:X—<Z F:XxXXxZ—-oVandC:X —oV be five
mappings and o be any of the quantifiers V, 3.

(GQEP)(o;p) Find x € X such that x € T'(x) and

(V)y € R(3), (2)z € (%), p(F((X,5,2),C(x)).

To motivate the problem setting, let us look at several special cases of (GQEP)(c;p).
Consider the following particular relations on 2":
ForA,BCV,

(i) p1 (A,B) < A CB,
(i) p2 (A,B) = ANB # 0,
(i) p3 (A,B) <A ¢ B,
(iv) p4(A,B) < ANB =0,

(@LetT=R=1x,0:XxXXxZ—V,F(x,y,z) ={¢(x,y,2)}. Then, problem
(GQEP)(V; p3) reduces to the following:

Find X € X such that ¢ (%,y,z) ¢ C(%), for all y € X and z € Q(X). This problem is
considered by Ansari [1] and Lee et al. [18].

(b) In this same case, problem (GQEP)(3; p3) becomes:

Find X € X such that for each y € X, there exists z € Q(X), satisfying ¢ (x,y,z) ¢
C(x).

The problem above has been studied by Ding and Park [7], Fang and Huang [9],
and Lee and Kum [20].

(c) In the particular case T = R = lx, the problem (GQEP)(3; p3) is investigated
by Fu and Wan [11].

(d) Lin [21] studied the problems (GQEP)(V;p1), (GOEP)(Y;p4), (GOEP)(3;p2)
and (GQEP)(3;p3) whenR=T.

15.2 Preliminaries

Let X and Y be nonempty sets. A multivalued mapping (or simply, a mapping)
T :X — Y is a function from X into the power set of Y. For y € ¥, the set T~ (y) =
{xeX :yeT(x)}is called the fiber of T ony. For A C X, T(A) = Uy T (x) is the
image of A under 7. If X and Y are topological spaces, a mapping 7 : X —o Y is said
to be: (i) upper semicontinuous (in short, u.s.c) (respectively, lower semicontinuous
(in short, L.s.c.)) if for every closed subset B of Y the set {x € X : T'(x) N B # 0}
(respectively, {x € X : T(x) C B}) is closed; (ii) closed if its graph (that is, the set
GrT ={(x,y) eX xY: y € T(x)})isaclosed subset of X x Y.

The following lemma collects known facts about u.s.c. or L.s.c. mappings (see
[17] for assertions (i), (ii), and (iii), respectively [28] for assertion (iv)).
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Lemma 15.1. Let X and Y be topological spaces and T : X — Y be a mapping.

(i) IfY is compact and T is closed, then T is u.s.c..

(ii) If Y is regular and T is u.s.c. with closed values, then T is closed.

(iii) If X is a compact and T is u.s.c. with compact values, then T (X) is compact.

(iv) T is Ls.c. if and only if for any x € X, y € T (x) and any net {x¢ } converging to
x, there exists a net {yq } converging to y, with y,, € T (x¢,) for each o

For a subset A of a topological vector space, the standard notations co A and A
designate the convex hull and closure of A, respectively. Instead of co{xj,x2} we
shall use the notation [x;,x3].

Definition 15.2. ([21]) Let X be a convex set in a vector space, Z be a vector space
and C be a convex cone in Z. A mapping F : X —o Z is called C-quasiconvex (re-
spectively, C-quasiconvex-like) if for all xj,x; € X and x € [x],x;], there exists an
index i € {1,2} such that

F(x;) € F(x) +C (respectively, F(x) C F(x;) —C).

We extend the concepts introduced above to a mapping of two variables as follows:

Definition 15.3. Let X and Y be convex sets in vector spaces, Z be a vector space
and C be a convex cone in Z. A mapping F : X XY —o Z is called:

(i) (x,y)-C-quasiconvex if for all (x,y1), (x2,y2) € X X Y and x € [x],x;], there exist
y € [y1,y2] and i € {1,2} such that F(x;,y;) C F(x,y) +C;

(i) (x,y)-C-quasiconvex-like if for all (x1,y;), (x2,y2) € X x Y and x € [x],x;], there
existy € [y1,y2] and i € {1,2} such that F (x,y) C F(x;,y;) — C;

(iil) (x,y)-quasiconcave if for all (x1,y1), (x2,y2) € X XY and x € [x],x,], there exist
Y € [y1,y2] and i € {1,2} such that F(x,y) C F(x;,y;).

Example 15.4. Let X , Y be two real intervals and f : Y — X a function having the
Darboux property. It is easy to see that the mapping F : X X ¥ —o R defined by

_ [ [, 4) if (v,x) € Grf,
F(x,y) = { [0, +o0) if (i x) ¢ Grf.

is (x,y)-quasiconcave and consequently (x,y)-C-quasiconvex-like, for any convex
cone C C R.

Definition 15.5. ([13]) For a subset K of a vector space E and x € E, the outward
set of K at x is denoted and defined as follows:
O(K;x) =Up> 1 (Ax+ (1 = A)K).

15.3 Main Result

In order to establish the main result, we need the following two lemmas:
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Lemma 15.6. ([25]) Let X be a topological space, Y be a topological vector space
and S,T : X — Y be two mappings. If S is u.s.c. with nonempty compact values and
T is closed, then S+ T is a closed mapping.

Lemma 15.7. Let X be a topological space and Y be a Hausdorff topological vector
space. If f: X — R is a continuous function and T : X — Y a compact closed
mapping, then the mapping fT : X — Y defined by (fT)(x) = f(x)T(x) is closed.

Proof. Let (x,y) € Gr(fT). Then there exists a net {(x;,y;) }rea in Gr(fT) converg-
ing to (x,y). For each t € A we have y, = f(x;)z, for some z; € T(x;). Since T'(X)
is compact there is a subnet {z,, } of {z} converging to a point z € T(X). Since
the mapping T is closed, z € T(x). Hence, y;, — f(x)z € (fT)(x). The space Y is
Hausdorff so y = f(x)z. It follows that (x,y) € Gr(fT) hence the mapping fT is
closed.

O

In the next theorem, X is a nonempty compact convex subset of a locally convex
Hausdorff topological vector space E, Z and V' are two nonempty sets, 7 : X —o X,
R:X <X, 0:X—oZ F:XXxXXZ—oVand C:X —V are five mappings, p
is a binary relation on 2V, and « is any of the quantifiers V, 3. Denote by p¢ the
complementary relation of p (that is, for any A,B C V exactly one of the following
assertions p (A, B), p(A, B) holds) and by o the other of the quantifiers V, 3.

Theorem 15.8. Suppose that the following conditions are satisfied:

(i) T is u.s.c. with nonempty compact convex values,
(ii) R is nonempty convex valued;
(iii) for each 'y € X, the set R~ (y)N{x € X : (&)z € Q(x),p°(F(x,y,2),C(x))} is
openin X;
(iv) for each x € X, the set {y € X : (&)z € Q(x),p°(F (x,y,z),C(x))} is convex;
(v) for each x € X, O(T (x);x) NR(x) C {y € X : (a)z € Q(x), p(F (x,y,2),C(x))}.
)y €

R(x), (@)z € Q(%),

Then there exists X € X such that X € T (X) and (V

p(F(x,y,2),C(x))-

Proof. Forye€ X, let
Gy={reX:y€eR(x)and (a)z € Q(x),p*(F(x,y,2),C(x))} =

R™(y)n{xeX: (a)z € Q(x),p*(F(x,y,2),C(x))}.

By (iii), the sets Gy, are open. Let Gy = {x € X : x ¢ T(x)}. Since the mapping 7T is
closed, it follows readily that Gy is open.

Suppose that the conclusion is false. Then for each x € X, either x € Gy or x € Gy,
for some y € R(X). Thus, X = GoUU,cg(x) Gy- Since X is compact, there exists a
finite set {y1,---,y»} € R(X) such that X = Go UL Gy,. For the sake of simplic-
ity we write G; instead of G,,. Let {fo,Bi, ..., B} be a partition of unity on X
subordinated to the open cover {Go, G, - - ,Gy}. Recall that this means that
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Bi : X — [0,1] is continuous, for each i € {0,1,...,n};
Bi(x) >0=x€eG;
o Bi(x) =1foreachx € X.

Define the mapping S: X — X by

S(x) = Bo()T (x) + Bi (x)y1 + -+ Ba(x)yn-

It is clear that S has nonempty compact convex values. Since the mapping x —
Bi(x)y1 + -+ + Bu(x)y, is closed, combining Lemmas 15.6 and 15.7 we infer that
S is closed, hence u.s.c. By Kakutani—Fan—Glicksberg fixed point theorem, there
exists xo € X such that xo € S(x¢). We shall prove that each of the cases fBy(xp) =0,
Bo(xo) =1 and By(xo) € (0,1) leads to a contradiction. Let I = {i € {1,---,n} :
Bi(xo) > 0}. Foreach i € I, xo € G;, hence xp € R~ (y;) and

(a)z € Q(x0),p  (F(x0,yi,2),C(x0)).-

Since {y; :i € I} C R(xp) and R(x) is convex, co{y; :i € I} C R(xp).
If ﬁo (xo) =0, then

x0 = Zie1Bi(x0)yi € colyi :i €1}.

Since xg € O(T(xo);xo), we have xo € O(T(xo);xo) NR(xp) and by (v), (a)z €
Q(x0),p(F(x0,%0,z),C(x0)). On the other hand, by (iv), we have (o)z € Q(xp),
pE(F (x0,x0,2),C(xp)), a contradiction.

If Bo(xo) = 1, it follows that xo € S(xo) = T(xp). On the other hand, since
Bo(x0) >0, xo € Go, that is, xo & T (x0), a contradiction again.

If Bo(xo) € (0, 1), then there exists yp € T (xg) such that

x0 = Bo(x0)yo + ZicrBi(x0)yi-

Dividing the previous relation by 1 — 3y(xo) and denoting by A = % we get

Bi(x0)
1-— O{()(X())

The previous equality implies, Axo+ (1 —A)yo € O(T (x0);x0) NR(xp). By (v), it
follows that (ot)z € Q(x0), p(F (x0,Ax0 4+ (1 — A)y0,2),C(x0)). On the other hand,
since Axo+ (1 —A)yo € co{y; : i € I}, we get (&)z € Q(x0), p°(F(x0,Axo + (1 —
A)yo,2),C(xp)). The contradiction obtained completes the proof. O

Axo+ (1 —A)yo = Zies yi€colyi:iel}.

15.4 Particular Cases of Theorem 15.8

Next we are interested in replacing conditions (iii) and (iv) in Theorem 15.8 by
more convenient conditions when o =V, and respectively oo = 3 and p is one of
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the relations p; considered in the first section. Let us observe that each existence
result concerning relation p; (respectively, py) yields an existence theorem for py
(respectively p3), if we take into account the following equivalences F(x,y,z) C
C(x) & F(x,,z2)NC(x) =0 and F (x,y,z) NC(x) # 0 < F(x,y,z) € C°(x). For this
reason we fix our attention on relations p; and p;, only.

From now on we will suppose that Z is a convex subset of a topological vector
space, V is a topological vector space, C is a closed mapping with nonempty convex
cone values and the mapping R has nonempty convex values and open fibers. Notice
that under this last assumption, condition (iii) in Theorem 15.8 is fulfilled whenever
the sets {x € X : (a)z € O(x),p(F(x,x,2),C(x))} are closed for all y € X.

Theorem 15.9. Assume that for « =Y and p = py, conditions (i), (ii), and (v) are
satisfied. Moreover assume that:

(a) Q is L.s.c. with convex values;
(b) foreachy € X, F(-,y,") is L.s.c.on X X Z;
(c) for each x € X, the mapping (y,z) — F(x,y,z) is (y,2) — C(x)—quasiconvex;

Then there exists X € X such that X € T(X) and F(X,y,z) C C(X), for all y € R(X),
and z € Q(X).

Proof. 1t suffices to prove that for &« =V and p = pj, conditions (iii) and (iv) in
Theorem 15.8 are fulfilled. We show first that fory € X the set M = {x € X : (V)z €
Q(x),F(x,y,z) CC(x)} is closed. Let x € M and {x; };c be a netin M converging to
x.Letz € Q(x) and v € F(x,y,z) be arbitrarily fixed. Since Q is L.s.c., by Lemma 15.1
(iv), there exists a net {z },ca converging to z, with z; € Q(x;) for all r € A. By
(b), we infer that there exists a net {v,},ca converging to v, with v, € F(x;,,2),
forallt € A. Since x, € M, v; € F(x;,y,%) C C(x;). The mapping C is closed, and
consequently v € C(x). Thus x € M, hence M is closed.

It remains to show that for any x € X the set N = {y € X : (I)z € Q(x),F (x,y,2)
¢ C(x)} is convex. Let yi,y, € N and y € [y1,y2]. For each i € {1,2} there exists
zi € Q(x) andi € {1,2} such that F (x,y;,z;) € C(x). By (c), there exist z € [z1,z>] and
i € {1,2} such that F(x,y;,z;) C F(x,y,z2 )+C( ). Moreover, since Q(x) is convex,
we have z € Q(x). We claim that F(x,y,z) ¢ C(x). If not, we have F(x,y,z) C C(x),
whence

F(x,yi,zi) C F(x,y,z) +C(x) C C(x), a contradiction.

O

Theorem 15.10. Assume that the set Z is compact, and for oo =Y and p = p; con-
ditions (i), (ii), and (v) are satisfied. Moreover assume that:

(a) Q is L.s.c. with convex values;
(b) for eachy € X, F(-,y,") is u.s.c. with compact values on X X Z;
(c) for each x € X, the mapping (y,z) —o F(x,,z) is (y,z) — C(x)—quasiconvex-like;

Then there exists X € X such that X € T (X) and F (X,y,z) NC(X) # 0, for all y € R(X),
and z € Q(X).
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Proof. As in the proof of Theorem 15.9, the desired conclusion follows from The-
orem 15.8 as soon as we show that for & =V and p = p,, conditions (iv) and
(v) in Theorem 15.8 are fulfilled. For a y € X denote by M = {x € X : (V)z €
0(x),F(x,y,z) NC(x) # 0}. Let x € M and {x;},ca be a net in M converging to
x. If z € Q(x) is arbitrarily chosen, since Q is 1.s.c., there exists a net {z };c4 con-
verging to z, with z; € Q(x;) for all t € A. For each ¢ € A, since x, € M, there exists
v € F(x:,5,2) NC(x;). By Lemma 15.1 (iii), the set F(X,y,Z) is compact, hence
we may assume that the net {v,},c4 converges to a point v. The set F(X,y,Z) is
compact so it is regular, and by Lemma 15.1 (ii), the mapping F(-,y,-) is closed.
Hence v € F(x,y,z). Since C is closed, it follows that v € C(x). Thus x € M, hence
M is closed.

For x € X we show that the set N = {y € X : (3)z € Q(x),F (x,y,2) NC(x) = 0}
is convex. Let y1,y, € N and y € [y;,y]. For each i € {1,2} there exists z; € Q(x)
and i € {1,2} such that F(x,y;,z;) NC(x) = 0. By (c), there exist z € [z1,22] and
i € {1,2} such that F(x,y,z) C F(x,y;,z;) — C(x). Moreover, since Q(x) is convex,
we have z € Q(x). We claim that F (x,y,z) NC(x) = 0. If not,

0 # F(x,y,2) NC(x) C (F(x,yi,z) —C(x)) NC(x),
hence 0 # F (x,y;,z) N (C(x) + C(x)) = F(x,y,z)) NC(x), a contradiction. 0

Theorem 15.11. Assume that for o« = 3 and p = py, conditions (i), (ii), and (v) are
satisfied. Moreover assume that:

(a) Q is compact and closed;

(b) for eachy € X, F(-,y,") is Ls.c. on X X Z;

(c) for each fixed x € X and z € Q(x) the mapping y — F(x,y,z) is C(x)-quasi-
convex;

Then there exists X € X such that X € T (X) and for each'y € R(X) there exists z € Q(X)
satisfying F(X,y,z) C C(X).

Proof. For an arbitrary y € X let

M={xeX:(Ize Qx),F(x,y,z2) CC(x)}.

Letx € M and {x; };c4 be a netin M converging to x. For each 7 € A, there exists
Zr € Q(x;) such that F(x;,y,z) € C(x;). Since Q is compact, we may assume that
the net {z };ea converges to a point z. The mapping Q is closed, and consequently
7€ Q(x). Let v € F(x,y,z) be arbitrarily chosen. By (b), there exists a net {v; };ca
converging to v, with v; € F(x;,y,7), forall t € A. We have v, € C(x;) for all 7 € A,
and since C is closed, v € C(x). Thus x € M, hence M is closed

We show next that for any xeXtheset{yeX:(V)zeQ(x): F(x,y,x) L C(x
ﬂzGQ( ){y € X : F(x,y,x) € C(x)} is convex. For this it sufﬁces to prove that sets

={y€X:F(x,y,x) £ C(x)} are convex, for all z € Q(x). Let y;,y2 € N, and
y E [v1,¥2]. Suppose that y §é N, that is, F(x,y,x) C C(x)}. Since F(x,-,z) is C(x)-
quasiconvex, there exists i € {1,2} such that F(x,y;,z) C F(x,y,z) +C(x). It follows
that

F(x,y1,2) C F(x,3,2) + Cx) € C(x) + C(x) = C(x),
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and this contradicts y; € N;.
The desired conclusion follows now from Theorem 15.8, in case o = 3 and
p=p1. U
In a similar manner one can obtain from Theorem 15.8 the following

Theorem 15.12. Assume that the set Z is compact, and for oo = 3 and p = p; con-
ditions (i), (ii), and (v) are satisfied. Moreover assume that:

(a) Q is compact and closed;

(b) for each y € X, F(-,y,-) is u.s.c. with compact values on X X Z;

(c) for each fixed x € X and z € Q(x), the mapping y —o F (x,y,z) is C(x)-quasiconvex-
like;

Then there exists X € X such that X € T (X) and for each'y € R(X) there exists z € Q(X)
satisfying F (X,y,z) NC(X) # 0.
The following example shows that although the assumptions of Theorems 15.9-

15.12 are not always easy to verify in practice, these results are important tools in
establishing the existence of solutions for the corresponding problems.

Example 15.13. Let X = Z = [0,3], V = R and the mappings F : [0,3] x [0,3] x
0,3] R, C:[0,3] — R, T:[0,3] —[0,3], R:[0,3] —[0,3] and Q: [0,3] — [0,3]
be defined by

F(x,y,2) = [x+y+z,400), C(x)=[2x,+o0),

_ =242, -2x+3] if x€[0,1],
1) = { e —1,x] if xe(1,3].
[0,1] if x€[0,1],
R(x)= ¢ [0,3] if xe (1,2),
(1,3] if x€ [2,3],
_ [ 1] if xe0,1],
0x) {[l,x] if xe (1,3]

Observe that F(x,y,z) C C(x) if and only if x < y+z. One can easily check that

. [[0,2) if ye[o,1],
k (y)_{(1,3} ifﬁe(l, ]

and
0 if x=0,

[0,x] if x€ (O,%] ,
O(T (x):x) NR(x) =< [0,1] if x€ (3,1),
{1} if x=
[x,3] if xe (1,3].

One can readily verify that the mappings F,C,T,R and Q satisfy all the require-
ments of Theorem 15.9. The set of all x verifying the conclusion of Theorem 15.9

s [3,1]u{2}.
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15.5 Applications

If C(x) = {0}, for all x € X, problem (GQEP)(cx; p2) reduces to the following quasi-
variational inclusion problem:

Find X € X such that X € T'(x), (V)y € R(%), (at)z € Q(X), 0 € F(X,z,V).

This problem has been recently studied by Lin et al. in [22-25], but our results
and methods of proof are different. The following two theorems can be easily ob-
tained from Theorems 15.10 and 15.12 with the above- mentioned method.

Theorem 15.14. Suppose that the mappings T, R and Q satisfy the following condi-
tions:

(i) T is u.s.c. with nonempty compact convex values, R has nonempty convex values
and open fibers, Q is l.s.c with convex values;

(ii) for each'y € X, F(-,y,") is u.s.c. with compact values on X X Z;

(iii) for each x € X, the mapping (y,z) — F (x,y,z) is (y,z) —quasiconcave;

(iv) for each x € X, y € O(T (x);x) NR(x) and z € Q(x), 0 € F(x,y,2).

Then there exists X € X such that X € T'(X) and 0 € F(X,y,z), for all y € R(X), and
7€ Q(X).

Theorem 15.15. Suppose that the set Z is compact and the mappings T,R and Q
satisfy the following conditions:

(i) T is u.s.c. with nonempty compact convex values, R has nonempty convex values
and open fibers, Q is compact and closed;

(ii) for each y € X, F(-,y,-) is u.s.c. with compact values on X X Z;

(iii) for each x € X, the mapping (y,z) — F(x,y,z) is (y,z) —quasiconcave;

(iv) for each x € X, y € O(T(x);x) NR(x) there exists z € Q(x) such that 0 €
F(x,y,z).

Then there exists X € X such that X € T (X) and for each'y € R(X) there exists z € Q(X)
satisfying 0 € F(X,y,2).

Recall that if E is a normed vector space, the mapping J : E —o E™ defined by
J(x) = {x" € B ¢ lul| = ||| = (. 27)}

is called the duality mapping of E. When E is a smooth normed vector space, then
J is single-valued.

Theorem 15.16. Let X be a nonempty compact convex subset of a smooth normed
vector space, T : X —o X be a u.s.c. mapping with nonempty compact convex val-
ues and R : X —o X be a mapping with nonempty convex values and open fibers.
If O(T (x);x) NR(x) \ {x} = 0 for all x € X, then there exists X € X such that
X €T (X)NR(X).
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Proof. Since R has nonempty convex values and open fibers, by the selection theo-
rem of Yannelis and Prabhakar [29], R has a continuous selection, that is, there exists
a continuous f : X — X such that f(x) € R(x), for all x € X. We apply Theorem 15.8
in the following case:

Z=X,0(x) ={f()}, F(x,5,2) = {{x=y,J(z=x))}, C(x) = [0, ),

o any of the quantifiers V, 3 and p any of the relations pj, p> .

Notice that in this case p(F(x,y,z),C(x)) < (x—y,J(z—x)) > 0. It is easy
to check that all the requirements of Theorem 15.8 are satisfied. Thus, by Theo-
rem 15.8, there exists X € X such that X € T'(x) and

(X=y,J(f(X) —x)) > O forall y € R(X).
Taking y = f(X) we get

0<x=f(3),J(f(X) —x)) = =X = FDIl,
hence, X = f(X). Since X € T'(X) and f(X) € R(X), it follows T (X) NR(X) # 0. O
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Chapter 16

Double-Layer and Hybrid Dynamics of
Equilibrium Problems: Applications to Markets
of Environmental Products

M. Cojocaru, S. Hawkins, H. Thille, and E. Thommes

Dedicated to the memory of Professor George Isac

Abstract We present here an original method of tracking the dynamics of an equi-
librium problem using an evolutionary variational inequalities and hybrid dynamical
systems approach. We apply our method to describe the time evolution of a differ-
entiated product market model under incentive policies with a finite life span. In
particular, we describe trajectories of a dynamic game between two producers of a
standard product and of an environmental variant of the standard product. We com-
pute and assess the behavior of both the equilibrium (optimal) strategies, as well as
the disequilibrium (no-optimal) ones of each producer involved in the oligopolistic
market.

16.1 Introduction

The impact of equilibrium problems is self-evident today in many applied mathe-
matics, systems design, management and decision making fields (see for instance
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telecommunications, transportation, digital and electric power networks as well as
economic equilibria in the fields of market models and financial equilibria). There is
an important number of volumes being dedicated to the study of equilibrium prob-
lems, both from a theoretical point of view (via optimization, game theoretic, com-
plementarity and variational inequalities techniques), as well as from an applied
point of view (via networks, agent-based modeling and social scientific methods),
which in themselves constitute wide areas of research interest today (see, for in-
stance [34],[38],[141,[311,[331,[371,[191,[15]).

In contrast, the concept of dynamics of equilibrium problems is currently of much
interest, judging by the amount of applications and computational approaches to
modeling network and population dynamic phenomena. This concept arises from
the observation that the physical structure of, for example, a network can remain
unchanged, but the phenomena which occur in these networks may vary with time.
The link with previous studies of classic (static) equilibrium problems can be done
in a natural way: a static configuration represents a snapshot of an evolving real phe-
nomenon. Therefore, studying the static case can be considered only a first approach
to understanding the real dynamics, useful for further developments. The results ob-
tained in the static cases have a short range of validity and are only partially rep-
resentative of the developing reality. The dynamic equilibrium setting arises when
the constitutive elements of the economic or physic phenomena associated with the
fixed geometry of the equilibrium problem at hand (e.g., the travel demands in the
traffic models, the supplies, the demands, the supply prices, the demand prices and
the shipments of commodities in the spatial price models, the change in risk percep-
tions and vaccine coverage in a population model) are considered time-dependent
(see [71,[81,19],[16],[111,[12],[13],[5]). To this end we would simply like to point
out the impressive number of works dedicated to various formulations of equilib-
rium problems, time and space being too short here to outline an even brief review
(we refer the reader to [35],[42],[41],[11],[12],[27],[26],[23],[32],[40],[30] among
many others).

We recall that variational inequalities theory has been used to formulate, qualita-
tively analyze, and solve a number of equilibrium problems. In particular, variational
inequalities have provided a method of solving equilibrium problems otherwise un-
solvable. The complementarity conditions and the conservation laws expressing the
equilibrium conditions of the various problems cannot be treated with the usual
methods and, then, the result due to Smith [38] and Dafermos [14], who first proved
that such problems fit very well with the variational inequality theory already intro-
duced by Stampacchia [39], has been a breakthrough scientific result.

In the first part of this chapter (Section 16.2), we show how a first model of
time dependency can be introduced in classic (static) equilibrium problem, via the
so-called evolutionary variational inequalities (EVI). They were introduced in the
1960s ([6],[28],[39]), and have been used in the study of partial differential equa-
tions and boundary value problems. They are part of the general variational inequal-
ities theory, a large area of research with important applications in control theory,
optimization, operations research, economics theory and transportation science (see
for example [2],[15],[16],[18],[19],[20],[21],[23],[26],[32],[34] and the references
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therein). The form of EVI problems we consider in the current paper represents a
unified formulation coming from applied problems in traffic, spatial price and finan-
cial equilibrium problems [15],[16], and was introduced first in [7] and generalized
in [12, 4]. The existence and uniqueness theory for EVI problems has been answered
in many contexts; here we use the result in [15]. In [9],[4], the authors give a refine-
ment of this existence result showing under what conditions continuous solutions
exist. In [3],[8],[4], the authors present computational procedures for obtaining ap-
proximate solutions of an EVI problem of the type considered here.

In the second part of this chapter (Sections 16.3 and 16.4), we generalize the EVI
model of an equilibrium problem and incorporate a rigorous mathematical frame-
work for describing the time evolution of not only equilibrium (ideal, optimal) states
of a problem with varying constraint sets, but also its time evolution away from
equilibrium. We can now study the evolution, in finite-time, from disequilibrium to
equilibrium, of an applied equilibrium problem whose steady states are modeled by
an EVL Such a study, started in [8] and extended in [13], is made possible by the
recently introduced framework of double-layer dynamics (DLD). This framework
allows the study of applications involving two types of time dependency: one repre-
sented by the time-dependent equilibria (that can be predicted for a given problem
via EVI theory), and the other represented by the time-dependent behavior of the ap-
plication away from the predicted equilibrium curve (studied via projected systems
and flows). The interpretation of the two timescales in DLD theory was discussed
in [13] and it is taken further in this paper, with the help of the theory of hybrid
dynamical systems [37]. Hybrid systems theory is used to build a tracking method
for the disequilibrium behavior of a problem formulated in the DLD framework.

In the last part of the chapter, we apply our theoretical results to modeling
oligopolistic markets of eco-products, since environmental issues are currently at the
forefront of our social lives. In general, new policy and market studies are needed
in order to develop and implement long-term measures that will change the popula-
tion’s behavior toward environment preservation. Our application looks at a model
that can be used as a testing tool for policy forecast, incorporating time evolution as
the life span of a given policy. We show how a policy (such as developer subsidies
for producing environmental friendly variants of an existing product) can jump start
the variants’ market and move consumers toward higher levels of demand for such
products. We close with a few concluding remarks and acknowledgments.

16.2 Dynamic Equilibrium Problems and Variational
Inequalities

16.2.1 General Formulation

We recall here a unified definition of an equilibrium problem, coming either from
network or a Nash game formulation, in terms of an evolutionary variational
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inequality. This formulation essentially consists of noting that the constraint set of
a known equilibrium problem can be thought of as time-dependent K := K(¢). The
type of time-dependent constraint set below was proposed in [8],[16], for the EVI
arising in time-dependent traffic network problems, spatial equilibrium problems
with either quantity or price formulations, and a variety of financial equilibrium
problems. Later, a similar generic formulation has been extended to migration prob-
lems and dynamic games applied to population biology and to oligopolistic market
equilibrium problems [11,12,5].

We consider a nonempty, convex, closed, bounded subset of the reflexive Banach
space L”([0,T],R?) given by:

K = {u e LP([0,T],RY) | A(r) < u(r) < pu(r) ae. in [0,T]; (16.1)

iéﬂ(r)ui(r) =pj(t)ae.in[0,T],ie{1,...q},j € {1,...,[}}.

We let A, u € LP([0,T],R%) and p € LP([0,T],IR") be convex functions in the above
definition. For chosen values of the scalars & ji» of the dimension g, or of the bound-
aries A, U, we obtain each of the previous above-cited model constraint set formu-
lations as follows:

e for the traffic network problem ([16]) let &;i(¢) = const. € {0,1} and A(¢) > 0
forall ¢ € [0,T];

e for the quantity formulation of spatial price equilibrium let g = n + m + nm,
&ji(t) = const. € {0,1}, u(r) large and A(r) = 0, for any ¢ € [0,T7;

o for the price formulation of spatial price equilibrium [16] let ¢ = n+ m + mn,
Eii=0and A(r) >0 forallz € [0,T];

e for the financial equilibrium problem [16] let g =2n, §;;(t) = —1fori € {1,...,n}
and &ji(t) =1forie {n+1,..,2n}; u(r) large and A(t) = 0, for any 7 € [0, T'];

e for the dynamic Nash vaccination games formulation (see [12])

p=2&;:[0 (0,1) 25,, )=1,A(t) =0,u(t) =

e for the oligopolistic market equilibrium problem (see [5]) p =2, §;i(t) =0,p;(r) =
0,A(r) >0

T
Recall that < @, u >:= / (¢ (u)(),u(z))dt is the duality mapping on L” ([0, T],RY),
0

where
¢ € (LP([0,T),R29))* and u € LP([0,T],R?). Let F : K — (LP([0,T],R%))"; the
standard form of the EVI we work with is therefore:

find u € K such that < F(u),v—u>>0, Vv € K. (16.2)
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In order to highlight a few results concerning the existence, uniqueness and regular-
ity of solutions to problems of type (16.2), we need to recall first the definition of
pseudo-monotonicity (as generalized in [13]):

Definition 16.1. Let K C X be closed, convex, where X is a reflexive Banach space
space. Let < -,- > be the pairing on X and f : K — X a mapping. Then:

1. f is called locally r- strongly pseudo-monotone with degree o at x* € K if, for
a given r > 0, there exists a neighborhood N(x*) C K of the point x* with the
property that for any point x € N(x*)\B[x*, r], there exists a positive scalar 1 > 0
so that

L fE)x—x">>0 = < f(x),x —x" >>nlx—x"[|%

2. f is called r- strongly pseudo-monotone with degree o at x* € K if the above
holds for all x € K\B[x*, r].

Remark 16.2. 1. If r =0, n =0, then f is simply called pseudo-monotone;

2.if r=0,n1 =0 and < f(x),x —x* >> 0 then f is called strictly pseudo-
monotone.

3. Strong pseudo-monotonicity with degree ¢ is itself a generalization of the no-
tions of local and global strong monotonicity with degree o (see [21],[25],[32].

It was known that ([16]):
Theorem 16.3. If F satisfies either of the following conditions:

e F' is hemicontinuous with respect to the strong topology on K, and there exist
A C K nonempty, compact, and B C K compact such that, for every v € K\ A,
there exists u € B with < F(v),u—v>>0;

e F' is hemicontinuous with respect to the weak topology on K ;

o F is pseudomonotone and hemicontinuous along line segments,

then the EVI problem (16.2) admits a solution over the constraint set K.

Theorem 16.4. In [26], it is shown that if F is in addition strictly monotone, then
the solution to the EVI is unique. Moreover, in [8] it is shown that if p =2 and F is
strictly pseudo-monotone, then the solution to (16.2) is unique.

Regularity results for solutions to a problem of class (16.2) have been proven in
the context of L? spaces for more general constraint sets K (see [4]). Let A,u €
C([0,T],R™) such that 0 < A < u, let A € C([0,T],R!™), let b € C([0,T],R%,) be
vector-functions and consider the set

K = {x e LP([0,T],R™) : A(r) < x(t) < u(t), A(t)x(t) = b(t)}. (16.3)

The following result holds (see [4] for a proof):

Theorem 16.5. Problem (16.2) has a continuous solution on a set K of type (16.3)
is the mapping F is strongly pseudo-monotone with degree o > 1.
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In order to compute this solution, one can use a numerical method proposed in
[71,[91,[4]. To illustrate this section, we include an example of an EVI problem,

together with its numerical solution.

uq

U2

Fig. 16.1 This figure represents a simple, 1 origin-destination pair network, with two paths. The
paths hold the commodity flows between the origin (1) and the destination (2).

Example 16.6. We consider a traffic network with one origin-destination pair having
two links (as depicted in Figure 16.1) and the following constraint set corresponding
to this network configuration

K := {ue L*([0,110],R?) | 0 < u(t) < 120, u; (t) +uz(t) = py (1) a.a. t € [0,110]},

where
4, t €[0,15]
60, 7 € (15,20]
pi(t) = 3¢, t € (20,40].
120, 7 € (40,91]
—t+211, ¢ € (91,110]

We consider the time unit to be a minute and the time interval [0, 110] to corre-
spond to 6:30 to 8:20 am during a weekday. Let the flows on each link be denoted
by u;, up and the demand by p; (Figure 2 depicts the demand). We see that during
the hight of rush hour, 7:10 to 8:00 am (i.e., r € (40,91]) the demand is highest.
Let us also consider the cost on each link to be given by the mapping

F:K — L*([0,110],R?), F((uy,u2)) = (uy +151,u2 + 60).

The dynamic equilibria for such a problem are given by the EVI (see also [16],[8])
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Fig. 16.2 The red curve represents the demand on the transportation network of the Example in
Section 2. It is the graph of the demand function p; (¢).

/0”0 < F(u)(1),v(t) — u(t) > di > 0, %y € K.

The mapping F is Lipschitz continuous with constant 1 and F () := Au+ B with A
positive definite; the unique solution of the above EVI is piecewise continuous and
has a constant value over the intervals [15,20] and [40,91]. By the method proposed
in [7] we compute an approximate solution to be

(0,41), t € 0,15]
(0,60), 1 € (15,20]

. 0,3¢ 20, 2
u (t) = (SI gl 3t4)rQl)’ I(G (91]40]
(14 5,105.5), t € (40,91]
( t+2120’ 7[2302)’ (917110]

The graph of this solution is presented in Figure 16.3.

We note that the Wardrop equilibrium conditions are satisfied for this solution,
namely all paths with positive flow in equilibrium have equal minimal costs, as can
be seen below:

(151,4t +60), t € [0,15]
(151,120), ¢ € (15,20]

. 151,34+ 60), 1 € (20,24
F(u™)(t) = ((3t+211 %z+2211)) te((gl 4(])]

3

(165.5,165.5), t (40 91]

( Hé4227 7!2422)7 (917 110]

We see here that users prefer the second road to the first, however, during the
rush hour peak, they will use both routes, as they become equally expensive. So
far, the EVI model of this problem provided the approximate equilibrium curve for



220 M. Cojocaru, S. Hawkins, H. Thille, and E. Thommes

100
801
607
u2*(t)
40
20:
20
t 40
60

100
120

Fig. 16.3

the traffic, given a certain structure of the demand function. In general, however,
the traffic may be in disequilibrium, in which case we want to know if/how will
it evolve toward a steady state. This type of question is answered via the double-
layer dynamics (DLD) model of this network, which we present in detail in the next
section. For further discussion of this example and its disequilibrium evolution, the
reader is referred to [13].

16.3 Double-Layer Dynamics and Hybrid Dynamical Systems

EVI problems of the type introduced above can be viewed as a 1-parameter fam-
ily of a static variational inequality, with parameter ¢. From here on, we consider
that our EVI (16.2) represents the model of an equilibrium problem (as for exam-
ple in [16]). In this context, the parameter ¢ will be taken to mean physical time.
As t varies over [0,7T], the constraints of the equilibrium problem change, and so
the static states describe a curve of equilibria. Double-layer dynamics (DLD) was
introduced in [7],[8] as a unifying tool for deepening the study of an EVI problem
with constraint sets K C L2([0, T],R9), specifically for understanding the stability of
the equilibrium curve arising from solving an EVI formulation of a time-dependent
equilibrium problem. This has been done first in [8], where the infinite-dimensional
PDS theory served for drawing conclusions about the stability of such a curve. It
was then observed that the evolution of the problem, in finite time, toward a pos-
sible equilibrium state can be described with a DLD model [8, 13]. In this sec-
tion we define the double-layer dynamics for equilibrium problems modeled via an
EVI formulation and present for the first time a comprehensive method of tracking
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off-equilibrium behavior for such problems. The tracking method is based on the
theory of hybrid dynamical systems.

16.3.1 DLD

Let X be a Hilbert space of arbitrary (finite or infinite) dimension and let K C X be
a non-empty, closed, convex subset. We start by introducing a nonlinear differential
equation on the set K, with a discontinuities in the right-hand side. We assume the
reader is familiar with the concepts of rangent and normal cones to K at x € K
(Tx (x), respectively Nk(x)), and the projection operator of X onto K, Pg : X —
K given by [P (2) — 2| = inf [ lv ]|

The properties of the projection operator on Hilbert spaces are well-known (see for
instance [43]). The directional derivative of the operator Pk is defined, for any x € K
and any element v € X, as the limit (for a proof see [43]):

Px(x+0v)—x

Sim, 5 ; moreover Ik (x,v) = Py () (V).

Let Ik : K x X — X be the operator given by (x,v) — Ilk(x,v). Note that Ik is
discontinuous on the boundary of the set K. In [17],[22], several characterizations
of Ilk are given. Assuming F : K — X to be a Lipschitz continuous vector field and
Xo € K, the initial value problem

dx(T)
dt

= Ik (x(1),—F(x(7)), x(0) =x0 € K (16.4)
has a unique absolutely continuous solution on the interval [0,c0), as shown in Ref.
[10].

Definition 16.7. A projected dynamical system is given by a mapping
¢ : Ry x K — K which solves the initial value problem:

0(1,x) = g (9(7,%), ~F($(7.%))),  9(0,x) =x0 €K.
Definition 16.8. Double-layer dynamics is the projected dynamical system given by

dlzi(',T)
dt

= HK(”(WT)v—F(M)(WT))? u(70) = u() ek, (16.5)

where K C X :=L?([0, T],IRY) closed, convex, bounded subset, F : K — L?([0,T],R%)
is strictly pseudo-monotone and Lipschitz continuous and there exists #* € K so that

u* uniquely solves an EVI problem (16.2)
4
u* uniquely solves ITg (u(-,7),—F (u)(-,7)) = 0.
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Note that the equivalence in Definition 16.8 above is due to the following result
(see [7]):

Theorem 16.9. Assuming F is strictly pseudo-monotone and Lipschitz continuous,
the solutions of EVI problem (16.2) are the same as the critical points of PDS (16.5).
The converse is also true.

From Definition 16.8, we can see that DLD describes in fact the evolution of a curve
u € K with respect to time 7. Recall that we consider an EVI (16.2) as the model of
an equilibrium problem. The solution of this EVI is interpreted as a curve of equi-
librium states of the underlying problem over the time interval [0, 7]. These are all
the potential equilibrium states the problem can reach. Therefore we call [0, 7] the
prediction timescale. By Definition 3.2 the equilibrium curve is stationary in the
projected dynamics (16.5), hence 7 € [0,o) represents the evolution of the prob-
lem from disequilibrium to equilibrium. Therefore we call [0,0) the adjustment
scale. A DLD model includes therefore the assumptions that # and 7 both represent
physical time and that time flows forward, i.e., these models are, in terms of classic
dynamical systems theory, not reversible in time.

The modeling questions one can answer based on DLD are of the following type:
does an equilibrium problem reach one of its predicted equilibrium states in finite
time, starting from an observed initial state u(f), at some fy € [0,7]?

A first answer to this question was given in [8] and then a more general one
in [13]. In the next subsection, we give a new general method for estimating the
adjustment behavior of an equilibrium problem over a finite time interval [0, 7]

16.3.2 Tracking Equilibrium Dynamics: Hybrid Systems Approach

Double-layer dynamics models are in a sense generalizations of hybrid dynamical
systems, given that the time evolution is continuous in both timescales, as opposed
to being a combination of a discrete scale with a continuous one, as is the case for
hybrid systems.

We study the question of describing the time evolution of an equilibrium prob-
lem whenever not in equilibrium. In this section, we present a method for tracking
this evolution based on hybrid dynamical systems [37]. Hybrid systems are in brief
dynamical systems incorporating phenomena evolving on two timescales, a discrete
one and a continuous one. In fact, a hybrid system is a combinations of local flows
of continuous-time dynamical systems by means of a finite number of so-called
“switch and jump” mechanisms, taking place at a finite number of time instances,
called “event times.” Examples of such systems are numerous in control theory and
complementarity systems coming from mechanics (see [37] for an introduction and
examples of hybrid systems). In brief, a trajectory of a hybrid system starts with
an initial given state and evolves according to a continuous dynamics generated
by a (set of) constrained differential equation(s); at each discrete event time the
constraints of the continuous dynamics are violated and the system has to switch to
a new, different, continuous dynamics state.
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Double-layer dynamics models are in a sense generalizations of hybrid dynam-
ical systems, given that the time evolution is continuous in both timescales, as op-
posed to being a combination of a discrete scale with a continuous one, as is the
case for hybrid systems. We proceed next to show how a hybrid dynamics ap-
proach lends itself readily as a computational approach to a double-layer dynam-
ics model. It is known that current computational methods for deriving solutions
to an EVI problem [8],[9],[3],[4] require some discretization of the time interval
of interest [0,7]. Let us thus consider a division of the interval [0,7] given by
0=1<n<..<fp_1 <fp,=Tsothat|t;—t;;1| =86 >0,Vie {l,...,k}. In terms
of DLD, whenever [0, 7] is discretized, we are left with solving for a solution of the
EVI problem at each discretization point (which is now a finite-dimensional varia-
tional inequality for each such point), which in turn can be directly associated to a
flow (16.5) on the finite-dimensional subset K(z;), V#;, i € {1,...,k}.

In a hybrid systems formalism (as developed in [37]), the division points are
considered to be the discrete event times of the discrete dynamics. For each interval
(fi,ti41), the continuous dynamics will take place on the constraint set K(z;) given
by the projected differential equation:

du(l‘,',T)
art
u(ti,t;) € K(t;), Fr : K(t;) — R,

= Pry (o) (—Fi(u(t; 7)), (16.6)

lim u(t;,t) and lim wu(t;, T) exist .

- +
‘L’—>ti+l t;

T—

Note that at event time ;1 the continuous dynamics on (f;,#;11) switches to a
new dynamics on (#;41,%2), with a jump condition

ultivistiv1) = P, )t ti+68)) € K(tiyr).

Then a disequilibrium evolution of a network equilibrium problem modeled with
DLD is in fact a trajectory of the hybrid system above, namely

u(ty t)=Fg i) (ulto t0+6)) utite) =P 1) (tg—1 k-1 +96))
u(to, 1) = u(t;,7) — ... — u(ty, 7).

Now we are ready to present our computational procedure for finding the disequilib-
rium (hybrid) trajectories. For each solution piece u(#;, T) of a continuous dynamics
we use a projection like method (as in [10]) to compute u(f;,T), T € (f;,t;41) as a
solution of the PrDE (16.6); it is known that such solution is in fact an absolutely
continuous function on the given interval. We then project the end point of this so-
lution piece on the next constraint set K(7;4); the projection is then taken to be the
initial point of the next solution piece of the continuous dynamics on K(#;11). This
method produces then a piecewise continuous curve which approximately tracks the
disequilibrium behavior of the underlying network problem. We show in the next
section how this method works when applied to a dynamic game between producers
in an oligopoly environment.
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16.4 Dynamics of Environmental Product Markets

In this paper, we present a first eco-product oligopolistic market model under incen-
tive policies. The model assumes that there is a finite number of eco-product devel-
opers, denoted typically by i. Each developer may build two variants of a product:
the standard or usual product (already in existence on market), and an eco-product,
by which we mean a variant of the current product incorporating eco-features (for
example residential developers building usual houses and eco-features houses, hav-
ing perhaps one or more of: a gray water recycling system, rain water harvest
system, geothermal water heating system, etc.”). Generally the prices of the eco-
products are expected to be higher than the ones for the usual products. Our model
is meant to be used as a tool in showing how incentive policies (to both consumers
and developers) could influence (increase) the consumer demand for eco-products
over a given time period.

What makes this market model novel is the incorporation of time-dependencys;
time is thought to influence the price, quantity and demand of an eco-product under
a set policy. We develop EVI and DLD models of the competitive dynamic game
at producers’ level, under incentive policies. Last but not least, the reader will be
able to see that there are multiple avenues to transform the model below, making it
more complex, as particular product markets may require. In the next sections, we
present a numerical model for markets of eco-houses; while the theoretical model
can, by in large, be used for any eco-product market, some of the parameters used
in the numerical illustrations refer to this particular market.

16.4.1 The Static Model

Let us consider n development sites denoted by i € {1,..,n}; similarly, consider m
to be the number of classes of consumers in an urban area, where the division can
be made for instance according to either income or age, or a combination of the two.
We denote by j € {1,...,m} a consumer class. Further, we denote by qi-‘j the number
of k-type houses demanded at site i by group j, with k € {u,e}, where u stands for
usual house, and e stands for eco. We denote by pi.‘ the price of a k-type house at
site 7, with p = (.., p¥, .., pf,..).

Assuming for simplicity that we have m = 1 (only one consumer group), we en-
visage a situation where consumers seeking to purchase a new home can choose
from houses in two different developments, which might have different characteris-
tics, such as distance from the city center, access to transportation networks, schools,
etc. Consequently the demand for usual houses in the two developments can differ.

* The initial model was developed in conjunction with funding from the City of Guelph and Ontario
Centers of Excellence, Center for Earth and Environmental Technologies on a project for emergent
markets of new eco-residential developments.
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We do not model these differences explicitly here, other than to allow for different
“base” demands for houses in the two developments.

We therefore consider the following expressions for the demand for usual and
eco-houses at site i € {1,2}, assuming only one developer per site, as follows:

af = i+ B B+ () (1)
qi =i +b5"pi+ b+ (b)) P + (b1) P
g5 = ab+ (b5) " Pl + (63)'“ pS + b3 ph + b5 s
gy = a3+ (b3) " i + (b5) i + 5P + b3 5.

This can be written in matrix form as
qg=a+Bp (16.7)

where
q9= (q[f’q?vqgaqs)a a= (a‘llaa(fvagaag)a pP= (plllapipgva)

and

BB (B (o

eu e e\2u (1e)2e
(bbul)lu (bﬁale (blit)t (bblu)e

2 2 2 2
()1 (b)'e b5" b5

The key part of consumer demand in this model is how consumers value eco-
houses versus standard houses. In particular, the sensitivity of the demand for eco-
houses with respect to the prices of other alternatives is central to our predictions
regarding the expected market outcomes under various policy scenarios. There are
a number of parameters in the system of consumer demands that govern consumer
price responsiveness. First, there is the responsiveness of the demand for eco-houses
at one site to the price of eco-houses at that site (b¢,i € {1,2}). There are also
parameters that control the responsiveness of the demand for eco-houses to the price
of substitute products: usual houses in the same development (b}”7 i€{1,2}),as well
as eco- and usual houses in the other development ((b)1™, (b¥) 1, (b¢) 11 (b$)1e i€
{1,2)).

We consider next that the developers are in a noncooperative game toward max-
imizing their profits from the new developments. We define below the revenue ex-
pressions for each developer, the profit functions and the game we analyze. First,
each developer’s revenue can be simply estimated from the demand above to be:

(16.8)

Fi = pi(q)qi + pi(q)q;, where i € {1,2}

and the prices pf = p(q), i € {1,2}, k € {u,e} are functions of the vector of quan-
tities produced at both sites, with the expressions given by solving (16.7). Conse-
quently, the profit functions have the expression:

mi(q) = Fi(q) —ci(q) + uig,
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where ¢;(g) is the cost function and 7; is a policy incentive for all i € {1,2}. There
are here a few key issues to remark upon. One is that the cost structure chosen is
the difference between the costs of production for usual and eco-houses. There is in
principal fairly clear information about this for specific eco-features. The complica-
tion lies in defining what features are to be implemented, definition which directly
impacts this cost difference. A second issue is to note that the value of 7; is positive:
the incentive here can be thought of as a tax relief to the developers for producing
more environmentally advanced products. If the incentive is a subsidy, then one can
consider 71 = 1) > 0.
Therefore, the developers are trying to maximize their profits as described by the
following:
max 7t;(q)
vie{l,2}, stg>0
qi +4q; = capi
where cap; > 0 is given by the fact that each site has a maximum number of new
residential developments it can hold, due to water, energy and natural gas capacities
that can be allocated by a municipality.

Remark 16.10. Evidently the model can be generalized to n > 2 developers and sites,
and it can be generalized to a number of m > 1 population groups. For the ease of
the reading, we chose to present in detail a simpler case, leaving it to the reader to
obtain the generalizations.

The problem of finding the optimal quantities of usual and eco-houses for all pro-
ducers is then becoming a classic game, described by finding ¢* € K so that

vie (1,2}, m((g,a0)d ) = m(qlsa) ') Vialoal) €Ky (169)

where
g, =(4.495), ¢, = (d".47"),
Ki:={(q},q}) € R* |0 < g} <capi,k € {u,e}, g +qf = capi} and K := K| x K.

16.4.2 Dynamic Equilibrium Model: EVI Formulation

Following a similar method as in [5], we can think of the market model above as time
dependent. Time can be thought of intervening in the size of the policy incentives
7; = 1;(¢t) with a direct consequence upon the numbers and type of houses being
developed at each site; therefore we can consider that ¢ = ¢(¢). In this context, the
game (16.9) above can be placed in the context of a dynamic game over a finite time
interval [0, 7] given by finding ¢*(¢) € K(r)

Vie {1,2}, foraa.t €[0,T], (16.10)
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pir((qi™ (1), 45" (1)), q" (1)) = mi( (g} (1),45 (1)) (1)), V(g (¢),45 (1)) € Ki(1),

where

Ki(t):={(qi (1), 45 (1)) € R* |0 < g (1) < capi(t).k € {u, e}, g (1) +¢5 (1) = capi(1) }

and
K(I) = Kl(l‘) X Kz(l‘).

Under proper assumptions on the properties of the profit functions and on the
marginal profit functions (see [5] for the equivalence theorem between solutions of
EVI (16.2) and solutions of a dynamic game such as (16.10)), the dynamic game
above can be equivalently formulated as an evolutionary variational inequality of
finding ¢*(t) € K(r) for a.a. z, so that

(F(q")(t),q(t) —q"(t)) > 0,Yq(t) € K(t) (16.11)
where
an on_ dm dm Jdm Im

F:=—— and — = = .
a0 ™90 = G o ag 9

16.4.3 Example

We let the demand parameters from (16.8) be as follows:

~5-2-20 550
g | 250 -2 |40
12 0529|550
0 -2-2-5 400

and we consider that over a period of 15 years, the developers are supported by an
increase in government subsidies; the subsidies increase from an initial 500 CAD
per eco-house unit to 15,000 CAD per eco-house unit, per site. We want to analyze
what would be the optimal quantities and prices for usual and eco-houses at each of
the two sites in this subsidy scenario. Due to the change in subsidy, it is expected that
the optimal quantities as well as their prices will change over time. Hence we use
an EVI model to forecast the equilibrium states of this market under this scenario.

According to our parameters above, we obtain the prices as functions of the quan-
tities to be produced and as functions of time:

pla(r)) =B~ (q(r) ~ a).

The profit functions for each site i € {1,2} are given by

mi(t,q(t)) = pi(q(0)qi (1) + pi (q(1))g; (1) — ci(q(2)) + T(t)4; (1),



228

M. Cojocaru, S. Hawkins, H. Thille, and E. Thommes

where 7(t) = 1000z is the subsidy and c¢;(¢(t)) = 250q{ () +300g; () is the total

cost of developing at site i.

In this case, F in (16.11) will have the form

Fi'(q)(t) = —(—344/(t)/45+610/9 + 447 (t) /9 +2q5(t) /9 — 8g5(t) /45 — 250)

F'(q)(t) = —(—344q3(t)/45+610/9+445(t) /9 +247 (1) /9 — 841 (t) /45 — 250)

F5(q)(t

and

K ={g€L*([0,15] = R*) | 0 < g} (¢), 47 (r) <250, g}/ (1) + 45 (t) =

( )

Ff(q)(1) = —(4qi(1)/9—3441(1)/45+340/9 = 845(1) /45+2¢5(1)/9]) =300+ 7(1))
( )
)= )—

—(4q3(1)/9—3445(1) /45+340/9 -84 (1) /454241 (1) /9]

300+ 7(t))

250, for a.a. t}.

Given the data above, in this case we have that the optimal solution of the game is
the same for both sites, therefore we only list the values for one site in Table 16.1

below.

Table 16.1 This table presents the evolution of the prices of eco-houses over time, as well the

overall proportion of the eco-housing developments at both development sites.

Time No. usual houses No. eco-houses  Proportion of eco-houses

Price of co-house

0]

124.29
124.03
123.50
147.70
147.13
146.55
145.98
145.40
144.83
144.25
143.68
143.10
142.53
141.95
166.24
165.61

PTANUN AW —O

— = = = = = O
W AW = O

249

25.30
26.02
51.48
52.15
52.83
53.50
54.18
54.85
55.53
56.20
56.87
57.55
58.22
83.75
84.38

0.16
0.169
0.174
0.25
0.26
0.26
0.26
0.27
0.27
0.27
0.28
0.28
0.28
0.29
0.33
0.337

39.42
39.35
39.21
36.33
36.20
36.07
35.94
35.81
35.68
35.55
3542
35.29
35.15
35.02
32.13
32.011

These values indicate that the increase of a subsidy can decrease the price’ of
an eco-house unit, while increasing the proportion of eco- versus usual houses at
each site, if the developers play their optimal strategies. For an easier comparison of
the values, we represented them in the following three figures below (Figuers 16.4—

16.6).

* The price unit here is 10,000 CAD.
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250 T T T T " T T N T
Optimal number of houses at site 1 ——
Optimal number of eco-houses at site 1 -------
Optimal number of houses at site 2 +
Optimal number of eco-houses at site 2 X
200 B
150 | B
100 | 1
50 x-fx<—»x—»x——fx~»x—»*—fx—»xf>**—><*-*X"*“x"’x"*"x’"’x"*dxmx»x i
ﬁ_,x—ﬂx—-fxf—x/
1 1 1 1 1 1 1

2 4 6 8 10 12 14

Fig. 16.4 These are the representations of the optimal usual and eco-houses over the time window,
subject to the increased subsidy; note that although the subsidy increases linearly, we can identify

two jumps in the optimal numbers.

1 T T T T T T T

Optimal percentage of eco-houses at site2 ~ +

08

0.6

0.2

Optimal percentage of eco-houses at site1 ——

0 1 1 1 1 1 1 1
2 4 6 8 10 12 14

Fig. 16.5 The curves represent the proportion of eco-houses at a site as a function of time.
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40 T T T T T T T
- Optimal price of eco-houses at site 1
A Optimal price of eco-houses at site 2
38 - E
36} T —— .
34 E
32+ — ]
30 1 1 1 1 1 1 1
2 4 6 8 10 12 14

Fig. 16.6 The curves represent the price of an eco-house at a site as a function of time and subsidy;
as expected, there are two bigger drops in price, consistent with the two jumps in eco-house units
at a site.

16.4.4 Dynamic Disequilibrium Model: DLD Formulation

In this section, we employ a DLD formulation of the market model above in order
to track the evolution of a development site away from the equilibrium. We will
start by assuming that initially each developer considers building usual houses ex-
clusively (we assume here that they produce 150 usual units). We then show that,
in the presence of subsidies, each developer starts producing eco-units as well, and
their output numbers are adjusting toward the predicted optimal strategies of the
last subsection by the end of the 15 years time window. Table 16.2 and Figure 16.7
below show the evolution of the disequilibrium behavior (we chose here 6 = 0.5 for
the division of [0, 15]).

Evidently our model can account for other, more complicated scenarios, depend-
ing on what type of information one may need to implement in the market. For
example, the level and type of subsidy functions could be different, and the time
window considered could be varied.
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Table 16.2 default
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Optimal no. Optimal no. Adjusted no. Adjusted no.

Time u-houses eco-houses u-houses eco-houses

1 124.03 25.30 191.51 58.48

2 123.50 26.02 182.12 67.87

3 147.70 51.48 177.97 72.02

4 147.13 52.15 176.140 73.85

5 147.13 52.15 175.32 74.67

6 145.98 53.50 174.97 75.028

7 145.40 54.18 174.812 75.18

8 144.83 54.85 174.742 75.25

9 144.25 55.53 174.712 75.28

10 143.68 56.20 174.69 75.30

11 143.10 56.87 174.69 75.30

12 142.53 57.55 174.68 75.31

13 141.95 58.22 174.68 75.31

14 166.24 83.75 174.68 75.312

15 165.61 84.38 174.68 75.312

250 T T T T T T T
Optimal number of houses at site 1

Evolution of the # of houses at site 1 -
Optimal number of eco-houses at site 2 +
Evolution of the # of eco-houses at site 2 x
200 R

150 |

100 i
+
X XX XX X XX X X X X X xox X X X X X X X
x
X
X + o+ o+ + o+
o+ + + + + + + +F
50 bk oE i
o+ o+ o+
H 1 1 1 1 1 1
2 4 6 8 10 12 14

Fig. 16.7 The adjusting curves are seen to approach similar values by the end of the 15-year period.
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16.5 Conclusions and Acknowledgments

We presented here a unified method of tracking the dynamics of an equilibrium
problem whose constraint set varies with time. The method is using the fact that
there is a natural link arising between double-layer dynamics framework of [8],[13]
and hybrid dynamical systems [37]. However, we are only at the beginning of show-
casing the links between DLD and hybrid systems. A systematic study of their in-
terrelations is currently under way.

The first author would like to acknowledge the important contributions of Prof.
G. Isac in the study of infinite-dimensional projected systems and their relations
with variational inequalities and applications. The material in this chapter has been
inspired by discussions around the relation between projected systems in Banach
spaces and their relation with complementarity problems in particular. It is worth
noting that these discussions have led to the current investigation into hybrid dy-
namical systems, among which complementarity systems are some of the most
wellknown.
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Chapter 17

A Panoramic View on Projected Dynamical
Systems

Patrizia Daniele, Sofia Giuffré, Antonino Maugeri, and Stephane Pia

Dedicated to the memory of Professor George Isac

Abstract The theory of generalized projections both in non-pivot Hilbert spaces
and strictly convex and smooth Banach spaces is developed and the related theory
of projected dynamical systems is highlighted. A particular emphasis is given to
the equivalence between solutions of variational inequalities and critical points of
projected dynamical systems.

17.1 Introduction

The aim of this paper is to present a generalized theory of projected dynamical sys-
tems and to offer an improvement along several directions of previous results con-
tained in the paper [15]. In [15], the authors present a detailed and self-containing
outline of the projected dynamical systems and of the parallel theory of variational
inequalities. Precisely, the authors note how, while variational inequalities are able
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to describe the equilibrium state of complex systems, projected dynamical systems
allow one to study the underlying dynamics or disequilibrium behavior of such sys-
tems. The mutual dependence between variational inequalities and projected dy-
namical systems first was focused on by Dupuis and Nagurney (see [27]) who pro-
vided the fundamental theory for finite-dimensional projected dynamical systems
and established the basic result that the set of stationary points of a projected dynam-
ical system coincides with the set of solutions of the associate finite-dimensional
variational inequality.

Isac and Cojocaru [33] initiated the systematic study of projected dynamical sys-
tems in infinite-dimensional Hilbert spaces in 2002, and [40] and [13] made explicit,
for the first time, the connection between projected dynamical systems on Hilbert
spaces and evolutionary variational inequalities, which Daniele, Maugeri and Oet-
tli [23] and [24], motivated by dynamic traffic equilibrium problems, introduced in
1999.

The current paper goes beyond the framework of Hilbert spaces and expands
upon the theme of the papers [8], [17], [28], [29], [30] and [31]. Precisely, following
[8], [17], [30], [31], the concept of projected dynamical systems in non-pivot Hilbert
spaces is introduced. The non-pivot Hilbert spaces are Hilbert spaces for which the
usual identification with its topological dual does not make sense. This is the case,
for example, of weighted Hilbert spaces which play a fundamental role in the study
of weighted traffic equilibrium problems. The fundamental theory for such a kind
of projected dynamical systems is developed and the connection between the set
of critical points and the set of solutions of the weighted variational inequalities is
highlighted.

Another generalization of the concept of projected dynamical systems is obtained
considering the framework of strictly convex and uniformly smooth Banach spaces.
In this case (see [28] and [29]), two different concepts of projected dynamical sys-
tems can be given, namely the concept of metric projected dynamical system and
the one of generalized projected dynamical system. The difference arises because
in the Banach space we can consider two projectors in the following way: given a
closed, convex subset C of X, we can define the projectors

x— P(Clx) = {y €C:|lx—yl= Zlggx—zﬂ} (Metric Projection)

and
x — Ic(x) = argming (|Ix[I* = 2¢J(x),y) + Iy|*)  (Generalized Projection)

where J : X — X™ is the duality mapping between X and X*.

Besides a study of the fundamental properties of these two projections, the basic
result of the coincidence of the set of stationary points of a projected dynamical sys-
tem in a non-pivot Hilbert space or in Banach spaces with the associate variational
inequality is presented. In connection with these results, a focus is put on the impor-
tant open problem that existence results for projected dynamical systems in strictly
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convex and smooth Banach spaces are not yet available, even if it is a reasonable
conjecture that it is possible to prove it.

Finally, an interesting result between an equivalent formulation of projected dy-
namical systems in terms of unilateral differential inclusions is provided, establish-
ing, in this way, a promising link between the theory of differential inclusions and
projected dynamical systems in Banach spaces.

17.2 General Background Material

17.2.1 Spaces

17.2.1.1 Strictly Convex and Uniformly Smooth Banach Spaces

We denote by X a Banach space with dual space X* and by |- || and || - ||« the
respective norms. We denote also the duality pairing between X* and X by < f,x >
for f € X* and x € X, and by < x, f > the duality pairing between X and X* for
feX*andx € X.

We define the duality mapping J : X — X* by

J@)={feX" < fa>=|fi= x|}, ¥xeX.
In the same manner we have the duality mapping J* : X* — X defined by:
F(f)={reX:<xf>= x> = IfI3}, Vf e X".

The existence of J and J* is a corollary of the Hahn—Banach analytic form (see
for instance [9]). We recall two definitions that we need in the sequel.

Definition 17.1 (see [25]). A space (X, || - ||) is strictly convex if
VxeX,VyeX:|x| =yl =1, x£y=|tx+ (1 —1)y|| < 1,Vr €]0,1].

Let us denote by S(X) = {x € X : ||x|| = 1}.

Definition 17.2 (see [25]). A Banach space X is said to be smooth at xyp € S(X)
whenever there exists a unique f € S(X™) such that f(xp) = 1. If X is smooth at
each point of S(X), then we say that X is smooth.

From [25], we have also the following characterization criteria: A Banach space
(X, |1 is smooth if and only if the norm || - || admits a Gateaux derivative in each
direction.

Remark 17.3. Hilbert spaces and L? spaces (1 < p < «o) are reflexive, strictly convex
and smooth.
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From [10], we know that if X is reflexive, strictly convex and smooth, then J, J*
are one-to-one single-valued operators and J~! = J*. More precisely we have:

e X isreflexive if and only if J is surjective;
e X is smooth if and only if J is single-valued;
e X is strictly convex if and only if J is injective.

Remark 17.4. In a strictly convex and smooth Banach space, J is given by J(x) =

2
rad <|le> ; for more details we refer to [3].

Example 17.5. If X = LP(Q,R) with 1 < p < oo then
(@) = ||| |elP sgn(x)

and , 1
p—z .
I (x) = [|x[| 77T x| TP sgn(x)

where sgn(x) = X(x>0] = X[x<0]-

17.2.1.2 The Special Case of Hilbert Spaces, the Notion of Non-pivot Hilbert
Spaces

Each time we work with a Hilbert space V, it is necessary to decide whether or
not we identify the topological dual space V* = Z(V,R) with V. Commonly this
identification is made, one of the reasons for this being that the vectors of the polar of
aset of V are in V. In some cases the identification does not make sense. For clarity
of presentation, we recall below the basic results regarding the dual realization of a
Hilbert space. The readers can refer to [5] for additional information.

First, consider a pre-Hilbert space V with an inner-product ((x,y)), and its topo-
logical dual V* = £ (V,R). It is well known that V* is a Banach space for the clas-

sical dual norm | |||« = sup |]|‘|(x)| . If V is a Hilbert space, then the mapping J
xeV X
x#6y

is linear.

Theorem 17.6 (Theorem 1 page 68, [5]). Let V be a Hilbert space with the inner
product ((x,y)) and J € £ (V,V*) the duality mapping above. Then J is a surjective
isometry fromV to V*. The dual space V* is a Hilbert space with the inner product:

((£,8): = (U £, g) = f(U ).

Theorem 17.7 (Theorem 2 page 69, [S]). Let V be a pre-Hilbert space. Then there
exists a completion V of V, that is, an isometry j from V to the Hilbert space V such
that j(V) is dense in V.

Definition 17.8. Let V be a Hilbert space. We call {F, j}, where
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i) F is a Hilbert space,
ii) jis an isometry from F to .Z(V,R)

a dual realization of V. Then we set
(fix)=jof(x),YfeF, VxeV,
where (f,x) is the duality pairing on F x V.

Remark 17.9. The duality pairing is a nondegenerate bilinear form on F x V and

17l = sup L0

ev x|
x#0y

These properties permit us to prove that F is isomorphic

to V*.

We deduce from Theorems 17.6 and 17.7 that k = j~' oJ € Z(V,F) is a surjective
isometry such that

(26,y) = (k(x),3)-

We use the following convention here: when a dual realization {F, j} of a space
has been chosen, we set F = V* and jo f(x) = (f,x). We say that the isometry
k:V — V* is the duality operator associated to the inner product on V and to the
duality pairing on V* x V by the relation

(26,y) = (k(x),)-

A special but most frequent case is to choose as a dual realization of V the couple
{V,J}; in this case the Hilbert space V is called a pivor space. To be more precise,
we introduce the following definition.

Definition 17.10. A Hilbert space H with an inner product (x,y) is called a pivot
space, if we identify H* with H. In that case

H*:Hv ]:J7 <X,y> :(X,y).

Sometimes it does not make sense to identify the space itself with its topological
dual, as the following example shows.
Let us consider V = L*(R, (1 +|x|)) € L*(R) (dense subspace of L?(R)) endowed
with the inner product:

(v = /]R (14 x| )u(x)v(x)dx.

An element ¢ € L*(R)* is also an element of V*. If we identify ¢ to an element

f € L*(R), this function does not define a linear form on V and the expression
o (v) = (f,v)y has no meaning on V. In this situation it is necessary to work in a
non-pivot Hilbert space. We provide now some useful examples of non-pivot Hilbert
spaces.
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Let 2 C R" be an open subset, a :  — R*\ {0} a continuous and strictly positive
function called “weight” and s : 2 — R™ \ {0} a continuous and strictly positive

function called “real time density.” The bilinear form defined on % (£2) (continuous
functions with compact support on €2) by

(5 Y)as = /Q x()y(@)a(o)s(w)do

is an inner product. We remark here that if a is a weight, then a=! = 1/a is also a
weight. Let us introduce the following

Definition 17.11. We call L?(,a,s) a completion of %(£2) for the inner product
<x7)’>a,s-

We now introduce an n-dimensional version of the previous space. If we denote by
V; =L*(Q,R,a;,s;) and Vi = L2(Q,R,a;l ,si), the space

v=[[v (17.1)
is a non-pivot Hilbert space with the inner product

(F.G)y = (F,G)as = il /Q F(0)Gi(0)ai(0)s:(0)do.

The space
m
vi=TTv (17.2)
i=1

is clearly a non-pivot Hilbert space for the following inner product
E [ F(0)Gi(0)si(o)
F,G)y+ = (F,G)y-1 4= /'—dw,
( v ( )a ls ; o ai(w)

and the following bilinear form

VixV —-R
(f,x)vexy = (f,x)s = i/ fi()xi(w)si(w)do (17.3)
=174

defines a duality between V* and V. More precisely we have (see [31] for a proof):

Proposition 17.12. The bilinear form (17.3) defines a duality mapping between V*
and 'V, given by
J(F) = (ar1Fy,...,amFy).

In Section 17.2.4, we use the introduced objects to set up the weighted traffic equi-
librium problem.
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17.2.2 Cones and Properties

We recall in this section some definitions of cones. There are many different classes
of cones, but we are interested in tangent cones which admit a mutually polar cone
(a normal cone which admits as the polar cone the tangent cone). This will be used
to apply decomposition theorems. In fact, we recall only the following definitions

Definition 17.13. Let C C X be convex; we call general tangent cone to C at X the
set given by:
1
Te(x) = limsup — (C —X).
A—0 A

Remark 17.14. Definition 17.13 is valid also if C is non-convex. If C is a convex
subset of X, Definition 17.13 is equivalent to:

Te(x) = [ J A(C—%).
A>0

Definition 17.15. Let C C X be convex, we call normal cone to C at x the set given
by:
Ne(x)={E eX", <&, y—x><0,VyeC}.

Definition 17.16. Let M be a cone of X, the polar set of M, denoted by MO, is defined

by:
MO ={EeX* <& x><0VxeM}.

If X is reflexive, then the following relationships hold:

(Te(x))® = Ne(x),Vx € C
(Ne(x))? = Te(x), Vx € C. (17.4)

Tc and N are always closed and if C is nonempty and convex, they are nonempty
and convex.
We introduce now the notion of relative interior which will be used in Section 17.5.

Definition 17.17. Let C C X be convex. We call the relative interior of C the follow-
ing set:
ri(C)={xeC: Te(x) =X}.

Definition 17.18. Let C C X be convex. We call the relative boundary of C the fol-
lowing set:
rb(C) = C\ ri(C).

Proposition 17.19 (Proposition 2.2 in [21]). Let us assume that X is a reflexive
Banach space and C C X convex. If x € C we have:

x €ri(C) & Ne(x) = {0x+}.
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Proof. Letitbe Te(x) = X then we have:
Ne(x)={& eX":<&,x><0,Vxe X}

sowe get Vx € X, < &, x ><0and < &,x >> 0 so we can deduce that & = Ox-.
On the other side if N¢(x) = {Ox+} then, using the polarity, we get

Tc(x):{é EX:<<§,0x* >§0}:X

and by definition x € ri(C). U

17.2.3 Projectors

17.2.3.1 Metric and Generalized Projection Operators

In Banach spaces, it is possible to define the generalized projection operator and the
metric projection operator. The metric projection operator is simply the minimum
norm operator and the generalized projection operator is an operator introduced by
Zarantonello [48] in reflexive Banach spaces and studied deeply by Alber [2] in
strictly convex and smooth Banach spaces. The purpose of this section is to recall
some basic results on these operators.

Definition 17.20 (see [44]). Let X be a Banach space and C a closed convex subset
of X. We call the metric projection operator from X on C the set valued mapping
P(C|-) : X — C defined by

x—= P(Clx) ={yeC:|x—y[ =dc(x)}
where d¢(x) = inf.ec ||x —z|.

Note that for x € C, P(C|x) is the set of optimal solutions of the following minimiza-
tion problem:

inf [|x — y||%. (17.5)
yeC

From now on and unless otherwise stated, we make the following assumptions: X

is a reflexive, strictly convex and smooth Banach space.

Then these additional assumptions ensure that P(C|-) = Pc(+) is single valued and
Fc is called the best approximate operator. Moreover we have the following charac-
terization of Pe(x):

I=Pc(x) e<J(x—%),y—x><0, VyeC. (17.6)
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As an extension of what we have on Hilbert spaces, (17.6) is called the basic
variational principle for Pc in X. This characterization plays a fundamental role for
our application.

Another possibility to generalize the notion of projection is to use the convex
function in y V(x,y) given by:

V(x,y) = [l =2 < J(x),y >+l

We remark that if C is a closed convex subset of X and if x € C, then the problem

inV
min (x,y)

is uniquely solvable (apply for instance [9], Corollary II1.20). Then we can give the
following definition:

Definition 17.21 (see [2] or [44]). We call generalized projection of x on C the
following value:
I (x) := argminyecV (x,y).

Remark 17.22 (see [2]).

e The operator ¢ : X — C C X is the identity on C, i.e., for every x € C, I[1¢(x) = x.
e InaHilbert space, V (x,y) = |lx—y||?, ITc coincides with the projection operator
Pc.

As stated in [3] we have the following characterization of Il¢(x).

Lemma 17.23. Assume that C is a closed convex subset of X, then:

= Ie(x) &< J(x) —J(£),y—£ ><0, Vy e C. (17.7)

=

Here again the variational characterization plays a fundamental role for our applica-
tion.
From Corollary 1, page 22 in [25], we know that if X is reflexive then:

X strictly convex < X* smooth,
X smooth < X* strictly convex.

Remark 17.24. As in a Hilbert space the mapping J is linear, the two projection
concepts coincide.

Remark 17.25. We can suggest a possible interpretation of the two different projec-
tion concepts. The metric projection of x to C gives the nearest point of C to x, and
the generalized projection of x to C gives the point in C which makes the smallest
angle with x.
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17.2.3.2 A Decomposition Theorem

Theorem 17.26 ([3], Theorem 2.4). Assume that X is a real reflexive strictly convex
and smooth Banach space, and K a non-empty, closed and convex cone of X then:
Vx € X and Vf € X* the decompositions

x = Px(x)+J TgoJ (x) and < ITgoJ(x),Px(x) >=0
f=Peo(f)+JOxJ*(f) and < Pxo(f), xJ*(f) >=0 (17.8)

hold.

Remark 17.27. If X is a non-pivot Hilbert space, the previous decomposition reduces
to x = P (x) +J* PgoJ (x) with < PgoJ(x), Px(x) >=0and f = Pgo(f) +JPxJ*(f)
and < Pyo(f),PxJ*(f) >=0.If X is a Hilbert space and we identify X with its dual
X*, then we obtain the classical Moreau decomposition theorem x = Px (x) + Pxo(x)
with < Pgo(x), Px(x) >= (Pxo(x),Px(x)) = 0.

17.2.3.3 A Very Important Convex Set

Cojocaru, Daniele, and Nagurney in [13] showed that all the problems considered in
section 17.1 can be formulated using a unified definition of a convex set as we recall
below. We consider the nonempty, convex, closed, bounded subset of the strictly
convex and smooth Banach space L”([0,7],R?), 1 < p < oo, given by

K= | {u e LP([0,T],RY) : A(¢) <u(t) < u(t)ae. in[0,7];
1€[0,7]

iéﬁ ui(t) = p;(t) a.e. in [0, 7], (17.9)
i=1
Eie{0,1}, ie{l,....q} je {1,...,1}}.

Let A, u € LP([0,T],R%), p € LP([0,T],R!). For chosen values of the scalars &;;,
of the dimensions ¢ and /, and of the constraints A, i, we obtain each of the previous
above-cited model constraint set formulations (see [13]), as follows:

e for the traffic network problem (see [24], [23]), welet §;; € {0,1}, i€ {1,...,q},
je{1,...,1}, with every column of the matrix = = [§;;]i<i<;, 1<j<4 having only
one entry different than zero and A(z) > O for all # € [0,T7;

o for the quantity formulation of spatial price equilibrium (see [18]), we let g =
n+m-+nm, E;; =0,ie{l,...,q}, je{1,...,1}; u(r) large and A(r) = 0, for
any ¢ € [0,T];
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e for the price formulation of spatial price equilibrium (see [19] and [22]), we let
g=n+m+mn,1=18;=0,ic{l,....q}, je{l,...,I},and A(r) > O for all
1 €10,7T];

e for the financial equilibrium problem (see [20]), we let ¢ = 2mn+n, [ = 2m,
Eii=1{0,1} forie {1,...,n}, j € {l,...,1}, with every column of the matrix
Z having only one entry different than zero; (z) large and A(¢) = 0, for any
t€[0,T].

17.2.4 Weighted Traffic Equilibrium Problem

Let us introduce a network .4, which means a set # of origin—destination pairs
(origin/destination nodes) and a set % of routes. Each route r € Z links exactly
one origin—destination pair w € . The set of all r € % which link a given w € #
is denoted by % (w). For each time ¢ € (0,T) we consider the vector flow F(t) €
R”. Let us denote by 2 an open subset of R, by n = card(%), a = {a,..,a,}
and by a~! = {a;',..,a; '} two families of weights such that for each 1 <i < n,
a; € €(2,R"\ {0}). We introduce also the family of real time traffic densities
s = {s1,..,sn} such that for each 1 <i <n, s; € €(Q,R"\ {0}). To each element
of a and s, let us say a; and s; corresponds a route r, let us say r;. Now, using the
setup of section 17.2.1, we can describe the feasible flows, which have to satisfy
the time-dependent capacity constraints and demand requirements, namely for all
reZ,we ¥ and for almost all r € Q,

(1) < Fo(t) < piet)

and

z Fr(t) :pw(t)

reZ(w)

where A(¢) < u(t) are given in R”, p(r) € R” where m = card(¥'), Fy, r € Z,
denotes the flow in the route r. If @ = (®,,,) is the pair route incidence matrix, with
we W and r € Z, that is

(DW,I' = X%(w)(r)v

the demand requirements can be written in matrix-vector notation as

The set of all feasible flows is given by

K:={FcV|A@{) <F(t) <u(t),a.e.in Q;
DF (1) =p(t), a.ein Q}.
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17.2.5 Time-Dependent Equilibria

We provide now the definition of equilibrium for the traffic problem. First we need to
define the notion of equilibrium for a variational inequality. A variational inequality
(VD) in a Hilbert space V is the problem to determine

x€K: (C(x),y—x)s > 0, Vyek
where K is a closed convex subset of V and C : K — V* is a mapping.
Definition 17.28. H € V is an equilibrium flow iff
HeK,(C(H),F—H)s>0, VF €K. (17.10)

It is possible to prove the equivalence between condition (17.10) and what we will
call a weighted Wardrop condition (17.11).

Theorem 17.29. H € K is an equilibrium flow in the sense of (17.10) iff

Yw e W, Nq,me ZA(w), a.e.inQ,

5q(1)Cq(H (1)) < sm(t)Cn(H (1))
= Hy(t) = pg(t) or Hy (1) = Ap(1). (17.11)

Proof. Assume that (17.11) holds. Let w € #  and

A={geRw): Hy(t) < ty(t)ace.in®)
B={me Z(w): Hy(t) > Apn(t)a.e.inQ}.
From (17.11) it follows
5q(t)Cq(H (1)) > sm(t)Cu(H(1))Vqg € A,Vm € B, a.e.inQ.

Then there exists a function ¥,,(¢) : (0,7) — R such that a.e. in Q

mgsq( JCq(H (1)) > %(t) > sup sy (t)Cn(H (t)).
qe< meB

Let F € K be arbitrary. For every r € Z(w) such that s,(¢)C,(H (1)) < % (t) a.e.inQ,
itresults r ¢ A, thatis H,(t) = u,(¢t) a.e.in Q. This implies F,.(1) — H:(t) <0 a.e.inQ
and then

(5 (1)C(H (1)) — 1 (1)) (Fo(£) — Hy (1)) > O ae. in 2.

Likewise for every r € % (w) such that
s (t)C-(H(t)) > Y(t) a.e.inQ, it results r ¢ B and

(s (1)C(H (1)) — 3 (1)) (Fy(£) — Hy (1)) > Oae. in€2.
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It follows

|
o

Y1) i (1) = H, (1)) = % (1) (Pu (1) = pw(t))

and finally we may conclude (C(H),F — H)s = /Qisi(a))C,-(H(a)))(Fi(a)) -

Hi(w))dw > 0, that is (17.10) holds.
Now assume that (17.11) does not hold. Then there existw € # and g,m € Z(w)
together with a set E C €2 having positive measure such that

$q(t)Cq(H(2)) < sm(t)Cn(H(t)),
Hy(t) < ug(t), Hu(t) > An(t), a.e.inE.

Fort € E let §(t) := min{ (1) — Hy(t),Hp (1) — A () }. It results 6(¢) > 0 a.e. on
E. We construct F : 2 — R in the following way:

Fy(t) = Hy(1) + (1),

Fu(t) :=Hp(t)— 6(t)a.e.inkE,
F.(t):= H,(t) forr # q,m, a.e.inE,

F.(t) :=H/(t)a.e.inQ\E.

It results that F € K and

n

<C(H),F—H>s=/92a-(H

—~

0))(Fi(o) — Hi(®))si(®)do

— [ 8(@)sy(@)C, (H(@)) -5 (@)CoH (@) ldo < 0.

Thus H is not an equilibrium. O

The previous equivalence shows how the optimum for the user can be conditioned
by a “traffic management center” which is the organization able to establish the
weights as the decision center has a global view on the overall situation.

17.3 Projected Dynamical Systems in Hilbert Spaces

17.3.1 Projected Dynamical Systems in Pivot Hilbert Spaces

Isac and Cojocaru ([32], [33]) initiated the systematic study of projected dynamical
systems on infinite-dimensional Hilbert spaces in 2002 with the fundamental issue
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of existence of solutions to such problems answered by Cojocaru [11] in her thesis
(see also Cojocaru and Jonker [12]). Let X be a pivot Hilbert space of arbitrary
(finite or infinite) dimension and let C C X be a non-empty, closed, convex subset.

Definition 17.30. We call the projected system operator in Hilbert space, the opera-
tor given by
mc:Cx X" —X

defined by setting:
. Pe(x+h)—Pc(x)
h) = lim ————.
mel) = iy =

The directional derivative of the operator P is defined, for any x € C and any ele-
ment v € X, as the limit (for a proof see [47]):

Pe(x+06v)—x

Jm, 5 ; moreover 7ic(x,v) = Py () (v).

Note that 7¢ is nonlinear and discontinuous on the boundary of the set C.
The following result has been shown (see [16]).

Theorem 17.31. Let X be a Hilbert space and C be a non-empty, closed, convex
subset. Let F : C — X be a Lipschitz continuous vector field and xy € C. Then the
initial value problem associated to the projected differential equation (PrDE)

dx(7)
dt

= me(x(1), —F (x(1)), x(0) = xp € C (17.12)

has a unique absolutely continuous solution on the interval [0, o).

This result is a generalization of the one in [35], where X := R”, C is a convex
polyhedron and F has linear growth.

17.3.2 Projected Dynamical Systems in Non-pivot Hilbert Spaces

With minor modifications with respect to the pivot case, in [17] the authors extend
the result obtained for PDS to the non pivot case. They first introduce non-pivot
projected dynamical systems (NpPDS) and then show the existence of a solution. In
analogy with [16] they introduce

Definition 17.32. A non-pivot projected differential equation (NpPrDE) is a discon-
tinuous ODE given by:
dx(r)
dt

= nc(x(1),~ (I o F)(x(1))) = Prouiey (—(U " 0 F)(x(1))).  (17.13)

Consequently the associated Cauchy problem is given by:
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PO re(el),~ 0 o F)), KO) =x0EC. (1714

Next they define a solution for a Cauchy problem of type (17.14).
Remark 17.33. In [17] a proof that

ch(xa V) = PTc(X) (V)

is valid in non-pivot Hilbert spaces is given in an analogous way to the one used by
Zarantonello in [47].

Definition 17.34. An absolutely continuous function x : .# C R — X, such that

{x(t) €C,x(0)=xgeC,Vie s (17.15)

x(r) = me(x(2), —(J*1 oF)(x(t))), a.e.on .
is called a solution for the initial value problem (17.14).

Finally, assuming problem (17.14) has solutions as described above, then we are
ready to introduce:

Definition 17.35. A non-pivot projected dynamical system (NpPDS) is given by a
mapping ¢ : Ry x C — C which solves the initial value problem:

O (t,x) = mc(d(t,x), —(J o F)(9(t,x))), aa. 1, p(0,x) = xo € C.
As said at the beginning of the section, the following result has been proved in [17].

Theorem 17.36. Let X be a non-pivot Hilbert space and C be a non-empty, closed,
convex subset. Let F : C — X be a Lipschitz continuous vector field and xo € C. Then
the initial value problem associated to the projected differential equation (PrDE)

dx(7)
dt

— 7e(x(1), ~F (x(1)), x(0) =x0 € C (17.16)

has a unique absolutely continuous solution on the interval [0, ).

17.4 Projected Dynamical Systems in Banach Spaces

The theory of projected dynamical systems has been introduced in finite-dimensional
spaces by Dupuis and Nagurney [27] and was later extended to infinite-dimensional
Hilbert spaces by Isac and Cojocaru ([32], [33]) in 2002. In this section, we put
the basis for an extension of previous results to strictly convex and smooth Banach
spaces. Even if actually no existence results in such spaces exist, we conjecture
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that it is possible to prove it. Alber and Yao in [4] already proved that an exis-
tence result for a projected dynamical system involving gradient-like functionals,
but the PDS used is more focused on the relationship with variational inequalities
(see Section 17.5) than on the description of the trajectory which permits to reach the
equilibrium.

17.4.1 The Strictly Convex and Uniformly Smooth Case

In the paper [28], using the definitions of the metric projection operator and the
generalized projection operator given in Section 17.2.3.1, the authors introduce the
following concepts of projected dynamical systems in Banach spaces. We recall the
following definitions:

Definition 17.37. We call the metric projected system operator, the operator given
by
AFCxX =X
defined by setting:
AL (x,h) = Pro(o) (J* ().

So we can define, as done in [35] and in [13], the differential equation with a
discontinuous right-hand side.

Definition 17.38. We call m-projected differential equation (m-PDS), the discontin-

uous right-hand side differential equation given by:
dx m *
O = A (3, ~F (X)) = Pro(o (" (=F (). (17.17)

Consequently, the associated Cauchy problem is given by:

% = AL (x,=F(x)) = Py (/" (=F (x))), x(0) =x0 € C. (17.18)

Definition 17.39. A metric projected dynamical system is given by a mapping ¢ :
R, x K — K which solves the initial value problem:

O (t,x) = Pro(o(n) (T (=F(9(t,x)))) a.a.1,¢(0,x) =xo € C.

Definition 17.40. We call the generalized projected-system operator, the operator
given by
AL CxX*—X

defined by setting:
A&(x,h) = Ty (o (J"(R)).

Definition 17.41. We call generalized projected differential equation (g-PDS), the
discontinuous right-hand side differential equation given by:



17 A Panoramic View on Projected Dynamical Systems 251

% = AG(x%,—F (x)) = I, (o (" (= F (x))). (17.19)

The associated Cauchy problem is given by:

% = AG (X, —F (x)) = I (" (=F (x))), x(0) =x0 € C. (17.20)

Definition 17.42. A generalized projected dynamical system is given by a mapping
¢ : Ry x C — C which solves the initial value problem:

(ﬁ(t,x) = HTC(q‘)(t,x))(J*(7F(¢(tax)))) a.a. l‘,(P(O,X) =xp €C.

In a Hilbert space, both (17.17) and (17.19) are equal to (17.16).

17.4.2 Projected Dynamical Systems and Unilateral Differential
Inclusions

To prove the existence result in Hilbert spaces, Cojocaru uses in [11] some tech-
niques coming from differential inclusion theorems, therefore we think it is useful
to include a section dedicated to equivalent formulations of a projected differen-
tial system in X, a strictly convex and smooth Banach space. We consider the two
following differential inclusions:

— € J*(F(x) + Ngpgo (%)) (17.21)

—x e J(F(x)+Nc(x)). (17.22)
First we present the following preliminary result.

Proposition 17.43. Let K be a non-empty closed convex cone of X. For any s and v
in X, the following relations are equivalent:

s =TIk (v) (17.23)

J(v) —J(s) € Nk(s) (17.24)

sEK, J(v)—J(s) €K, <J(v)—J(s),s >=0 (17.25)

J(v) = J(s) €K, and Vv € K?, ||s|* << J(v) —V,s >. (17.26)

Proof. Using the variational characterization of the generalized projection operator
(17.7), we get that (17.23) is equivalent to:

sEK, <JW)—=J(s),y—s><0,Vye K

and, by definition of a normal cone, we get (17.24). Before the next step, first let us
prove that N (s) = K° N {s}+.
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By definition of Nk(s), K and {s}* we get immediately that K° N {s}+ C Nk(s).
Now suppose that y € Nk (s), then we have

<y,n—s><0,Vnek.

If <y,m >> 0, as K is a cone, we get VA > 0, < y,An ><<y,s > which implies
a contradiction. Then < y,n ><0andy € K°. Ass € K, we get < y,s >< 0 and as
0 € K, we conclude that < y,s >=0and y € {s}*. From the previous result we can
conclude that

J(v)—J(s) ENk(s) & seK,J(v)=J(s) €K, <J(v)—J(s),s >=0.

Now suppose that (17.25) holds, take v € K%, as < v,s >< 0 =< J(v) —J(s),s >
we get < v,s ><< J(v),s > — < J(s),s > and by definition of J we get:

Is]> << J(v)—Vv,s >, Vv € K°.
Now suppose that (17.26) holds; in particular we get
<v,s><<J(v),s > —||s||>,Vv € K°.

If < v,s >> 0, we have a contradiction. In fact < v,s > is bounded by < J(v),s >
—||s]|> and K? is a cone, so we get that < v,s >< 0, Vv € K°.

But J(v) — J(s) € K°, then < J(v) —J(s),s >< 0, if we take v = 0 in (17.26), we
get exactly (17.25).

|
Remark 17.44. A proof of the previous result in R” space can be found in [1].
Corollary 17.45. The following statements are equivalent:
it =Tl (T (—F (x))) (17.27)
=X € J*(F(x) + N (X)) (17.28)
—x € J*(F (x) + Nc(x))
=X =J"(F(x) + Py.(v) (= F (x)) (17.29)

=% = J* (Py(x)+F(x)(0))-

Proof. We apply Proposition 17.43 with K = T¢(x), v = J*(—F(x)) and s = %, so
we get immediately (17.27) from (17.23). From (17.24) we get

JJ*(*F()C)) 7.]()6) S NTC(x) ()C)

As JJ* = Idy- we have the equivalence with (17.28).
From Albert’s theorem we deduce that (17.27) is equivalent to

X =T (=F(x) = Pyo () (=F (x)));
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s0, using the variational principle for metric projections, we get:
<J(=F(x)+J(x)+F(x)),y+J(X)+F(x) ><0, Vy € Nc(x)
and this is equivalent to
—X = J"(Pyp(x)+7 () (0))-
And this means that the vector J(—x) is of minimum norm in (F(x) +N¢(x)). O

Remark 17.46. If X is a non-pivot Hilbert space, the generalized projection operator
coincides with the metric projection operator and the mappings J and J* = J~! are

linear, therefore Corollary 17.45 can be restated in the following way:

Corollary 17.47. The following statements are equivalent:

&= Pp (I (~F(x))) (17.30)

— % € JH(F(x)) +T* (Np o () (17.31)
—i € J*(F(x)) +J* (Ne(x))

—x&=J*(F (%)) +J* (Pye (o) (—F () (17.32)

=X =J"(Pyp ()17 (x)(0))-

17.5 Bridge with Variational Inequalities

The bridge between projected dynamical systems and variational inequalities is
done by a simple but very important result which states that the critical points of
the PDS and the equilibrium points of VI coincide. The purpose of this section is
to illustrate this point. As stated in [14], in the case in which the variational in-
equality is an evolutionary VI (the solution belongs to a functional space with real
one-dimensional domain), we can interpret the solution of a PDS as the trajectory
of a point before reaching the equilibirum and the solution of the evolutionary vari-
ational inequality as the trajectory of the equilibrium point. The purpose of this
section is to clarify those points and to recall some results about variational inequal-
ities.

We consider now the variational problem given by:

xeC:<F(x),v—x>>0, WeC (17.33)

where F : C — X*.
The following existence results are known.

Definition 17.48 (see [23]). Let E be a real topological vector space, C C E convex.
Then F : C — E* is said to be

(i) pseudomonotone iff, for all x, y € C, < F(x),y—x >> 0=>< F(y),x—y ><0;
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(ii) Fan-hemicontinous iff, for all y € C, the function & —< F(&),y—& > is upper
semicontinous on C;

(iii) hemicontinous along line segments iff, for all x, y € C, the function & —
< F(&),y—x > is upper semicontinous on the line segment [x,y].

Then we have the following result.

Theorem 17.49 (see [23]). Let E be a real topological vector space, and let C C E
be convex and nonempty. Let F : C — E* be given such that:

(i) there exist A C C compact, and B C C compact, convex such that, for every
x € C\A, there exists y € B with < F(x),y —x ><0;
either (ii) or (iii) below holds:
(ii) F is Fan-hemicontinous,
(iii) F is pseudomonotone and hemicontinous along line segments.

Then, there exists X € A such that < F(x),y—%>>0, forall y € C.
We recall the concept of a critical point for PDS:

Definition 17.50. A point x* € C is called a critical point for equation (17.23) if
me(x, (I o F)(x*)) = 0.

We have the following equivalence theorems (see [28]):

Theorem 17.51. Assume that the hypotheses of Theorems 17.26 and 17.49 hold.
Then each equilibrium point of (17.33) is a critical point of (17.17) and, if (17.17)
admits critical points then they are equilibrium points of (17.33).

Proof. Let x* be a solution of (17.33), since J is bijective, there exists a unique
uy € X such that —F (x*) = J (uy+ ).
So we have

< —J(upr),x—x*>>0,VxeC

and then
< —J(uy ), A(x—x")>>0,Vx e CVYA >0

which is equivalent to writing:
< J(up —0x),y—0x ><0, Vy € Te(x").
So using the variational principle (17.6) for Py, () we get
Pro() () = Ox = Pr (o) (J'(=F (x7)))

and we deduce that x* is a critical point of (17.17).
Now suppose that x* is a critical point of (17.17).
We have Py () (J*(—F(x*))) = Ox, then we get

J(=F(x")) = I (o) (= F (x7))
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as (J*)~! = J we get
—F(x") = Hyg () (= F (x7)).
If x* € ri(C): then Nc(x*) = Ox+ so we get:

HNc(x*)(W) = Iy, (W) = Ox+ = —F(x"), Yw € X",

so we deduce that x* is a solution of (17.33).

If x* € rb(C) and J*(—F(x*)) ¢ Tc(x*) we get N¢(x*) # Ox+ and taking into
account that —F (x*) = Iy, () (—F(x*)), we deduce that —F (x*) € Nc(x*) and so,
using the definition of N¢(x*) we obtain

<F(@),x—x">>0,VxeC

which implies that x* is a solution of (17.33).
If x* € rb(C) and J*(—F (x*)) € Te(x*), we derive immediately

Pre(en (S (=F (x7))) = 0x = J*(=F (x))

but J* is an isometry and so —F (x*) = Ox+. Then again x* is a solution of (17.33)J

Remark 17.52. In the previous proof, it is possible to avoid the use of ri(C), but this
notion permits one to have an easier approach to geometrical aspects of the theorem.

Theorem 17.53. Assume that the hypotheses of Theorems (17.26) and (17.49) hold.
Then each equilibrium point of (17.33) is a critical point of (17.19) and, if (17.19)
admits critical points then they are equilibrium points of (17.33).

Proof. Let x* be a solution of (17.33), since J is bijective, there exists a unique
uy € X such that —F (x*) = J (uy+ ).
So we have

< —J(upr),x—x*>>0,VxeC

and then
< —J(uy ), A(x—x") >>0, Vxe CVA >0,

which is equivalent to writing:
< J(ue) = J(0x),y—Ox >< 0, ¥y € Te(x").
So, using the variational principle (17.7) for Iz, (,+), we get
My () () = Ox = Iy (o) (" (= F (x7)))

from which we deduce that x* is a critical point of (17.19).
Now suppose that x* is a critical point of (17.19).
Iy () (J*(—=F (x*))) = Ox therefore we get

JH(=F(X") = Pre(e) (F (x7))) = 0x = —F (") = Pye (o) (= F (x7))-
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If F(x*) = Ox+, then (17.33) is trivially verified. Now we suppose that F(x*) #
Ox+. Then as —F (x*) = Py (—F (x")) we get —F (x*) € Nc(x*) which means

< —F(x"),y—x"*><0,VyeC

and this is exactly (17.33). O

Theorem 17.54. Let X be a strictly convex and smooth Banach space and let C C X
be a non-empty, closed and convex subset. Let F : X — X be a vector field. Consider
the variational inequality problem:

xeC: (F(x),v—x) > 0, YweC. (17.34)

Then if (17.23) and (17.34) admit solutions, then the critical points of (17.23) coin-
cide with the equilibrium points of the solution set of (17.34).

Proof. 1t follows from the decomposition Theorem 17.26 (see also [28]). O

Remark 17.55. The previous result can be applied to non-pivot Hilbert spaces. In
that case, under the conditions of Theorem 17.36 we know that the non-pivot pro-
jected dynamical system admits a solution.

17.6 Conclusion

We have shown how it is possible to extend the theory of projected dynamical sys-
tems beyond the framework of Hilbert spaces considering non-pivot Hilbert spaces
and strictly convex and smooth Banach spaces. This generalization is not only moti-
vated by love for concepts with more comprehensive domain but also by noting that
the above more general spaces are really the framework in which dynamic equilib-
rium problems act. Almost all the results we know in the Hilbert case have been
extended to the above wider framework and among the open problems we focus
on the one of the existence of solutions to the Cauchy problem associated to the
projected dynamical systems in the strictly convex and smooth Banach space.
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Chapter 18
Foundations of Set-Semidefinite Optimization

Gabriele Eichfelder and Johannes Jahn

Dedicated to the memory of Professor George Isac

Abstract In this paper, we present various foundations of a new field of research in
optimization unifying semidefinite and copositive programming, which is called set-
semidefinite optimization. A set-semidefinite optimization problem is a vector op-
timization problem with a special constraint defined by a so-called set-semidefinite
ordering cone. The investigations of this chapter are based on the paper [11].

18.1 Introduction

Semidefinite programming is a rapidly growing field in optimization. There, one
considers optimization problems having as a constraint that the image G(x) of a
matrix-valued function G : R — " (with " the space of the real symmet-
ric (n,n) matrices) at some x € R™ is positive semidefinite. This means that the
quadratic form with the matrix G(x) is non-negative on the whole space K := R":

vy G(x)y>0 forally € K =R".

Replacing the whole space by the positive orthant K := R” , we immediately arrive
at the class of copositive optimization problems, where the copositivity of the matrix
G(x) is required, i.e.,
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T
y' G(x)y>0 forally e K=TR".

Allowing arbitrary sets K, these two classes can be unified and extended to the
class of set-semidefinite optimization problems. Instead of restricting ourselves to
finite dimensions with the set of all continuous linear maps being identical with
the set of matrices, we can also present the whole theory in an infinite-dimensional
setting. Additionally, in opposition to the common semidefinite and copositive prob-
lems with scalar-valued objective functions, we want to allow vector-valued objec-
tive functions.

To be more specific, we have the following standard assumption.

Assumption 18.1. Let X, Y and Z be topological linear spaces; let Z be partially
ordered by a pointed convex cone Cz; and let f : X — Z and G : X — L(Y,Y*) (here
L(Y,Y") denotes the linear space of continuous linear maps fromY to its topological
dual space Y*) be given maps.

In the following, we write linear forms ¢ of a topological dual space as (¢, -), and
for the scalar product in R” we use the notation a' b for a,b € R".

We define a partial ordering < in the space L(Y,Y™) by the following ordering
cone:

Definition 18.2. For an arbitrary nonempty set K C Y, the set

Cliyyr = {A€L(Y,Y") | (Ay,y) > O forall y € K}

is called K-semidefinite cone (for simplicity we write CX). Any A € CK is called
K-semidefinite.

Thus we write equivalently A < Oz(yy+) for —A € CK. For instance, for ¥ =
R" we consider the linear space L(Y,Y*) = .#Z" of real (n,n) matrices with the
scalar product (A, B) = trace(A-B") for all A,B € .#". Then A € CX is equivalent
to xTAx > 0 for all x € K. In the following, we also consider linear subspaces of
L(Y,Y™*), like the linear space .’ of all symmetric matrices in .#", in the definition
of CK.

Using this partial ordering, we define the set-semidefinite optimization problem
under Assumption 18.1

i SSOP
min f(x) (SSOP)

with the constraint set
S:={xeX|G(x) < Ogyy~} (18.1)

The definition of a minimal solution of the vector optimization problem (SSOP) is
given in Section 18.4.

In this chapter, we proceed as follows: first we discuss in Section 18.2 applica-
tions and special cases of set-semidefinite optimization problems. Thereby we also
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consider the semidefinite and the copositive case, with which we started our ex-
planations. In Section 18.3 we examine the set-semidefinite ordering cone which
defines the ordering structure in (18.1). Section 18.4 includes optimality conditions
and Section 18.5 presents duality results for the set-semidefinite optimization prob-
lem. In Section 18.6 we point out possible future research.

18.2 Applications of Set-Semidefinite Optimization

Before we examine theoretical properties of the problem (SSOP), we first illustrate
the diversity and the importance of set-semidefinite optimization with various ap-
plications.

18.2.1 Semidefinite Optimization

The well-known semidefinite optimization problems in the real linear space .
of real symmetric (n,n) matrices (for a survey see [31]) are included in the more
general formulation in (SSOP). Here, Y = R” and K equals the whole space R",
and one considers the R”-semidefinite cone CE?,, =: Y7, i.e., the cone of posi-
tive semidefinite matrices, also called Lowner ordering cone ([20]). Note that in
the space of symmetric matrices, the inner product (-,-) is defined by (-,-) :=
trace(A - B) forall A,B € .". This problem class has been intensively studied in
the past 10-20 years and a wide variety of applications is known. Already in 1890
Lyapunov’s characterization of the stability of the solution of a linear differential
equation contained a constraint using the Lowner ordering (see [27]). Quadratically
constrained quadratic programs can be formulated as a linear semidefinite problem
([28, 16]). Further applications are the problem of the minimization of the maximum
eigenvalue ([16, 27]), which arises for instance in stabilizing a differential equation,
robust mathematical programming ([27]), control theory ([28, 27]), the considera-
tion of NP-hard combinatorial optimization problems for obtaining lower bounds
on the solutions ([13, 10]) and many more ([30]).

In the following, we discuss a problem from structural optimization ([28, 30,
16]). Here, we want to design a truss structure with k linear elastic bars, connecting
a set of p nodes, such that the stiffness is maximized. We assume that the geometry
of the structure, i.e., the length of the bars /1, ..., [; > 0, and the position of the nodes
is fixed, see for instance Fig. 18.1. Assuming that a known fixed nodal load force
fi,..., fp at each node is given, our aim is to determine the cross-sectional areas of
the bars x; (i = 1,...,k) in such a way, that the stiffest truss is found. Thereby the
so-called stiffness-matrix K (x) € .7, which depends linearly on the truss geometry
given by x, is assumed to be given and to be positive definite for xy,...,x; > 0. Then,
maximizing the stiffness can be expressed by minimizing the elastic stored energy
E(x,f) := 2 f"K(x)~' . Further we assume lower and upper bounds x; (with x; >
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Fig. 18.1 Cantilever with 7 nodes and the load force f;.

0), X; on the bar cross-sectional areas x; (i = 1,...,k) and an upper bound V on the
total truss volume (or equivalently, weight) Zf»‘zl lix;. This results in the optimization
problem
min fTK(x)"Lf
subject to the constraints

k _
> lixi <V,
=1

X <x;i <X, i=1,... .k

By introducing an additional variable ¢ for transforming the objective into the con-
straint f ' K(x)~! f <t and by using the Schur complement, we get a linear semidef-
inite optimization problem in x and ¢ with some additional linear inequality con-
straints: .
min ¢
subject to the constraints

tfr -
<f1<<x>)€y+’
k _
Y lixi <V,
i=1
X <x;i <X, i=1,...,k.

18.2.2 Copositive Optimization

A special class of set-semidefinite optimization problems is the class of copositive
programs being optimization problems over the cone of copositive matrices. Thus,
we consider here finite-dimensional problems in the space of symmetric matrices
" with the parameter set K of the cone of K-semidefinite maps being equal to
R’} . These problems play an important role for instance in combinatorial optimiza-
tion. Burer showed in [7] that any nonconvex quadratic program with linear and
binary constraints can be modeled as a linear program over the dual of the cone of
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copositive matrices, i.e., over the cone of completely positive matrices. The class of
copositive problems includes among others the minimum-cut graph tri-partitioning
problem ([7, 24]), the quadratic assignment problem ([12, 23, 7]), the maximum
stable set problem ([3, 12, 7]) or the maximum clique problem.

For instance, in the maximum clique problem one considers a simple graph
¢(v,&) with node set ¥ = {1,...,n} and edge set &. A clique € is defined as
a subset of the node set ¥ such that every pair of nodes in ¢ is connected by an
edge in &. A clique ¥ is said to be maximal if there exists no larger clique which
contains ¢, and a (maximal) clique is said to be a maximum clique if it contains the
most number of nodes among all cliques. Then, the maximum clique number ©(%)
is given by the number of nodes in the maximum clique % . For a survey, also over
the range of applications of the maximum clique problem, see [22].

Example 18.3. In Fig. 18.2, (a) a graph with 6 nodes and the edge set & = {{1,2},
{13}, {1,5}, {1,6},{2,3}, {2,4}, {2,6}, {3,4}, {3,5},{4,5}, {4,6}, {5,6}} (an

octahedron) is given. It can easily be seen that a maximum clique is for instance
€ ={2,4,6} (drawn in gray), i.e., the maximum clique number is ®(¥) = 3.

This NP-hard problem can be reformulated as a copositive problem ([3, 9]):
©(%) =min{A € N | A(E, —Ag) — E, € C1} (18.2)

with E,, the all-ones (n,n) matrix and Ay the adjacent matrix of the graph ¥, i.e.,
Ay = (ajj)nxn Where a;; = 1if {i, j} € &, and a;; = 0 else.

Example 18.4. We consider the problem of finding the maximum clique number of
the graph of the icosahedron ([2]) given by the adjacent matrix

1110000
1000000
0011000
0001100
01000110
A, _ | 110010100010
Y=11000010100
101000101
00110001
00011000
00001110
00000011

—_—o = O

10
11
01
10
01

11
001
101
011
101
110

— o = O

(see Fig. 18.2, (b)). The result of the set-semidefinite optimization problem (18.2)
is (%) =3, i.e., all matrices A(E, —Ay) — E, with A > 3 are copositive, i.e., R’} -
semidefinite. A maximum clique is for instance € = {3,4,9}.

The maximum clique problem is closely related to the maximum stable set prob-
lem. There one looks for a subset of ¥, whose elements are pairwise nonadjacent,
with maximum cardinality. This cardinality is then called the stability number o of
the graph. For the complement graph & := (7, &), where & := {{i, j} | i,j €V, i #

jand {i,j} € &}, itholds o(¥) = 0(¥).
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Fig. 18.2 (a) Graph of Example 18.3. (b) Graph of Example 18.4.

18.2.3 Second-Order Optimality Conditions

Now we investigate a constrained optimization problem in Banach spaces. To be
more specific, let (X, || -||x) and (Y, - |ly) be Banach spaces, let C be a closed
convex cone in Y, and let f: X — R and g: X — Y be given functions. Then we
consider the optimization problem

min f(x)

subject to the constraint
g(x) € —C,

xeX.

(18.3)

The constraint set of this problem is denoted by S. A characterization of minimal
solutions of problem (18.3) can be obtained by optimality conditions like the gener-
alized Lagrange multiplier rule. Here we discuss a necessary optimality condition of
second-order (e.g., see [21, 4, 33, 8]). In the following, first-order and second-order
Fréchet derivatives of f and g are denoted by f', g/, f” and g”, respectively.

Theorem 18.5 ([33, Thm. 5.5.2]). Let & € S be a minimal solution of the optimiza-
tion problem (18.3). Assume that the functions f and g are twice Fréchet differen-
tiable at X and that the constraint qualification

g (%)(X) +cone(C+{g(x)}) =Y

is satisfied (cone(-) denotes the cone generated by a set). Let { € C* (the dual cone
of C) be a Lagrange multiplier for problem (18.3), i.e.

f'(®)+Log (%) = 0x-

and
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(£,8(x)) =0.
Then it follows
(f"(x)+Log"(x))(h),h) >0 forallh € T(S,X) (18.4)
where
S:={xeX|g(x) e —-Cand (¢,g(x)) =0} (18.5)

and T (8, %) denotes the contingent cone (or Bouligand tangent cone) of the set S at

X.

A proof of Theorem 18.5 is given in [33, p. 198—199]. The necessary optimality
condition (18.4) says that the second-order Fréchet derivative of the Lagrangian at
the minimal solution is nonnegative on the contingent cone T (S, %), or equivalently

_ _ T(S%
FI(®)+Log"(®) e CrSY

which means that f"(%) + £ o ¢"(%) is T(S,x)-semidefinite. So, the T'(S,x)-semi-

definite cone CLT(S‘X) plays a central role in the theory of second-order optimality

conditions. This shows the close connection between second-order optimality con-
ditions and set-semidefinite cones.

Proposition 18.6. If the map g : X — Y is C-convex for
C:={yeC|({ty) =0} (18.6)
with £ as in Thm. 18.5, i.e. for all x1,x, € X and all A € [0,1]
Ag(x1) +(1—2)g(x2) —g(Axi +(1—2A)x) €C,

then the set § (defined by (18.5)) is a convex set.
Proof. With the equalities (18.5) and (18.6) we obtain

S={xeX|gkx) e—-C}

It is obvious that C is a convex cone. Then, the C-convexity of the map g implies the
convexity of the set S. O

So, under the assumption that g is C-convex the set S is convex and, therefore,
the contingent cone 7'(S, X) is_convex as well (e.g., see [16, Thm. 4.12]). In this case

($,%)

the set-semidefinite cone CLT has a richer mathematical structure.

18.2.4 Semi-infinite Optimization

The classical Chebyshev approximation problem has been the starting point of semi-
infinite optimization. In this class of approximation problems, a given continuous
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function is approximated with respect to the Chebyshev (or maximum) norm. Let
M be a compact metric space and let C(M) be the real linear space of continuous
real-valued functions on M equipped with the Chebyshev norm || - || where

||x|| = max |x(¢)| for all x € C(M).
1eM

If § is a nonempty subset of C(M) and £ € C(M) is a given function, then the Cheby-
shev approximation problem can be written as

min [[x—£].
xes

It is obvious that this optimization problem is equivalent to the problem

min A

subject to the constraints

|x(t) —£(#)] < A forallt € M,
xe8, 1>0.

In practice, the set S is finite-dimensional (e.g., a set of linear combinations of
finitely many functions of C(M)) and, therefore, this optimization problem has
finitely many variables and infinitely many constraints, i.e., it is a semi-infinite prob-
lem.

Later semi-infinite optimization has become an own research field in optimiza-
tion. A typical semi-infinite optimization problem is of the form

min f(x)

subject to the constraints
g(x,r) <Oforallr € M,
xes§

with a finite-dimensional set S, a set M with infinitely many elements, and appro-
priate functions f and g. If we consider the map G in Assumption 18.1, then for an
arbitrary nonempty set K C Y the condition

G(x) S Opyys) == G(x) € —CK — (G(x)y,y) <Oforallyc K

is a special semi-infinite constraint. Hence, set-semidefinite optimization problems
with finitely many variables are special semi-infinite optimization problems.

It is interesting to note that the converse implication holds in special cases. If
we write the system of infinitely many constraints as one abstract constraint in an
appropriate normed function space with an appropriate nontrivial convex cone C,
then this constraint can be written as a positive semidefinite constraint, if the or-
dering cone C has a closed and bounded base (see [17, Thm. 4.3]). So, under these
assumptions we obtain a special constraint defined with the Lowner cone.
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Connections between semi-infinite and semidefinite optimization problems are
also worked out in [29].

Although we only consider quadratic forms in our inequality system, the theory
of K-semidefinite optimization is quite general because K is an arbitrary set and the
variable space is a topological linear space and is not restricted to a finite dimen-
sional space.

18.3 Set-Semidefinite Cone

The key concept of the set-semidefinite optimization problem is the partial ordering
defining the inequality constraint in (18.1). Itis easy to see that CX is in fact a convex
cone for every set K and thus the related partial ordering is reflexive, transitive and
compatible with the linear structure of the space. Further interesting properties will
be stated in the following, including some results on the dual of this cone, which
is important for achieving optimality conditions for (SSOP), and on the interior,
which is for instance of interest for considering the generalized Slater condition for
the problem (SSOP).

18.3.1 Properties of the Set-Semidefinite Cone

We start with some calculation rules for the set-semidefinite cone.

Lemma 18.7. Let K;,K> C Y be given nonempty sets.
(a) If K1 C Ky, then

ey,
(b)

K UK K K.
G =C'nC .
(c) For cone(K,), i.e., the cone generated by K, we have

CI{(I — Cgone(Kl).

Proof. (a) For A € sz it is (Ay,y) > 0 for all y € K, and due to K; C K; itis a
fortiori (Ay,y) >0forally € Kj,ie,A € Cf‘ .

(b) Using the result in (a) on the inclusions K; C K; UK, and K> C Kj UK, we
immediately get Cy'”*2 c cf' 2.
It remains to show Cx' NCr2 < CJ'Y52 For A € ¢ NCR2 it is (Ay,y) > 0 for
all y € K; and for all y € K. Thus we have (Ay,y) > 0 for all y € K; UK, and

therefore A € Cf] VK2
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(c) It is obvious that the condition
(Ay,y) >0 forally € K;
is equivalent to

(A(Ly),(Ay)) = A*(Ay,y) > 0 forally € K1, A >0,

cone(ky)

and thus C}' = C} O

The case that the set K is a cone is of special interest, as the copositive and the
semidefinite case with K = R’| and K = R" respectively demonstrates. To show that
amap is K-semidefinite for a cone K, sometimes it is simpler to work with a suitable
subset B C K instead of the whole cone K. This result is already partly included in
Lemma 18.7, (c), but because of its importance in solution approaches we also want
to present the following more general formulation using the idea of a base of a cone.

Corollary 18.8. Let K C Y be a cone and let B be a subset of K such that for any
y € K there existsa A € R and a b € B with

y=Ab. (18.7)
Then A € CK if and only if
(Ay,y) >0 forall y€B. (18.8)

Proof. Because of B C K for any A € CK (18.8) follows immediately (compare
Lemma 18.7, (a)). For showing the converse implication we assume that (18.8) is
satisfied. Let y € K be arbitrarily chosen. Then there is a A € R and a b € B with
(18.7) and we get

(Ay,y) = (A(Ab),Ab) = A (Ab,b) > 0.

Thus A € CF. O

This result can of course be generalized to arbitrary nonempty sets K C Y. To give
an example for Corollary 18.8, it is demonstrated in [32] that for the case ¥ = R”,
A € " it suffices to show fora k € {1,...,n}

y'Ay>0 forall y € R" with y; =1

to prove the copositivity, i.e. the R’} -semidefiniteness, of A.

Recall that a nonempty convex subset B of a convex cone K # {Oy} is called
a base for K, if for every y € K\ {Oy} there exists a A > 0 and a b € B such that
the representation in (18.7) is unique. Then cone(B) = K. Since a base B fulfills the
assumptions of Corollary 18.8, the result of this corollary also holds for a base. For
example the set
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B={yeRi ||yl =1}

is a base for the cone K = R'}. This set is used in [6] and already in [1] to check a
symmetric matrix on R’ -semidefiniteness. Each nontrivial convex cone with a base
is pointed (see [15, Lemma 1.14]). Recall that a cone K C Y is called pointed if
KN (—K)={0y}. If the cone K is not pointed but the linear space Y is normed, we
can use in Corollary 18.8 for example the set B={y € K | ||y|ly = 1}.

In the following lemma, it is shown that K-semidefiniteness already implies
(—K)-semidefiniteness. We need this lemma for a result on semidefiniteness w.r. t.
non-pointed cones K.

Lemma 18.9. Let K C Y be a given nonempty set. Then
cf=c. k.

Proof. Let A € CK be arbitrarily given. Because of the linearity of A € L(Y,Y*) and
Ay € Y* we have

0 < {Ay,y) = (=Ay,—y) = (A(-y),—y) forall y€K.

This is equivalent to
0 < (Ay,y) forall ye —K

and thusto A € CL_K. O

For non-pointed cones K, we can show that semidefiniteness w.r.t. a special smaller
cone already implies K-semidefiniteness.

Theorem 18.10. Let K C Y be a cone and b € Y*\ {Oy+} be arbitrarily given. Then

K =K, UK2U(7K1)

with the cones
Ki:={yeKN(-K)|[(b,y) =0}

and
Ky:={yeK|y¢-K}u{0y},

and we get
X =i,

Proof. We first show the decomposition K = K; UK, U (—K)) of the cone K. We
have K; U(—Kj) = KN (—K) and thus

(K1 U(=K1)) UKy = (KN (=K))U(K\ (=K))U{0y} = K.
Using this decomposition and applying Lemma 18.7, (b) and Lemma 18.9 we get
ck=ciincPne M =ciinct =R O
——

Ky
=C;
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Fig. 18.3 Cones K, K|, and K, of Example 18.11.

We illustrate this result with an example:

Example 18.11. Let Y =R?> and K = {y € R> | y; > 0 V y, > 0}. Then it is for
b=(1,-1)T
Ki={yeR*|y; >0 Ay, <0}
and
Ky={yeR?|y1 >0 A y>0}U{0,}
(see Figure 18.3). Therefore, if A € .4 2 is semidefinite w.r.t. the cone K| UK>, then

it is also K-semidefinite.

Next we come to some results concerning the eigenvalues and eigenvectors of a
K-semidefinite linear map.

Lemma 18.12. Let (Y, (-,-)) be a real Hilbert space. Let K C Y be a given nonempty
set and A € L(Y,Y) be K-semidefinite. Then for every eigenvector y € K of A the
correspondent eigenvalue A is non-negative.

Proof. Due toy € K and y # Oy, we have for the associated eigenvalue A

0 < (Ay,y) = (Ay,y) = A (y,y)
~—

>0

and thus A > 0. O

This lemma generalizes the well-known result that for a semidefinite matrix (i.e.,
K =R") all eigenvalues are non-negative. Kaplan shows in [18] (see also [19]) that
if a matrix A € " is copositive, i.e., R’ -semidefinite, then A has no eigenvector
y € int(R") with associated eigenvalue A < 0.

Lemma 18.13. Let (Y,(-,")) be a real Hilbert space and A € L(Y.Y) arbitrarily
chosen. Let y',... y* € Y (k € N) be k eigenvectors of A with (y',y/) > 0 for all
i,j€{1,...,k}, and with eigenvalues A; > 0. Let K C Y be a nonempty set with
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K C cone(convex hull{y',... y*}).
Then A is K-semidefinite.

Proof. Lety € K be arbitrarily chosen. Then there exist 3, iy, ...,y > 0 with

k k
Dui=1and y=p3 wy.
i-1 i=

Because of the linearity of A, we conclude

(Ay,y) —< <B2u1y>,ﬁiuiyi>

= p? ZZulu,Ay )

i=1j=

Thus A is K-semidefinite. O

18.3.2 Dual and Interior of the Set-Semidefinite Cone

For the finite-dimensional case ¥ = R” and the matrix space ." we summarize
some results on dual cones. Proofs can be found in [16] for a closed convex cone K,
in [26] for a given nonempty set K C R” and in [25] for a polyhedral cone K C R".

Lemma 18.14. (a) Let K C R" be a nonempty given set. Then
(CE0)* = cl cone(convex hull{ xx" | x € K}).
(b) Let K C R" be a closed convex cone. Then
(CK.)* = convex hull{xx" | x € K}

and (CX,,)* is closed.
(c) Let K = R", then C@n =" and (Cgﬂn)* = C§;,,, ie. SV is self-dual.
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In the literature, elements of the dual cone
(C]M ) " — convex hull{xx" [x € R"}
o] = +

are called completely positive matrices.
For determining the interior of the cone CX, let CK denote the set of strict K-
semidefinite maps, i.e., let

CK:={Ac LY, Y")| (Ay,y) >0 forall yc K\ {0Oy}},

for an arbitrary nonempty set K C Y. Of course it is C’f C Cf . If the set C'f is
nonempty for a reflexive Banach space Y, it is under some additional assumptions
the interior of the cone CX.

Theorem 18.15. Let (Y, ||-||y) be a real reflexive Banach space, let K be a closed
convex cone, and let the set Cf be nonempty. If there are linear functionals ¢y, . .. ¢ €
Y* and real numbers o1 # 0, ..., 04 # 0 for some k € N so that

k
K = cone (K;)
i=1

with
Ki:={ye KnB| li(y) = o} forallic {1,...,k}

(B denotes the closed unit ball) and for every A € C‘f the quadratic form (A-,-) is
weakly lower semicontinuous, then

int(CKYy = CK.

Proof. For the proof of the inclusion C’f C int(Ci< ) we fix an arbitrary map A € C’f .
Under the assumptions of the theorem, the cone K is weakly closed and the closed
unit ball B is weakly compact (see [15, Lemma 1.41]) and thus the set K N B is also
weakly compact. Consequently, for every i € {1,...,k} the set K; is weakly compact
as well. Further itis K; C K\ {Oy } fori=1,... k. Since the quadratic form (A-,-) is
weakly lower semicontinuous, by Thm. 2.3 in [16] there exists a scalar € > 0 with

€ <min(Ay,y) forallie {1,... k}.
YEK;

Let Ae(A) :={D € L(Y,Y") | [[D— Al r(y,y+) < €} denote the e-neighborhood of
A and let a map D € .#;(A) be arbitrarily chosen. For an arbitrary y € K\{Oy } we
have y € cone(K;)\{Oy} for somei € {1,...,k} or

y = Aik; for some A; > 0 and some k; € K.

Then we obtain because of K; C B
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1
ﬁ(Dy>y> = <Dki7ki>

= (Akj, ki) +((D — A)ki, k;)
——
>e

> e—[((D—A)kiki)|
> €~ (D—Aki|ly~- |lkilly
——

> &—|[D=Allwy - [killy
SN——— —/ N——

<e <l
>0

and thus D € CK. Therefore we have shown .4 (A) C CK and thus A € int(CK). As
A € CK is arbitrarily chosen we have CKX  int(CK).

It remains to show int(CK) € CK. Let A € int(CK) be arbitrarily chosen. Then
there exists a e-neighborhood .4z (A) of A with .4;(A) C CK. For arbitrarily chosen
D € CK there exists a A > 0 with

DY :=A+A(A—D) € H(A).

Consequently, we have

1 A

A=——D'+-=_D
27 "1
and we obtain for all y € K\ {Oy }
(Avy) = —— (Dyy) +— (Dyiy) >0
»Y) =17 P D) >0,
>0 >0
ie.AcCK. O

If the cone K is a subset of a finite-dimensional real Banach space, the quadratic
form (A-,-) for A € C‘f is weakly lower semicontinuous. For a real Hilbert space
(Y,(-,-)), any quadratic form (A-,-) for which A is Y-semidefinite is weakly lower
semicontinuous (see [14, Theorem 2.1]). Besides, if (¥, (-, -)) is a real Hilbert space,
then C‘f 2 () as the identity map is always an element of C’f for any set K C Y.
Notice that in the case of Y = R" for instance the convex cone K = R’} fulfills the
assumptions of Theorem 18.15 because of the equality

K = cone {y eRY
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Using various subsets K7, ..., K any closed convex nontrivial cone K in R” fulfills
the assumptions of the previous theorem.

Corollary 18.16. Let Y = R" and K C R" be a closed convex nontrivial cone. Then
int(CK) = CK.

Proof. As 'Y is finite-dimensional the set C‘f is nonempty and the quadratic forms
(A-,-) are weakly lower semicontinuous for all A € CK. Consider the /; norm in
R", i.e., the closed unit ball B equals {y € R" | ¥, |yi| < 1}. For [j,...,lp» € R"
denoting all vectors of the form (£1,...,£1) € R"” we define

Ki:={yeKnB|li(y)=1} forall ie{l,...,2"}

(notice that the cone generated by the set K; equals the intersection of the i-th orthant
in R" with the cone K). If we set I := {i € {1,...,2"} | K; # 0}, we then obtain

K= U cone (K;)
icl
and the assertion follows from Theorem 18.15. O

The result of Theorem 18.15 is a generalization of a result in [5]. There it is
shown that in the finite dimensional case ¥ = R" for K = R, it holds

int(C.) ={A€.7"|y"Ay > 0forally € R"\ {Ogn}},

i.e., the interior elements of the cone of copositive matrices are exactly the strict
copositive matrices.

As a consequence of Corollary 18.16 we have the following results for ¥ = R”"
and the matrix space ., but direct proofs can be found in [16].

Corollary 18.17. Let K C R" be a convex cone. Then
{A € 7™ | A is positive definite } C int(C,.).
For K = R" equality holds, i.e.

int(CX,n) = {A € " | A is positive definite }.

18.4 Optimality Conditions

In this section, we investigate the set-semidefinite optimization problem (SSOP)
and formulate necessary and sufficient optimality conditions for this problem. For
an arbitrary nonempty set K C ¥ we consider the K-semidefinite cone CKX induc-
ing the partial ordering < in the definition of the constraint set S in (18.1). To be
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more concrete, under Assumption 18.1 we examine the set-semidefinite optimiza-
tion problem
min f(x)
subject to the constraint
—G(x) e CK,
xeX

(18.9)

with the constraint set S = {x € X | G(x) € —CK}.

Recall that a minimal solution ¥ € S of the vector optimization problem (18.9) is
defined as the preimage of a minimal element f (%) of the image set f(S), i.e., ¥is a
minimal solution if

{f(D)} =C2)Nf(S) ={f(0)}

(compare [15]). Under the additional assumption that Cz has a nonempty interior
int(Cz), an element X € S is called a weakly minimal solution of problem (18.9), if
f(x) is a weakly minimal element of the image set f(S), i.e.,

{f(®)} —int(Cz)) N f(S) = 0.

The following theorem gives a necessary condition for a minimal solution of
problem (18.9).

Theorem 18.18 (necessary optimality condition). Let the set-semidefinite opti-
mization problem (18.9) be given under Assumption 18.1, and let X be a real Banach
space and Y and Z real normed spaces. Let the ordering cones Cz and Cf have a
nonempty interior. Let X € S be a weakly minimal solution of problem (18.9). More-
over, let f and G be Fréchet differentiable at X. Then there are continuous linear
functionals t € Cy, U € (CF)* with (t,U) # Oz« (y y+)« s that

tof(X)+UoG (%) = Ox- (18.10)
and
(U,G(x)) =0. (18.11)

If, in addition to the given assumptions
G'(¥)(X) + cone (Cf +{G(%)}) = L(Y,Y") (18.12)
then t # 0z

Proof. The first part of this theorem follows from a general Lagrange multiplier
rule given in [15, Thm. 7.4], if we notice that the superset used in [15] equals the
whole space X in our case. For the proof of the second part of this theorem, let
the condition (18.12) be satisfied. Now assume that ¢t = 0z«. Then for an arbitrary
element A € L(Y,Y™) there is a non-negative number o, a vector x € X and a map
D € Cf with

A =G (%)(x)+ a(D+G(x)).

Hence we obtain with the equations (18.10) and (18.11) and the positivity of U
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(U,A) = (UoG' (%)) (x) + (U, D) + (U, G(%)) > 0.
-0 >0 =0

Consequently, we have U = Ory y+)-. But this contradicts the assertion that (t,U) #
OZ* XL(Y,Y*)*' I:l

The necessary optimality condition given in Theorem 18.18 generalizes the well-
known Lagrange multiplier rule. The regularity assumption (18.12) is the known
Kurcyusz—Robinson—Zowe regularity condition (see [16, p.114]). It does not use
the interior of the ordering cone and, therefore, it is more general than the known
Slater condition.

Corollary 18.19. Let the assumptions of Theorem 18.18 be satisfied and let Cz #
Z. If x € S is a minimal solution of problem (18.9), then we obtain the necessary
condition in Theorem 18.18.

Proof. Under the additional assumption Cz # Z, every minimal solution of problem
(18.9) is also a weakly minimal solution of (18.9) (see [15, Lemma 4.14]). Hence,
we get the same assertion as in Theorem 18.18. O

Under generalized convexity assumptions the necessary optimality condition in
Theorem 18.18 is also a sufficient optimality condition. Here we recall the concept
of C-quasiconvexity (see also [16, Def. 5.12]).

Definition 18.20. Let 7 be a nonempty subset of a real linear space X, and let C be
a nonempty subset of a real normed space V. Let h: T — V be a given map having
a directional derivative at some X € T in every direction x — X with arbitrary x € T
The map 4 is called C-quasiconvex at %, if for all x € T

h(x)—h(x)eC = K (¥)(x—x) €C.
Now we present the sufficient optimality condition.

Theorem 18.21 (sufficient optimality condition). Let the set-semidefinite opti-
mization problem (18.9) be given under Assumption 18.1, let Y and Z be real normed
spaces, and let the ordering cone Cz be nontrivial. Let f and G have a directional
derivative at some % € S. Moreover, let the map (f,G): X — Z x L(Y,Y*) be C-
quasiconvex at X with

C = (—Cz\{0z}) x (—Cf +1in(G(%))) .
If there are continuous linear functionals t € C, U € (CI{( )* so that
tof'(X)+UoG (x) =0x+ (18.13)

and

(U,G(x)) =0, (18.14)

then X is a minimal solution of problem (18.9).
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Here
Ch={tez |(t,c) >0 forall c € C;\ {0z}} (18.15)

denotes the so-called quasi-interior of the dual cone C; and lin(G(%)) denotes the
one-dimensional linear space spanned by G(X).

Proof. Assume that there is a vector x € X with

(f'(®)(x—%), G'(®(x—x) €C.

Then we have
F(®)(x—x) € =Cz\ {0z}

and
G (%)(x— %) € —CK +1in(G (%)),

and we obtain with the definition of the quasi-interior C# and with the equation
(18.14) for some o € R

(tof'(X) +UoG (%)) (x—%) < a(U,G(x)) = 0.
This contradicts the equation (18.13). Hence, we have for all x € X
(f(®)(x=%), G @) (x-5)¢C
and because (f,G) is C-quasiconvex this implies
(f(x) = (%), G(x) — G(%)) € C forall x € X.
This means that there is no x € X with
f(x) = f(x) € =Cz\ {0z}

and

G(x) — G(x) € —Cf +1in(G(%))

& Gx) € {GR)} - CK +1in(G(x))

c —CK K +1in(G(x))
= —CK +1in(G(x))

and thus in particular with G(x) € —CK. Consequently, there is no feasible vector
x € § with

fx) e{f(®)}—Cz\{0z}
or

(f(X) =C2)Nf(S) ={f ()}

This means that ¥ is a minimal solution of problem (18.9). O
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A similar result can also be shown for the weak minimality notion (see [15, Thm.
7.20 and Cor. 7.21]). Notice that for the sufficient optimality condition we use a
stronger assumption on ¢. Here ¢ should be in the quasi-interior of the dual cone,
whereas in Corollary 18.19 the functional ¢ is an element of the dual cone. This
theoretical gap results from the fact that there is no complete characterization of
minimal solutions, if one works with linear scalarization (for instance, see Thm.
5.18 and the following discussion in [15]).

Now we shortly discuss the application of these optimality conditions to the
finite-dimensional case. In Assumption 18.1, we consider the special cases X = R",
Z =RFand Y = R” and the functions f : R” — RF and G : R — .#". If f is dif-
ferentiable at a weakly minimal solution ¥ of problem (18.9) and G is elementwise
differentiable at X, then the equation (18.10) can be written as

‘ (U, Gy, (%))
2 t,Vf,(X) + - O]Rm
(U, Gy, (1)
for a vector r € C, and a matrix U € (CX,.)*, and the equation (18.11) equals
(U,G(x)) =0.
Here we use the notation

2Gii ... -Gy
G, = forallie {1,...,m}.

i

761 .. 7-Gn

So, the general optimality condition reduces to a KKT-type condition. For more
details we refer to [11].

18.5 Nonconvex Duality

As in the previous section, we examine the vector optimization problem (SSOP)
under Assumption 18.1, i.e., we consider the problem

min f(x)
subject to the constraint
—G(x) e CK,
xeX

(18.16)

for an arbitrary nonempty set K C Y. As in (18.1) the constraint set is denoted by
S. In this section, problem (18.16) is called primal problem. In contrast to the pre-
sentation in [11], we do not assume that the maps f and G are convex but that a
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certain composite map is convex-like and, therefore, this approach also includes
some nonconvex maps.

Definition 18.22. Let S be a nonempty subset of a real linear space and let E be
a partially ordered real linear space with an ordering cone C. Amap h:§ — E is
called convex-like, if the set h(S) +C is convex.

It is shown in [16, Example 6.4] that every convex map is also convex-like and
that there are convex-like maps which are not convex. So, this class of maps includes
the class of convex maps and it slightly goes beyond this class. Therefore, we speak
of nonconvex duality.

The standard assumption of this section is summarized in:

Assumption 18.23. Let Assumption 18.1 be satisfied, let K C Y be an arbitrary
nonempty set and let the quasi-interior C§ (see (18.15)) be nonempty.

Under this assumption, we assign a dual problem to the primal problem (18.16):

max z
subject to the constraints
(t,2) < inf(ro f+U0G)(x), (18.17)
RIS

z€Z,teCh Ue (Ch .
A triple (z,7,U) is called a maximal solution of this problem if it is a minimal solu-

tion w.r.t. the ordering cone —C7. A first relationship between the primal and dual
problem is given in:

Theorem 18.24 (weak duality theorem). Let Assumption 18.23 be satisfied. For
every feasible triple (Z,,U) of the dual problem (18.17)

(t,7) < (fof)(X) forall x € S.

Proof. We have for an arbitrary X € S

(1,2) < inf(fo f+UcG)(x) < (fo f)(X) + (U G)F) < (7o f) ().
X€ —
<0

Now we present a nonconvex strong duality theorem.

Theorem 18.25 (strong duality theorem). Let Assumption 18.23 be satisfied, let
the interior int(Ci< ) be nonempty, and let X € S be a minimal solution of the primal
problem (18.16) with the additional property that for some t € Cg

(tof)(X) <(tof)(x) forallx €S. (18.18)
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If (to f,G) is convex-like and the generalized Slater condition is satisfied, i.e., there
exists a vector £ € X with —G(£) € int(CK), then there is a maximal solution (Z,1,0)
of the dual problem (18.17) with f(X) =Z

Proof. Let X € S be a minimal solution of the primal problem (18.16) and let some
t € C% be given so that the inequality (18.18) is satisfied. Then we investigate the set

M = { ({t, f(x)) + @, G() +¥) € RxL(Y,Y") [x€X, a >0, ye Cf }
= (10 £,6) (X) + (R; x ).

Since (o f,G) is convex-like, the set M is convex. Because of int(CK) 5 0, the set
M has a nonempty interior int(M) as well. With the inequality (18.18) we conclude

({t, £(%)),0r(y,y+)) ¢ int(M)

or
int(M) N { ({t, f(X)),0yy+) } = 0.

By the Eidelheit separation theorem (e.g., see [16, Thm. C.2]), there are real num-
bers 1 and y and a continuous linear functional U € L(Y,Y*)* with (u,U) #
(0, OL(Y,Y*)* ) and

up+(U,z) >y>ult, f(x)) forall (B,z) € int(M). (18.19)

Since every convex subset of a real normed space with nonempty interior is con-
tained in the closure of the interior of this set, we conclude from the inequality
(18.19)

u({t, f(x)) + &) + (U, G(x) +y) > y> ult, f(%)) forall x € X, > 0,y € CK.
(18.20)
For x = ¥ and o = 0, it follows from the inequality (18.20)
(U,y) > —(U,G(%)) forall y € CK. (18.21)

With standard arguments we get immediately U € (C{)*. For y = Opy y+), it follows
from the inequality (18.21) (U, G(%)) > 0. Because of —G(x) € CX and U € (CK)*
we also have (U, G (X)) < 0, which leads to

(U,G(x)) =
For x =xand y = 07y y+), we get from the inequality (18.20)
uo>0forall o >0

which implies y > 0. For the proof of tt > 0, we assume that t = 0. Then it follows
from the inequality (18.20) with y = Opy y+)

(U,G(x)) >0 forall x € X.
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Because of the generalized Slater condition, there is an £ € X with —G(%) € int(CK),
and then we have
U, G(&)) =o0.

Now we want to show that U = Oy y+)+. For that purpose we assume that U #
Or(y,y+)» i-€., there is ay € L(Y,Y™) with U(y) > 0. Then we have
(U,Ay+(1—=21)G(%)) > 0forall A € (0,1], (18.22)
and because of —G(%) € int(CK) thereis a A € (0,1) with
Ay+(1—-2)G(x) € —CF forall 2 € [0,A].
Then we get B
(U, Ay+(1—21)G(%)) <0forall A € [0,7]

which contradicts the inequality (18.22). Hence, with the assumption y = 0 we also
obtain U = Oy y+)+, a contradiction to (i,U) # (0,0;(yy+)-). Consequently, we
have u # 0 and therefore u > 0. Then we conclude from the inequality (18.20) with
a=0andy=0ry,y+)>

wit, f(x))+{U,G(x)) > u{t, f(x)) forall x € X

and
(t, f(x)) —|—i<U,G(x)> > (t,f(x)) forall x € X.

If we define U := ﬁU € (CK)* we obtain with (U, G(x)) =0
inf (1, £(3) + (0.G0) = (1.£(0) + (0.G(E)).

Hence we have

(t,(%) = (. (%)) +(U,G(x)) = inf {1, f(x)) + (U, G(x)),
ie., for Z := f(X) the triple (Z,7,U) satisfies the constraints of the dual problem
(18.17). With the weak duality theorem (Theorem 18.24), the triple (z,¢,U) is a
maximal point of (¢,-) on the feasible set of the dual problem. Then by a known
scalarization theorem (see [15, Thm. 5.18, (b)]), the triple (Z,z,U) is a maximal
solution of the dual problem with Z = f(%). O

Notice that it is also possible to work with the weak minimality notion according
to [15, p. 196]. But here we restrict ourselves to the minimality notion which is of
interest in practice.

Theorem 18.26 (strong converse duality theorem). Let Assumption 18.23 be sat-
isfied and, in addition, let Z be locally convex, let the map f be convex-like, let the
set f(S)+Cyz be closed, and let for arbitrary t € C
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inf(ro f)(x) = sup inf(tof+UoG)(x).

xes Ue(Cf)* xeX

Then for every maximal solution (7,7,U) of the dual problem (18.17) there exists a
minimal solution X of the primal problem (18.16) with 7 = f(X).

Proof. This theorem is an equivalent formulation of Theorem 8.9, (b) in [15] in the
case of set-semidefinite optimization. ]

An application of this duality approach to linear problems is presented in [11].
Here we mention only the finite-dimensional case. For arbitrary matrices A“), e
A" B e 4" and C € R¥ the primal problem

min Cx
subject to the constraint
AWy +.. . +AMy, —BeCk,,
xeR"

is associated to the dual problem

max z
subject to the constraints
(U, ANy =¢]t,

(U,Am) =ct,
t'z=(U,B),
zeR rect, Ue(Ch,)

where ¢; (1 <i < m) denotes the i-th column of the matrix C. For details we refer to
[11].

18.6 Future Research

Set-semidefinite optimization is a unified approach for different important research
fields in optimization. Future challenges are numerical methods for the solution of
these optimization problems. It has been already shown in [11] that penalty ap-
proaches, can be used in special cases. But it is still open whether these approaches
can be efficiently applied to concrete problems. Besides these penalty approaches,
other standard numerical methods in set-semidefinite optimization are desirable.
Another open question is the determination of the largest set K on which a con-
tinuous linear map is K-semidefinite. Here, first results in the finite-dimensional
case allow the development of a numerical test on K-semidefiniteness by checking
whether K C K.



18 Foundations of Set-Semidefinite Optimization 283

Acknowledgment The authors thank Prof. Constantin Zilinescu for valuable discussions.

References

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

26.

. L.-F. Andersson, G. Chang and T. Elfving, “Criteria for copositive matrices using simplices

and barycentric coordinates”, Linear Algebra Appl. 220 (1995) 9-30.

. LM. Bomze and E. de Klerk, “Solving standard quadratic optimization problems via linear,

semidefinite and copositive programming”, J. Global Optim. 24 (2002) 163-185.

. LM. Bomze, M. Diir, E. de Klerk, C. Roos, A.J. Quist and T. Terlaky, “On copositive program-

ming and standard quadratic optimization problems”, J. Global Optim. 18 (2000) 301-320.

. J.M. Borwein, “Necessary and sufficient conditions for quadratic minimality”, Numerical

Funct. Anal. Optimization 5 (1982) 127-140.

. S. Bundfuss and M. Dur, “Criteria for copositivity and approximations of the copositive

cone” (Preprint, Department of Mathematics, Darmstadt University of Technology, Darm-
stadt, 2000).

. S. Bundfuss and M. Diir, “Algorithmic Copositivity Detection by Simplicial Partition”, Linear

Algebra Appl. 428 (2008) 1511-1523.

. S. Burer, “On the copositive representation of binary and continuous nonconvex quadratic

programs”, Math. Program 120 (2009) 479-495, DOI 10.1007/s10107-008-0223-z.

. G. Danninger, “Role of copositivity in optimality criteria for nonconvex optimization prob-

lems”, J. Optimization Theory Appl. 75 (1992) 535-558.

. E. de Klerk and D.V. Pasechnik, “Approximation of the stability number of a graph via copos-

itive programming”, SIAM J. Optim. 12 (2002) 875-892.

I. Dukanovic and F. Rendl, “Semidefinite programming relaxations for graph coloring and
maximal clique problems”, Math. Program. 109(2) (2007) 345-365.

G. Eichfelder and J. Jahn, “Set-semidefinite optimization”, J. Convex Anal. 15 (2008) 767—
801.

M. Fukuda, M. Yamashita and M. Kojima, “Computational Prospects on Copositive Program-
ming”, RIMS Kokyuroku 1526 (2006) 207-213.

M.X. Goemans, “Semidefinite programming in combinatorial optimization”, Math. Program.
79 (1997) 143-161.

M.S. Gowda, “A characterization of positive semidefinite operators on a Hilbert space”, J.
Optimization Theory Appl. 48 (1986) 419-425.

J. Jahn, Vector Optimization - Theory, Applications, and Extensions (Springer, Berlin, 2004).
J. Jahn, Introduction to the Theory of Nonlinear Optimization (Springer, Berlin, 2007).

J. Jahn, Int. J. Optimization: Theory, Methods and Appl. 1 (2009) 123-139.

W. Kaplan, “A test for copositive matrices”, Linear Algebra Appl. 313 (2000) 203-206.

W. Kaplan, “A copositivity probe”, Linear Algebra Appl. 337 (2001) 237-251.

K. Lowner, “Uber monotone Matrixfunktionen”, Math. Z. 38 (1934) 177-216.

H. Maurer and J. Zowe, “First and second-order necessary and sufficient optimality conditions
for infinite-dimensional programming problems”, Math. Programming 16 (1979) 98—110.
P-M. Pardalos, M. Panos and J.E. Xue, “The maximum clique problem”, J. Global Optim. 4(3)
(1994) 301-328

J. Povh and F. Rendl, “Copositive and semidefinite relaxations of the quadratic assignment
problem” (manuscript, University of Maribor, Faculty of Logistics, Celje, Slovenia, 2006).

J. Povh and F. Rendl, “A copositive programming approach to graph partitioning”, SIAM J.
Optimization 18 (2007) 223-241.

A.J. Quist, E. de Klerk, C. Roos and T. Terlaky, “Copositive relaxation for general quadratic
programming”’, Optim. Methods Softw. 9 (1998) 185-208.

J.E. Sturm and S. Zhang, “On cones of nonnegative quadratic functions”, Math. Oper. Res. 28
(2003) 246-267.



284 G. Eichfelder and J. Jahn

27. M.J. Todd, “Semidefinite optimization”, Acta Numerica 10 (2001) 515-560.

28. L. Vandenberghe and S. Boyd, “Semidefinite programming”, SIAM Rev. 38 (1996) 49-95.

29. L. Vandenberghe and S. Boyd, “Connections between semi-infinite and semidefinite program-
ming”, in: R. Reemtsen and J.J. Rueckmann, Semi-Infinite Programming (Kluwer, Boston,
1998), p. 277-294.

30. L. Vandenberghe and S. Boyd, “Applications of semidefinite programming”, Appl. Numer.
Math. 29(3) (1999) 283-299.

31. H. Wolkowicz, R. Saigal and L. Vandenberghe (eds.), Handbook on Semidefinite Programming
(Kluwer, 2000).

32. H. Valiaho, “Quadratic-programming criteria for copositive matrices”, Linear Algebra Appl.
119 (1989) 163-182.

33. J. Werner, Optimization, Theory and Applications (Vieweg, Braunschweig, 1984).



Chapter 19
On the Envelope of a Variational Inequality

F. Giannessi and A.A. Khan

Dedicated to the blessed memory of Professor George Isac

Abstract Recently, it has been shown that analyzing variational inequalities and
their generalizations by means of a separation scheme leads to connection of dif-
ferent topics, such as regularization, penalization, duality, and so on. This has been
done by introducing the definition of image of a variational and quasi-variational
inequality, and then exploiting the separation approach. Here we extend the def-
inition of image of a variational inequality and make some comments on further
investigations.

19.1 Introduction

Some recent investigations (see [1]-[13]) have shown that separation arguments
can be considered as a root for developing theoretical analysis of variational and
quasi-variational inequalities ([2]). In particular, it has been shown that some related
theories, such as gap functions, regularization, penalization and duality, etc., can
be connected to each other. It is reasonable to expect some improvements in each
theory by exploiting the results obtained in the other ones. Such a development has
been based on the introduction of the concept of image of a variational and quasi-
variational inequality. However, such a concept of image has shown an asymmetry
with respect to the analogous situation in the field of constrained extrema. Here, we
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suggest a way of overcoming such an asymmetry. We hope that this will lead to as
many achievements as has happened in the field of constrained extrema. Notations
and definitions of Image Space Analysis will be recalled shortly; details can be
found in [6].

Assume we are given the positive integers m, n, the set X C R", and the functions
F:R"—R" g:R"— R™. Consider the simplest form of a variational inequality
inR":findy € K:={xe€X: g(x) >0}, such that:

(F(y),x—y) >0, VxeK, (19.1)

where (-, -) denotes the usual scalar product in R”.
The above-mentioned separation scheme starts with the obvious remark that y €
K is a solution of (19.1), if and only if the system (in the unknown x):

u:=(F(y),y—x)>0, vi=gx)>0, xeX (19.2)

is impossible. The space where (u, v) runs is the Image Space associated with (19.1);
the set

H(y) ={(u,v) eERxR": u=(F(y),y—x),v=g(x), x€X},yeX
is the image of (19.1). System (19.2) is associated with the set:
Ho={(u,v) eERxR": u>0, v>0}.
Another obvious remark is that the impossibility of (19.2) holds, if and only if:
HNH (y)=0. (19.3)
To (19.1), we associate the following image problem:
max(u), subjectto (u,v) €. (y)N(RxRY). (19.4)

In the Image Space we define an extremum problem also when in the initial space
we are not given an extremum problem; this fact is not surprising, since the starting
point for introducing the Image Space is a system, namely (19.2), which can be
associated or not with an extremum problem. It is easy to show that y is a maximum
point of (19.4), if and only if it is a solution of (19.1). Note that the feasible region
of (19.4) depends on the unknown; hence, following the variational terminology,
(19.4) can be called a quasi-maximum problem.

To prove directly (19.3) is, in general, practically impossible. A way of over-
coming this drawback consists in using separation arguments to show disjunction
between ¢ and % (y); more precisely, a family of separation functions is intro-
duced and a member of the family is searched for which includes 7 and ¢ in the
positive and the nonpositive level sets, respectively, [6]; as a by-product of such a
separation approach, it is possible to derive wide classes of penalization and of gap
functions for (19.1).
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When there exists a derivable function f : R” — R, such that its gradient equals
F,or
f(x) = F(x) (19.5)

then (19.1) expresses a first-order necessary condition for y to be a minimum point
of problems
min f(x), subjectto x€K. (19.6)

19.2 Auxiliary Variational Inequality

Let us set x = (x1,...,%,), F; : R" = Rand F(x) = (Fi(x),...,F,(x)). Consider a
generic, but fixed, ¥ € R", and the function @ : R" — R defined by

1
D)= D(x1,... %) ::/()(xfi,F(fc'Jr(xff)t»dt, xeR",  (19.7)

and assume that the integral exists. Indeed, we should write @(%,x) to show explic-
itly the dependence of @ on X too; for the sake of simplicity, in the sequel this will
be done only when strictly necessary. It is well known that:

Proposition 19.1. If F € C! (R™) and is symmetric, then @ exists, is derivable, and
@' (x) = F(x). (19.8)

Of course, when (19.7) holds, then @ depends on ¥ in an additive way, namely it
is the sum of a function of x and one of *.
In some particular cases, @ can have a simpler form. For instance, if

Fi(x) = iﬁ,»j(x,), i=1,....n, (19.9)

then we find:

O(x) = Z (xi—f,-)/:jﬁj(t)dt. (19.10)

An obvious consequence of Proposition 19.1 is the following:

Corollary 19.2. Under the assumptions of Proposition 19.1, (19.1) is a first-order
necessary condition for y to be a minimum point of the problem:

min@(x), subjecttox €K, (19.11)

which, up to a constant of addition for @, is (19.6).

Now, let us introduce another variational inequality, which will be associated to
(19.1) and called auxiliary variational inequality. It consist of finding y,z € K such
that:
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D(z) — D(y)+ (F(z),x—2) >0, Vxek. (19.12)

It is obvious to observe that (19.12) represents an embedding® of (19.1): at z =y,
(19.12) coincides with (19.1).

The separation scheme outlined in Section 19.1 for (19.1) can be extended to
(19.12). Elements y and z are a solution of (19.12), if and only if the system (in the
unknown x):

u=>0y)—e(z)+(F(z),z—x) >0, v:i=g(x) >0, xeX (19.13)
is impossible. The set

H (32) = {(u,v) ER™ 1 u=D(y) = D(2) + (F(2),2—x), v = g(x), x € X}
(19.14)
is the image of (19.12), and will be called the auxiliary image of (19.1). Of course
the impossibility of (19.13) holds if and only if

HNH (y;2) =0. (19.15)
Now the question is to establish relationships between (19.3) and (19.15).

Proposition 19.3. (19.15) holds if

(i) either y makes (19.3) true and z =y,
(ii) or y is a minimum point of (19.11) and z (in place of y) makes (19.3) true.

Proof. (i) Trivial. (ii) The second assumption implies:
(F(z),z—x) <0, VxeKk.

The first assumption gives:
D(y) - P(z) <0.

The last two inequalities imply (19.15). 0O

Proposition 19.4. I (19.15) holds with

(i) y =z, then (19.3) holds;
(it) z as a minimum point of (19.11), then (19.3) holds with y = z.

Proof. (i) is trivial. (ii) The second part of assumption means that
P(y) ~@(z) 2 0.

Ab absurdo, suppose that (19.3) be false; then there exists £ € K, such that:

*yin (19.12) is not necessarily the same as in (19.1); it so is unless differently specified.
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The last two inequalities contradict (19.15). 0O

Example 19.5. Let us set n =2, X =R?, K = {x e R?: 1x} —x, > 0}, F(x) =
(2x1,2(x2 — 1)). We find:

D(x) = x7 +x3 — 20 — X} — 5+ 2%.

We see that neither (19.1), nor (19.12) are fulfilled. Note that F is the gradient of @,
that y = (0,0) is the minimum point of (19.11) at which the first-order Kuhn—Tucker
necessary condition is satisfied.

Example 19.6. Letus setn =1, X =R, F(x) =x>, K =R, . We find:
D(x) = 1x37)23,
3
and
1 2
H(v;z) ={(u,v) eR*: u= §y3+§z3 —2v,veR}, yzeR.

J (y;z) is a family of lines which admits the envelope of equation:

_ s 15
u= 3y 3v .
We see that y = 0 is the only solution of (19.1) and y = z = 0 the only one of (19.12).

O

Example 19.7. Letussetn =1, X =R, K =R, , and

x+1, if x<O0,
F(x)=< 1, if 0<x<1,
X, if 1<x.
We find:
%x2—|—x—%f2—i, if x<O0,
atf<0, @(x) =< x—1P-% if 0<x<I,

%szr%f%)?zfi, if 1<x;
%szrxf)?, if x<O0,

at0<i<l1l, @) =1 x—7%, if 0<x<1,
%xz—i-%—i, if 1<x;

1.2 12 1
X Ii—x—?x -7 ¥f x <0,
x_jfz_j, if O§x<17

1.2 1 12 ) .
zx +§—§x — 7 if lgx,

atl <%, @(x)
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If we set:
%xz—l—x, if x<0,

fx) =< x, it 0<x<1,
%xz—l—%x, if 1<x,

then we have:

D(x) = f(x) = f(%).
Without any loss of generality, we set ¥ = 0. Then we find:
f%zzfer (z+1)(z—v), if v<O,
H(x2) = {(u,v) ER?: u=@(y)+{ —z+z-v, if 0<v<l,

—%zz—%—i—z(z—vL if 1<

A (y;z) is a family of lines which admits the envelope:
u=®@(y)—f(v).

We see that y = 0 is the only solution of (19.1), and y = z = 0 the only one of
(19.12). 0O

Example 19.8. Letus setn=2,X = {x e R2| x; < 1}, F(x) = (x| + X2, —x1 —x2)
and g(x) = 1 —x,. Then (19.1) is fulfilled at y = (0,0) and at y = (0,1). In fact,
(19.1) becomes:

(1 +y2,=y1 =y2), (x1 =y1,02 = ¥2)) = (" +)’2)[X1 —x2— (1 —yzﬂ >0,

for all x € K, which is identically true if y; +y, = 0, while is equivalent to x, <

x1—(y1 —y2) if y1 +y2 > 0.
We find:

D(x) = /Ol<(x1 —X1,x0 — %), (X1 +F + [(x1 —%1) + (2 — )]t

—{f] + X+ [(x1 —)Zl)—|- (Xz —fz)}t}»dt
1

1
= fx% + Xox1 — fx% —X1x2 fi% +X%.
2 2
@ does not depend on ¥ in additive form; F is dissymmetric; the gradient of @ is
different from F. 0

19.3 A Particular Case

Now let us consider the particular case where F is continuous and monotone, m = n,
X =R" and g(x) = Ax— b, with A an n X n matrix with real entries.
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Proposition 19.9. The map @(x) is convex and F is its subgradient, if F is contin-
uous, monotone and

(i) symmetric and C'(R"); or
(i) such that:
D(%,x) + O(x' ") + D", %) = 0. (19.16)

Proof. The continuity of F gives the existence of @. (i) is trivial, since F(x) =
@' (x). (ii) Since @ (a,b) = —@(b,a) for all a,b € R", from (19.16) and the mean
value theorem we find:

O(%,x) - D) =D X)) = =X F(x(t"))), (19.17)

where x(¢) := (1 —1)x” +x’ and t* €]0, 1] is suitable. From the assumption of mono-
tonicity, we have:
(X =" F(x(t%))) > (' = X", F(x")). (19.18)

From (19.17) and (19.18), we deduce the inequality:
D(x,x) > 0% x")+ (F(X"),x' =),

which, being ¥ fixed, shows F (x”) as subgradient of @ (x’) at x”. Since x’ and x” are
arbitrary, the claim is proved. 0O

The convexity of (19.10) can be proved by the same arguments as for the above
(ii), but without the assumption (19.16).
In the current case, we have:

H(y:2) ={(u,v) ERXR": u=d(y)— @(z)+ (F(2),z— A" (v+b))}.
Consider the set:

() == {(u,v) ER": u=@(y;v) := min[®(y) — D(2) + (F(z),z— A~ (v+b))]}.

zeRM

The map ¢(y;-) is concave, since it is the minimum of a family of linear functions,
namely the family 7" = {(y;z), z € R"}.

Proposition 19.10. If F is continuous and monotone, and if (19.16) is fulfilled, then
for all y € R" the map @(y,-) is the envelope of the family { ¢ (y;z), z € R"} of
hyperplanes; namely @(y,-) is such that:

Vz€R", v, € R", with @(y;v,) = @(y) — @(2) + (F(z),z— A~ (v.+b)). (19.19)

Proof. Ab absurdo, suppose that (19.19) does not hold, so that there exists Z € R",
such that, for all v € R", we have:

P(y;v) < D(y) — @(8) + (F(2),2— A" (v+b)). (19.20)
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Since the right-hand side of (19.20) is linear in v, then there exist a > 0 and ¥ € R",
such that:

(0 4b)) —a. (19.21b)

It follows that, within the family {# (y;z), z € R"}, there must exist a hyper-
plane, say % (y;z"), having the same gradient F(2) as .# (y;Z), and such that, for
every v € R", we have:

D(y)— D(Z")+(F(2),2" —A  (v+b)) = D(y) — D)+ (F(2),2—A ' (v+b)) —a.
(19.22)

Due to the assumption (19.16), by applying Proposition 19.9, we find:
D(2)—-D()—(F(z"),2—7") >0. (19.23)

Taking into account that . (y;Z) and % (y;z*) have the same gradient or F(Z) =
F(z"), from (19.22), we draw:

D) - D) —(F("),t—7") = —a <0,

which contradicts (19.23). 0O

Proposition 19.11. If F is continuous and monotone, and if (19.16) is fulfilled, then:
H ()N =0 = H(yz)NH =0. (19.24)
Proof. (=) Due to the definition of ¢ and its concavity, for all z € R”, we have:
P(y;v) <D(y) — @(2) + (F(z),z— A (P +b)), VveR"
As z =y, the above inequality becomes:
o(3v) < (F(2),z=A'(7+b)), VveR!,

and shows the claim.
(<) Ab absurdo, suppose that there exists v € R", such that

(F(y),y—A"'(9+b)) > 0.

Then, we have
D(y) - D(y) + (F(y),y—A~' ($+b)) >0,

which shows that J# (y;y) N % # 0. The proof is complete. 0
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Chapter 20

On the Nonlinear Generalized Ordered
Complementarity Problem

D. Goeleven

Dedicated to the memory of Professor George Isac

Abstract In this paper, we develop a new approach to study a class of nonlinear
generalized ordered complementarity problems.

20.1 Introduction

The nonlinear generalized ordered complementarity problem is a mathematical
model that has been especially studied by Isac and Kostreva in [2] so as to formu-
late complementarity conditions for several functions. More precisely, let @1, @, :
R" — R’ be two given functions; the generalized ordered complementarity problem
GOCP(®,, ®,) consists of finding x € R" such that

M@y (x), s (x)} = 0. (20.1)

Here, for every pair (X,Y) € R” xR", the notation A{X,Y} is used to denote the
infimum of the set {X,Y} C R" with respect to the ordering < defined by the closed
pointed convex cone (R4)", i.e.,

x<y & y—xe(Ry)"
In other words:

Vae{l,2,...n}): NM{X,Y}q =min{Xy, Y}
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Here A{X,Y}, denotes the o-th component of the vector A{X,Y}. Note that for
our purpose, we have restricted the formulation of the generalized ordered com-
plementarity problem to a model in R” involving two functions. A more general
formulation in locally convex space ordered by a general closed pointed convex
cone and involving a finite number of operators may be found in the original article
of Isac and Kostreva [2].

It is clear that x € R" is a solution of problem (20.1) if and only if foralli € {1,...,n},
(@1 (x))i 20,
(Da2(x))i > 0, (20.2)

(D1 (x))i(P2(x)); =0.

Here (@ (x)); (resp. (P2(x)); ) denotes the i-th component of the vector @ (x) (resp.
@ (x)). The system in (20.2) can also be written equivalently as

D, (x) >0,

Dy (x) >0, (20.3)

(@1 (x), D(x)) =0,

where (.,.) denotes the Euclidean scalar product in R”. It results in particular that
the following complementarity relations hold:

(@1(x))i >0 = (P2(x))i =0,
(20.4)
(Dy(x)); >0 = (Py(x)); =0.
The model in (20.1) is a generalization of the classical complementarity problem
x>0,
D (x) >0, (20.5)
(x, @y (x)) =0
which can be written equivalently as
Ax, @ (x)} =0, (20.6)

and which is thus recovered by setting (Vx € R") : @,(x) =x in (20.1).

A complementarity relationship between two (or more) functions may reflect a
mathematical complexity that can be found in the mathematical formulation of
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several important problems like mixed lubrication problems [6], singular stochas-
tic optimal control problems [7] and global reproduction problems of economical
systems involving several technologies [1].

In using the ordering, one gives a clear and natural mathematical approach to study
complementarity relationships between a finite number of functions. Further the-
oretical and iterative results have then been obtained in [2], [3] and [5]. The ap-
proaches discussed in these papers allow the study of generalized ordered com-
plementarity problems involving isotone functions. In this paper, we develop an
approach that can be used to study another class of functions, i.e., asymptotically
linear functions.

20.2 A Spectral Condition for the Generalized Ordered
Complementarity Problem
We assume that (H)
(VxeR"): @)(x) :=Mx+F (x) (20.7)

and
(Vx e R"): Dy(x) := Max+ F(x), (20.8)

where M,M, € R"" are two given matrices and Fi, F; : R” — R" are two given
continuous functions satisfying the conditions:

F
1) _ (20.9)
el =+ [|x]]
and F
2(0) _ g, (20.10)
x| —-+ee|x]]

Let us now introduce a concept of generalized eigenvalue for the nonlinear mapping
ANM ., M.} : R" — R x — A{Mx,M)x}.

Definition 20.1. We say that u € R is an eigenvalue of the mapping A{M;.,M,.}
provided that there exists a vector z € R", z # 0 such that:

NMyz, Mz} = uz. (20.11D)
The system in (20.11) can also be written as
N(My — pul)z,(My — )z} =0

which is equivalent to
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Myz—uz >0,
Mz —uz >0, (20.12)

(Myz—pz,Mrz— uz) =0
We denote by o (M|, M,) the set of eigenvalues of A{M|.,M>.}, i.e.,

oy (M, M) :={u eR:3zeR"\{0}: AN{M z,Mrz} = uz}.

Let us also set
SOL((1 =)l +tMy,(1 — )] +tM>)) :=

={zeR":AN{(1—t)z+tMz,(1 —t)z+tM>rz = 0}.

We first prove a technical result which ensures that all eigenvalues of A{M;.,M;.}
are strictly positive if and only if for all ¢ € [0, 1], the trivial solution 0 is the unique
solution of problem GOCP((1 —t)I+ tMjy, (1 —t)I+tMy).

Lemma 20.2. We have
G+(M17M2) C]O,+°°[ (20.13)

if and only

(Ve €[0,1]) : SOL((1 — )T +tMy, (1 — 1)l +tM)) := 0.

Proof. a) Let us first assume that 64 (M|, M;) C ]0,+oo[. The case t = 0 is trivial.
Indeed, if z € SOL(Z,1) then A{z,z} = 0 and thus z = 0. Let us now suppose that
1 €]0,1]. Let z € SOL((1 —¢)I + M, (1 —t)I +1M;) be given. We have

N1 —t)z+tMyz,(1 —1)z+tM>z} = 0.

Thus
—(1—=1)z= N{tMz,tM>z}

and then

1—1¢
( . )z:/\{Mlz,Mzz}.

It results that z = 0. Indeed, if we suppose on the contrary that z # 0, then we see
that u := <1t_') € 04+ (My,M,) and we get a contradiction to (20.13) since u < 0.

Let us now assume that for all r € [0, 1] : SOL((1 —¢)I+tMy, (1 —t)I +tM,) = {0}.
We claim that (20.13) holds. Indeed, suppose on the contrary then there exists [J <

0 and z # 0 such that A{(M| — ul)z,(Mp — ul)z} = 0. We set 1 := —u = IHIJI
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It is clear that ¢ €]0,1] and A{(M; + @I)z, (M + “t;t)l)z} = 0. It results that
7€ SOL((1 —#)I+tMy, (1 —t)[+1tM,)), which is a contradiction. O

We are now in position to prove the main result of this section:
Theorem 20.3. Suppose that condition (H) holds. If

04 (My,Mp) C0,+oo]
then problem GOCP(®, ®,) has at least one solution.
Proof. We have

MNP (x),P2(x)} =0 x=x—N{D(x), Da2(x) }.
Let us now denote by H : [0, 1] x R" — R” the continuous homotopy defined as
H(t,x) =t(x — N{®D;(x),Dr(x)}).

We have
H(t,x) =x— (1 —1)x— AN {tD;(x),1D2(x)}

=x—N{(1=1t)x+1D;(x),(1—1)x+1Dy(x)}.
We claim that there exists Ry > 0 such that for all R > Ry and for all # € [0, 1],

H(t,x) # x, Vx e R"||x|| =R. (20.14)

Indeed, if we suppose the contrary then we may find sequences {t;};cn C [0, 1] and
{xi}ien C R” satisfying ||x;|| — +eo and x; = H (i, x;), i.e.,

A {(1 — tl-)xl- + ;D (xl-), (1 — l‘l‘)x,‘ + tiq)z(xi)} =0. (20.15)
For i large enough, ||x;|| # 0 and we may set

X
Zii=
Ol

There exist subsequences, again denoted by {#;} and {z;}, such that lim; , y..t; =1 €
[0, 1] and lim;_, 1 z; = z with ||z]| = 1.

We have |
m A1 =1)x+ 1D (%), (1 —t;)xi + ;D2 (x;) } =0
1
and thus
Fi(x; P x
M =1)zi +1;(Mz; + |1)E-|l) ), (1 —13)zi + 1;(Mazi + |2£'|1))} _0.
! 1
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Taking the limit as i — 4o, we get
AN =1)z+tMyz,(1 —t)z+tMaz} = 0.

Thus
2€ SOL((1 =)l +tMy, (1 —1) +1M).

However z # 0, and we obtain a contradiction to Lemma 20.2.

Thus, for R > Ry, (20.14) holds and the Brouwer degree with respect to the set
Dg = {x € R": ||x|| < R} and 0 of the map x — x — H(t,x) is well defined for all
t € 0, 1]. Using the homotopy invariance property as well as the normalized property
of Brouwer degree, we obtain

deg(A{¢l(')>¢2(')}ﬂDR7O) = deg(ld " _H(l7')>DRaO)

= deg(idgn — H(0,.),Dg,0) = deg(idgn,Dg,0) = 1.

The result follows from the existence property of Brouwer degree. 0

20.3 Existence and Uniqueness Results

Corollary 20.4. Let My, M, € R™" be two matrices satisfying the conditions:
(VxeR"): (Mix,x) >0
(Vx e R") : (Max,x) >0
(Vx € R",x#0) : (MI Myx,x) > 0.

Then for all q1,q> € R", problem GOCP(My.+ q1,My. +q2) has a unique solu-
tion.

Proof. Here condition (H) holds with
(WxeR"): Fi(x)=q

and
(VxeR"): F(x) =qa.

Lett € [0, 1] be given and x € R" such that
/\{(1 —t)x+tM1x, (1 —t)x—l—thx} =0.

Then
<(l 7[)X+1M1x, (1 —t)x+tM2x> =0
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and thus
(1—1)2||x| > 4 2 (Myx, Max) 4+ (1 — )t (M1 x,x) 4 (1 — 1)t (Mpx,x) = 0.

If t = 0, then necessarily ||x|| = 0. If 7 €]0, 1], then necessarily (M;x,M>x) =0 and
thus
(MIMix,x) =0

and thus necessarily x=0. The existence of at least one solution of
GOCP(M;. +q1,M;. + qz) follows from Lemma 20.2, which ensures that

G+(M1vM2) - ]Oa +°°[7

and Theorem 20.3.

Let us now prove the uniqueness of the solution. Let X, x be two solutions of prob-
lem GOCP(M;. +q1, M. +qz). Then M1 X +¢q; > 0, Mix+q; > 0 and thus

(MiX +q1,v) >0,Vve R

and
(Mix+q1,v) >0,YveR’,.

We have also (M X +q1,MxX + q2) =0, (M1x+ q1,Max+ g2) = 0 and thus
(MiX +q1,v— (M2X +¢q2)) > 0,¥v € R},

and
(Mix+q1,v— (Max+¢q>)) >0,Vv e R,

We have (Mrx + ¢q2) > 0 and thus

0 < (MiX +q1,(Max+q2) — (MaX + q2)) = (M X +q1,Ma(x — X)).
We have also (M>X +¢») > 0 and thus

0 < (Mix+q1, (MaX +q2) — (Max+q2)) = (Mix+q1, Mz (X — x)).

It results that
(=M1 X —q1,Ma(x—X)) <0

and
(Myx+q1,Mr(x—X)) <O0.

Thus
(MIM(x—X),x—X) = (M (x—X),My(x— X)) <0

and necessarily
x=X

since the matrix M7 M, is assumed positive definite. O
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Corollary 20.5. Let @), D, : R" — R" be two functions satisfying condition (H)
with
(VxeR"): (Mix,x) >0

(Vx e R"): (Max,x) >0
(Vx € R",x #0) : (M Myx,x) > 0.
Then problem GOCP(®;, ®,) has at leat one solution.
Proof. As in the proof of Corollary 20.4, we check that
o (M, Mp) C]0,+eo|
and conclude by applying Theorem 20.3. g

Corollary 20.6. Let @y, @, : R" — R”" be two functions satisfying condition (H)
with
(VxeR"): (Mix,x) >0

(Vx e R") : (Max,x) >0
(Vx € R",x #0) : (M3 Myx,x) > 0.
(Y € R”,x £0) : (@1 (x) — By (X), Bo(x) — Ba(X)) > 0.
Then problem GOCP(®;, ®,) has a unique solution.

Proof. The existence result is given in Corollary 20.5.

Let X, x be two solutions of problem GOCP(®;,®,). Then &;(X) >0 ,D;(x) >0
and thus
(D1(X),v) >0,¥v e R,

and
(@1(x),v) >0,YweR',.

We have also (@ (X), P2 (X)) =0, (P;(x), P2(x)) = 0 and thus
(P1(X),v—Dr(X)) >0,Yv e R,

and
(@1 (x),v—Da(x)) > 0,Vv € R,

We have @, (x) > 0 and thus

0 < (@1 (X), P2(x) — P2(X)).
We have also @, (X) > 0 and thus

0 < (D1 (x), D2(X) — D, (x)).

It results that
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<—(D] (X),(Dz(x) — (DQ(X» S 0
and

(D1(x), D2 (x) — D2(X)) < 0.

Thus
(@1 (x) — Dy (X), D2 (x) — DP2(X)) <0

and thus necessarily
x=X.
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Chapter 21

Optimality Conditions for Several Types
of Efficient Solutions of Set-Valued
Optimization Problems

T.X.D. Ha

Dedicated to the memory of Professor George Isac

Abstract A simple unified framework is presented for the study of strong efficient
solutions, weak efficient solutions, positive proper efficient solutions, Henig global
proper efficient solutions, Henig proper efficient solutions, super efficient solutions,
Benson proper efficient solutions, Hartley proper efficient solutions, Hurwicz proper
efficient solutions and Borwein proper efficient solutions of set-valued optimization
problem with/or without constraints. Some versions of the Lagrange claim, the Fer-
mat rule and the Lagrange multiplier rule are formulated in terms of the first- and
second-order radial derivatives, the Ioffe approximate coderivative and the Clarke
coderivative.

21.1 Introduction

In a pioneering paper, Pareto presented the concept of Pareto efficient point for
a set and began a new branch in optimization: vector optimization. As some effi-
cient points exhibit certain abnormal properties, various concepts of proper efficient
points have been introduced in order to eliminate these points. The original concept
was introduced by Kuhn—Tucker and modified by Geoffrion and later it was formu-
lated in a more general framework by Hurwicz (Ref. 24), Benson (Ref. 3), Hartley
(Ref. 20), Borwein (Ref. 4), Henig (Ref. 21), and Borwein—Zhuang (Ref. 5); also
see Ref. 18. The definitions of proper efficiency emphasize different aspects but, as
mentioned by Zaffaroni in Ref. 41, they can be seen as an extension of the primitive
idea in that they can be geometrically described in terms of separations between
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the ordering cone and the considered set by means of an open convex cone or open
convex sets.

A brief inquiry into the matter reveals that definitions of weak efficient point,
strong efficient point, positive proper efficient point, Henig global proper efficient
point, Henig proper efficient point, super efficient point, Benson proper efficient
point, Hartley proper efficient point, Hurwicz proper efficient point and Borwein
proper efficient point can be described as disjointness between some set and some
nonempty open (not necessarily convex) cone. Inspired by this fact, we present the
notion of Q-minimal point of a set, where Q is some nonempty open (not necessar-
ily convex) cone, and show that the above definitions can be reduced in a unified
form by mean of this notion. We then present the notion of Q-minimal solution of
vector optimization problems. With these auxiliary notions in hand we are able to
obtain optimality conditions for various kinds of efficient solutions and proper ef-
ficient solutions in a unified scheme: firstly, one establishes results for Q-minimal
solutions and secondly derives from them the similar ones for other kinds of solu-
tions. As the reader will see, some arguments developed for weak efficient solutions
are still valid for Q-minimal solutions without assuming the ordering cone to have
nonempty interior. Moreover, it turns out that Q-minimal points can be character-
ized by a special function introduced in optimization by Hiriart—Urruty which has a
nice subdifferentiality property due to the openness of Q.

For illustration, we apply this scheme to the study of the unconstrained set-valued
optimization problem (P)

Minimize F(x) subjectto x€ X

and the constrained set-valued optimization problem (CP) with set-inclusion to-
gether with abstract constraints

Minimize F(x) subjectto x €  and G(x)NE # 0,

where F and G are set-valued maps from a Banach space X respectively into Ba-
nach spaces Y and Z, Q C X and ¢ C Z are nonempty sets. We note that recently the
interest toward these problems has grown. Along with the Pareto efficient solutions,
other types of solutions such as strong efficient solutions, weak efficient solutions,
positive proper efficient solutions, Henig global proper efficient solutions, Henig
proper efficient solutions, super efficient solutions and Benson proper efficient so-
lutions are the object of many investigations (see Refs. 1, 2, 7, 9-16, 19, 23, 26,
28-30, 33, 34, 36-40, 44, 45). Our aim is to obtain optimality conditions for the
above types of solutions (except efficient solutions) and also for Hartley proper ef-
ficient solutions, Hurwicz proper efficient solutions and Borwein proper efficient
solutions; the latter three types of solutions are considered for the first time. We
formulate versions of the Lagrange claim expressed in terms of first- and second-
order radial derivatives, the Fermat rule and the Lagrange multiplier rule expressed
in terms of the Ioffe approximate coderivative and the Clarke coderivative. We also
compare our results to some in literature.
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The paper is organized as follows. In Section 21.2 we recall the notions of sub-
differentials of a function, derivatives and coderivatives of a set-valued map to be
used in next sections. In Section 21.3 we first recall concepts of efficient points
and proper efficient points, then we introduce the concept of Q-minimal points and
establish relations among them. Afterward, we characterize Q-minimal points by
Hiriart-Urruty’s function and establish properties of subdifferentials of this func-
tion for several special cases. The last section is devoted to optimality conditions
for set-valued optimization problems.

21.2 Subdifferentials, Derivatives and Coderivatives

In this section, we present preliminary materials on the basic generalized differen-
tiability concepts which will be used in the following sections. We refer the reader
to Refs. 1, 8, 11, 22, 25, 38 for more references and discussions.

Throughout the paper, unless otherwise specified, let R =] — oo, +oo[, R =] —
oo, 40, Ri = [0,+oo[ and let X, ¥ and Z be Banach spaces with the duals X*,
Y* and Z* resp. For a nonempty set S in any space, intS, clS, bdS, convS and coneS
denote its interior, closure, boundary, convex hull and the set {zs : f € intR s € S};
d(.;S) is the distance function associated with S and 8(.;S) is the indicator function
associated with S, i.e., ds(x) = 0 if x € § and Js(x) = o otherwise. An open (closed)
unit ball in a space, say X, is denoted by By (resp. By) and we omit the subscript
denoting the space when no confusion occurs.

Let F be a set-valued map from X to Y. We denote the domain, image and graph
of F respectively by

DomF ={xe€X : F(x)#0},
F(X) = UXEXF(‘X)7
grF={(x,y) €eXXY : x€ DomF, y€<€F(x)}.

We say that F' is closed (convex) if its graph is closed (convex).

We begin the section with the notions of first- and second-order radial derivatives
which allow us to derive simple optimality conditions. Through this section, let S
be a nonempty subset of X. Recall (Ref. 6) that the radial cone to S at x € § is
given by

Tr(x;S)={ueX:3(A4) >0, 3 (uy) — u, Vn, x+ Ayu, € S}.

Here, (A,) > 0 means a sequence of positive scalars, (x,) 5, xmeans that a sequence
(x) converges to x with x,, € S for all n. Recall (Ref. 38) that the first-order radial
derivative of F at (x,y) € grF is the set-valued map DgF (x,y) from X to Y defined
by

grDRF (x,y) = Tr((x,y); &rF).
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Motivated by the concepts of (extended) second-order Bouligand derivative and
Dini derivative presented in Ref. 11, we introduce the concept of second-order radial
derivative. Given (x',y") € X x Y, the second-order radial derivative of F at (x,y)
w.rt. (x',y) is the set-valued map D%F (x,y), (x',y')) from X to ¥ defined by

D3F((x,y), X,y ) () ={veY: I(ty) >0,3(uy) — u,3(v,) — v,
Vi, y 4ty +12v, € F(x+t,X +12uy) }.

The following result will be used in Section 21.4.

Proposition 21.1. (i) F(x) —y C DgF(x,y)(xX' —x) forall X € X.
(ii) DRF (x,y)(u) € DRF((x,y),(0,0))(u) for all u € X.

Proof. (i) See Ref. 38.

(ii) Let v € DgF (x,y)(u). By the definition, there exist sequences (#,) > 0, (u,) — u
and (v,) — v such that for all n we have y +1,v, € F(x+t,u,). Setting r, = \/f
for each n we have y 4 7,.0 + r2v, € F(x + r,.0 + r2u,). This means that v €

DiF((x,),(0,0))(u). O

Next, we recall some concepts of subdifferentials and normal cones. Let f be a
function from X to R. We denote its domain and epigraph respectively by

dom f = {x € X : f(x) # 4o},
epi f = {(x,t) EX xR: f(x) <t}.

Assume that f is lower semicontinuous (l.s.c.) on X and x € domf. The loffe
approximate subdifferential of f at x (Ref. 25) is the set

af(x) =Nrez limsup dg fy 1 (y),
(e.3)—=(0%.%)

where .7 is the collection of all finite-dimensional subspaces of X, fy.r(u) = f(u)
if u € y+Land fyyr(u) = +oo otherwise, for € > 0

9 fy+r(y)={x" X" : (x",v) <g|v| +1£m(§1+1ft71 o+ +1v) = fi4 ()], Vv e X }.
The loffe approximate normal cone to S at x € S (Ref. 25) is given by
Na(x;S) = Upsoddad(x;S).

Now we recall the concept of the Clarke subdifferential (Ref. 8). First suppose
that f is Lipschitz near x. The Clarke generalized subdifferential of f at x is the set

def(x) ={x e X*: (& v) < i), Wwe X,

where f0(x;v) is the generalized directional derivative of f at x in the direction v



21 Optimality Conditions for Set-Valued Optimization Problems 309

fo+) = fG)

FO(x;v) = limsup .

y—x, 10+
The Clarke normal cone to S at x € S is given by
Ne(x;S) = clUy w0 Aded(x;S).
Now, assume that f is l.s.c. on X. The Clarke subdifferential of f at x is the set

def(x) = {x" € X7 (¥, =1) € Ne((x, £ (x)); epif) }-

When f is convex, the subdifferential in the sense of convex analysis of f at x is
the set

df(x)={x" e X" : (x*v) < fx+v)— f(x),Vv e X}.

The above normal cones to a set can also be equivalently defined using indicator
functions associated with this set as follows

No(x:S) = 9a8(x3S), Ne(x:8) = ded (x:S).

Let (x,y) €grF. Assuming that F is closed, the loffe approximate coderivative
D} F(x,y) and the Clarke coderivative D{.F (x,y) of F at (x,y) are set-valued maps
from Y* to X* respectively defined by

DyF (x,y)(y*) = {x" € X" : (x", —") € Na((x,y);grF)}

and
DcF (x,y)(y") = {x" € X" : (x",—y") € Nc((x,y); grF) }.

Among all the properties of the above subdifferentials and coderivative, let us
recall those ones which will be used in the sequel. In the proposition below, let f
and g be functions from X to R which are l.s.c. on their domains, let F be a set-
valued closed map from X to Y. We will assume that x € domf or x € domF.

Proposition 21.2. (i) daf(x) C dcf(x) and these subdifferentials coincide with the
subdifferential of convex analysis when f is convex and Lipschitz near x.

(ii) If f attains a local minimum at x, then 0 € da f(x).

(iii) dc(—f)(x) = —dcfx) if f is Lipschitz near x.

(iv) Oa(f+g)(x) C daf(x)+ dag(x) for x edomfN domg.

(iv) DyF (x,y)(y*) € DGF (x,y)(y*) for (x,y) €grF and y* € Y™.

21.3 Some Concepts of Efficient Points

In this section, we first recall concepts of efficient points and proper efficient points,
then we introduce the concept of Q-minimal points and establish relations among
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them. Afterward, we characterize Q-minimal points by Hiriart-Urruty’s function
and establish properties of subdifferentials of this function in some special cases.

Throughout the paper, let K C Y be a nonempty closed pointed convex cone with
apex at zero (pointedness means K N (—K) = {0}). The cone K introduces a partial
order in Y: for y1,yp € Y we write y; >k y2 if y1 —y» € K and y; >k y» if y1 > o,
y1 # 2. In the sequel, we omit the subscript K as no confusion occurs.

A convex set © C Y is called abase for Kif0 ¢ cl@ and K ={r0:t € R ,0 € O}.
When O is bounded, we say that K has a bounded base. Denote

Kt={pecY*: ¢(k)>0,VkeK}

and

K'={peY*:@k) >0, VkcK\{0}}.
It is known that K has a base iff K™ # @ and K has a bounded base iff intK* # 0
(Ref. 31). Non-negative orthants in the Banach spaces R", C|g ), Lﬁ) 1] and [7 (1 <

p < o) have bases and the non-negative orthants in L[lo.l]’ 1! have bounded bases
(Ref.31). '

Throughout this section, let A be a nonempty subset of ¥ and @ € A. The main
concept in vector optimization is Pareto efficiency. Recall that @ is an efficient (or
Pareto minimal) point of A wrt. K (a € Min(A,K)) if

(A-a)n(~K\ {0}) =0.
In this paper, we are concerned with the following concepts of efficiency.

Definition 21.3. We say that

(i) ais astrong (or ideal) efficient point of A w.r.t. K (@ € StrMin(A,K)) if A—a C
K.

(ii) Supposing that int K # 0, a is a weak efficient point of A w.rt. K (@ €
WMin(A,K)) if (A—a) N (—intK) = 0.

(iii) Supposing that K™/ = 0, @ is a positive proper efficient point of A w.r.t. K
(@ € Pos(A,K)) if there exists ¢ € K+ such that ¢(a) > ¢(a) for all a € A.

(iv) @ is a Hurwicz proper efficient point of A w.r.t. K (@ € Hu(A,K)) if

cl conv cone[(A —a) UK]N (—K) = {0}.

(v) ais aHartley proper efficient point of A w.r.t. K (@ € Ha(A,K)) ifa € Min(A,K)
and there exists a constant M > 0 such that, whenever there is A € KT with
A(a—a) > 0 for some a € A, one can find u € K+ with

AMa=a)/|[A]| < —M(u(a—a)/|ul)-
(vi) @ is a Benson proper efficient point of A w.r.t. K (@ € Be(A,K)) if

cl cone[(A —a)+K|N(—K) = {0}.
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(vii) @ is a Borwein proper efficient point of A w.r.t. K (@ € Bo(A,K)) if
clcone(A—a)N(—K) = {0}.

(viii) @ is a Henig global proper efficient point of A w.r.t. K (@ € GHe(A,K)) if
there exists a convex cone C with apex at zero with K \ {0} C intC such that
(A—a)N(—intC) = 0.

(ix) Supposing that K has a base O, a is a Henig proper efficient point of A w.r.t. to
O (a € He(A,0)) if there is a scalar € > 0 such that

cl cone(A —a) N (—cl cone(O© +¢B)) = {0}.

(x) ais a super efficient point of A w.r.t. K (a@ € SE(A,K)) if there is a scalar p > 0
such that
clcone(A—a)N(B—K) C pB.

For the notions of efficient points in Definition 21.3, we refer the reader to Refs.
3-5,18, 20, 24, 27, 28, 34, 42, 43, 46. The above definition of Henig proper efficient
points can be found in Refs. 5, 46 , see also Refs. 42 and 43. For an equivalent defi-
nition of Henig proper efficient point by means of a functional from K/, the reader
is referred to Ref. 35. We note that positive proper efficiency has been introduced
by Hurwicz, and super efficiency has been introduced by Borwein and Zhuang. We
refer the reader to Ref. 18 for a survey and materials on proper efficiency.

In the sequel, when speaking of weak efficient points (resp. properly positive ef-
ficient points) we mean that intK (resp. K*7) is nonempty, when speaking of Henig
efficient points we mean that K has a base ©, and when speaking that K has a
bounded base we mean that © is bounded. When no confusion arises we write sim-
ply Min(A), StrMin(A), WMin(A), Pos(A), Hu(A), Ha(A), Bo(A), Be(A), GHe(A),
He(A) and SE(A).

Many authors have investigated the relationships among various kinds of effi-
ciency and proper efficiency. We recall several known results in the proposition
below.

Proposition 21.4. (i) StrMin(A) C Min(A) C WMin(A).

(ii) Pos(A) C Hu(A); if Y is separable, then Hu(A) C Pos(A).

(iii) Pos(A) C GHe(A).

(iv) SE(A) C Ha(A) C Be(A) C Bo(A) C Min(A).

(v) SE(A) C GHe(A) C Be(A).

(vi) SE(A) C He(A) and if K has a bounded base then SE(A) = He(A).

Next, we present the notion of Q-minimal points. From now on unless otherwise
specified let Q C Y be an arbitrary nonempty open cone (with apex at zero) and
different from Y.

Definition 21.5. We say that @ is a Q-minimal point of A (@ € Qmin(A)) if

AN(@—0)=0
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or, equivalently,
A—-a)N(-Q)=0.

Remark 21.6. Makarov and Rachkovski (Ref. 35) studied in more details some con-
cepts of proper efficiency and introduced the notion of D-efficiency, i.e., efficiency
w.r.t. a family of dilating cones. Namely, given D € .% (K ), where .# (K) is the class
of families of cones dilating K, @ is said to be a D-minimal point of A (@ € DMin(A))
if there exists C € D such that

(A—a)N(~C) =0.

Recall that an open cone in Y is said to be a dilating cone (or a dilation) of K,
or dilating K if it contains K \ {0}. It has been established that Borwein proper effi-
ciency, Henig global proper efficiency, Henig proper efficiency, super efficiency and
Hartley proper efficiency are D-efficiency with D being appropriately chosen family
of dilating cones. The reader will see that in contrast with D-efficiency, our concept
includes not only some concepts of proper efficiency among which are these ones
considered in Ref. 35 but also the concepts of strong efficiency and weak efficiency.

Let 0 be as before a base of K. Setting

6 =inf{||6]: 06 €O} >0,

for each 0 < 1) < &, we can associate to K with another convex, pointed and open
cone Vy, defined by
Vi = cone(O +nBy).

For each scalar € > 0, we also associate to K with another open cone K (¢)

K(e)={yeY:dg(y) <ed_g(y)}.

We are going to show that the efficient points of Definition 21.3 are in fact Q-
minimal points with Q being appropriately chosen cones. Our main result in this
section is the following.

Theorem 21.7. (i) a € StrMin(A) iffa € Qmin(A) with Q =Y \ (—K).

(ii) a € WMin(A) iff a € Qmin(A) with Q = intK.

(iii) @ € Pos(A) iff a € Qmin(A) with Q ={y €Y | ¢(y) > 0} and ¢ is some
functional in K.

(iv)a € Hu(A) iffa € Omin(A), with Q =Y \ —cl conv cone[(A —a) UK].

(v) @€ Be(A) iffa € Qmin(A), with Q =Y \ —cl cone[(A —a) + K].

(vi) a€ Ha(A) iffa € Qmin(A) with Q = K(&) for some € > 0.

(vii) a € Bo(A) iffa € Omin(A), with Q being some open cone dilating K.

(viii)a € GHe(A) iff a € Qmin(A), with Q being some open pointed convex cone
dilating K.

(ix) a € He(A) iff a € Qmin(A) with Q = Vy and 1 is some scalar satisfying 0 <
n <o.

(x) (supposing that K has a bounded base) a € SE(A) iffa € Qmin(A) with Q =V
and M is some scalar satisfying 0 < 1 < 4.
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Proof. Using Definitions 21.3 and 21.5 one can easily prove the assertions (i)—(v)
and (viii). The assertions (vi)—(vii) formulated in a slightly different form are estab-
lished in Ref. 35. We prove now the assertion (ix), namely, we show thata € He(A)
iff there is a scalar n with 0 < 1 < 6 such that

(A—a)N(=Vy) =0. @1.1)
Recall that by the definition, @ € He(A) iff
cl cone(A —a) N (—cl cone(O + €B)) = {0}. (21.2)
It is also known (Ref. 42) that a € He(A) iff
(A—a)n(=S8,) = {0} (21.3)

for some integer n € N, where S, = cl cone(© + §/(2n)By). Now, suppose that
a € He(A). Then (21.2) holds. Without lost of generality we can assume that 0 <
€ < 0. We show that (21.2) holds with 1 = €. Suppose to the contrary that there is
d € A—asuch that @’ € —V;. Clearly, d’ € cl cone(A —a) N (—cl cone(O + €By)).
On the other hand, as 0 < 11 = € < & and by the definition of &, 0 ¢ V. Hence a’ # 0.
This is a contradiction to (21.2). Next, suppose that (21.1) holds for some 1. Let n
be an integer satisfyingn—1> 6/(2n) or 6 /(2n—2) < 1. By (21.1) we have

(A—a)N(=Vs/(2n—2)) C(A—a)N(=Vy) = 0.

Then (A —a) N (—Vs/(21—2)U{0}) = {0}. On the other hand, Lemma 2.1 in Ref. 42
states that if (A —a) N (—V/(24—2)U{0}) = {0}, then (A —a@) N (—S,,) = {0}. Thus,
(21.3) holds and therefore, a € He(A), as it was to be shown. To complete the proof
note that the last assertion follows from the just proved one and the assertion (vi) in
Proposition 21.4. 0O

Remark 21.8. The assertion (ix) in the above theorem is inspired by the definition
of Henig proper efficient point for sets in locally convex spaces given by Gong in
Ref. 14. One can deduce that any Henig proper efficient point is global Henig proper
efficient point.

Our next aim is to provide necessary and sufficient conditions for a Q-minimal point
in the form of being a solution for a scalar optimization problem. Here the scalar
function is the signed distance function introduced by Hiriart—Urruty (Ref. 22). Re-
call that for a subset U of Y, this function is defined by

Ay(y) =d(y;U) —d(y;Y\U).

We collect some known properties of the function Ay in the proposition below.

Proposition 21.9. (Ref. 22)
(i) Ay is Lipschitz of rank 1.
(ll) AY\U = —AU.
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(iii) Ay is convex if U is convex and Ay is concave if U is reverse convex, i.e.,
U =Y \V withV being convex.

(iv) Ay(y) <0 iffy€int U, Ay(y) =0iff y € bd U and Ay (y) > 0 iff y € Y\int U.

(v) Suppose that U is convex and has a nonempty interior, and 0 €bdU. Then

dAy(0) CN(0;U)\ {0}
where N(0;U) is the normal cone in the sense of convex analysis of U at zero.

With this function in hand, we can characterize a Q-minimal point as follows.

Proposition 21.10. @ € Qmin(A) iff the function A_g(. — @) attains its minimum at
a, that is

A ogla—a)>A (0)=0, VacA. (21.4)

Proof. Observe first that 0 €bd(—Q) and A_p(0) = 0. Now, let @ € Qmin(A). By
the definition, (A —@) CY \ (—Q). Consequently, A_p(a—a) >0foralla € A, ie.,
(21.4) holds. Next, suppose that (21.4) holds. If @ ¢ Qmin(A), then there is @’ € A
such that a’ —a € —Q. As the set —Q is open, d(a@’ —a;Y \ (—Q)) > 0 and therefore,
A_p(d' —a) < 0, a contradiction to (21.4). Thus, @ € Omin(A). 0

It is of interest to know more about the subdifferential (in some sense) of A_¢(. —
a) at the minimizer a. Below we consider several cases with Q being some open
cones defined in Theorem 21.7. The result to be obtained will play an important
role in formulating Fermat rule and Lagrange multiplier rule.

Proposition 21.11. (i) dA_jx(0) C KT\ {0}.
(ii) Let C be an open convex cone dilating K. Then

dA_¢(0) C K.

(iii) Assuming that K has a bounded base, we have aA,V77 (0) C intK™.
(iv) Assuming that A has a nonempty interior, we have

aAAY\cl conv cone[(A—a)UK| (0) c K" \ {O}

Proof. (i) Apply Proposition 21.9 (v) to U = —intK and take account of N(0; —intK)
=K.

(ii) Applying Proposition 21.9 (v) to C we get dA_¢(0) C N(0; —C)\ {0}. Now take
y*€0dA_c(0)and k € K\ {0} C C. We have to show that y*(k) > 0. As y* # 0, there
is y € Y such that y*(y) > 0. On the other hand, as C is open, and k € C, there exist a
scalar # > 0 such that —k+ty € —C. Hence, y*(—k+1y) <0 and y* (k) > ty*(y) > 0.
Thus, y* € K.

(iii) Suppose that © is bounded and denote

S5 =sup{||6]|: 0 €O} < .

Let y* € dA_y, (0). It is known that y* € intK ™ iff y* is uniformly positive on K in
the sense that there exists a scalar a > 0 such that y*(k) > a||k|| for all k > 0. Let
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k € K\ {0} be an arbitrary vector. As O is a base of K, there exist a scalar f > 0 and
0 € O such that k =10. Since —0 + 1B C —Vy,, it follows that

~k+tmB=t(—0+nB) C —Vy,

i.e., the open ball centered at —k with the radius 1) is contained in —V},. Therefore,

d(=k Y\ (=Vy)) = m.

On the other hand, rn = (||k||/||6]|)n > (n/8)]|k||. Hence,

d(=k:Y \ (=Vy)) = (n/8)|k].

Clearly, A_y, (0) =0. As y* € dA_y, (0), the definition of the convex subdifferential
yields

0% —k) <Ay, (—k) = Ay, (0) = d(=k; =Vy) —d(=k; Y \ (=Vp))
= —d(-k; Y\( Vn))é —(n/8)]IK]|

or (y*,k) > (1/8)||k||. This means that y* is uniformly positive on K, or y* €intK "
as it was to be shown.

(iv) By the relation between approximate subdifferential and the Clarke subdiffer-
ential (see Proposition 21.2 (1)), it suffices to show that

aCAY\CI conv cone[(A—a)UK] (O) - K" \ {0}

For simplicity, we denote Q =Y \ =V, where V = cl conv cone[(A — @) UK. Note
that V is a closed convex cone with a nonempty interior and K C V. We have to
show that

dcA-0(0) S K\ {0}

By Proposition 21.9 (ii), we have A_(0) = —Ay\ _y(0) = —Ay (0). The properties
of the Clarke subdifferential and the subdifferential of convex analysis yield

dc(—Av)(0) = —dcAv (0) = —dAy (0).

Applying Proposition 21.9 (v) to the closed convex cone V which has a nonempty
interior gives —dAy (0) C —N(0;V)\ {0}. Further, since K C V we get —N(0,V) C
K. Therefore, we get —dAy (0) C K™\ {0}, which yields dcA_o(0) C Kt \ {0}.

O
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21.4 Optimality Conditions for Set-Valued Optimization
Problem

In this section, we formulate optimality conditions for the unconstrained set-valued
optimization problem (P) and the constrained set-valued optimization problem (CP)
presented in the introduction.

The notions of efficient points for sets naturally induce corresponding notions of
efficient solutions to these vector optimization problems. In this paper, we restrict
ourselves to global solutions. Denote by .27 the feasible set of (CP), i.e.,

o ={xeQ: Gx)NE #0}

and by F (<) the image of <7, i.e., F(«/) = Uy F(x). Through the section, let
Q CY be as before an open cone (with apex at zero) different from Y.

Definition 21.12. Let X € X (resp., X € &) and (X,y) €grF. We say that (X,y) is an
efficient (resp., weak efficient, strong efficient, positive proper efficient, Hurwicz
proper efficient, Hartley proper efficient, Benson proper efficient, Borwein proper
efficient, Henig global proper efficient, Henig proper efficient, super efficient and
Q-minimal) solution of (P) (resp., of (CP)) if y is an efficient (resp., weak efficient,
strong efficient, positive proper efficient, Hurwicz proper efficient, Hartley proper
efficient, Benson proper efficient, Borwein proper efficient, Henig global proper ef-
ficient, Henig proper efficient, super efficient and Q-minimal) point of F(X) (resp.,
F()).

From Theorem 21.7, it is clear that one can obtain optimality conditions for some
kinds of solutions in Definition 21.12 except efficient solutions in a unified scheme:
firstly, one establishes results for Q-minimal solutions and secondly derives from
them the similar ones for other solutions. We will apply this approach to obtain the
Lagrange claim, the Fermat rule and the Lagrange multiplier rule. Our arguments
are motivated by that used in Ref. 11 (partially) and by that of Ref. 12.

First we establish the Lagrange claim and the Fermat rule for the unconstrained
problem (P). Recall that Lagrange once formulated a claim (Ref. 32) that a smooth
function f from R" into R has a local minimum at x if all the directional deriva-
tives of f at x are non-negative. However, this claim is wrong as shown by Peano
(Ref. 17). Various new versions of the Lagrange claim with sufficient and/or neces-
sary optimal conditions have been obtained for single- or set-valued maps (for the
set-valued case, see Ref. 11). We begin with establishing the Lagrange claim for
Q-minimal solutions. Let X € X and (%,y) €grF.

Proposition 21.13. (x,y) is a Q-minimal solution of (P) iff
DRF(x,y)(u)N(—0) =0, YueX (21.5)

and
D2F((%,5),(0,0))(u)N(—Q) =0, YuecX. (21.6)
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Proof. By Proposition 21.1 (ii), the implication (21.6) = (21.5) holds. Therefore,
we need only to show that (21.6) holds if (¥,y) is a Q-minimal solution of (P) and
that (X,y) is a Q-minimal solution of (P) if (21.5) holds. Observe that by Defini-
tion 21.12, (,y) is a Q-minimal solution of (P) iff

(F(X)=y)N(-Q)=0. (1.7

First, suppose to the contrary that (X,y) is a Q-minimal solution of (P) but (21.6)
is false, i.e., there exists w € Y such that w € —Q and w € D3F((%,5), (0,0))(u).
By the definition of the second-order radial cone, there exist sequences (,) > O,
() — wand (w,) — ws.t.

V41,04 12w, € F(X+1,.0+12u,)

for all n. Since (w,) — w, w € —Q and the cone Q is open, we have 2w, € —Q for
n large enough. Therefore,

t,%wn € (F(f'i‘tr%”n) -y)N(=0)

for n large enough. This is a contradiction to (21.7).
Next, suppose that (21.5) holds. From Proposition 21.1 (i) we get

(F(x) =y)N(=Q) C DrF (x,5)(x —X)N(-Q) = 0

for any x € X. Therefore, (21.7) holds, which means that (X,¥) is a Q-minimal solu-
tion of (P), as it was to be shown. 0

We can now derive the Lagrange claim for other solutions.
Theorem 21.14. Let (X,5) €gr F.

(i) (X,¥) is a strong efficient solution of (P) iff (21.5)—(21.6) hold with Q =Y \ —K.

(ii) (X,¥) is a weak efficient solution of (P) iff (21.5)—(21.6) hold with Q = —intK.

(iii) (X,¥) is a positive proper efficient solution of (P) iff (21.5)—(21.6) hold with
Q= {y: ¢(y) <0} for some functional ¢ € K*'.

(iv) (x,y) is a Hartley proper efficient solution of (P) iff (21.5)—(21.6) hold with
Q0 = K(¢g) for some scalar € > 0.

(v) (X,¥) is a Borwein proper efficient solution of (P) iff (21.5)—(21.6) hold with
Q = C for some open cone C dilating K.

(vi) (X,¥) is a global Henig proper efficient solution of (P) iff (21.5)—(21.6) hold
with Q = C for some open convex cone C dilating K.

(vii) (X,y) is a Henig proper efficient solution of (P) iff (21.5)—(21.6) hold with
Q =V, for some scalar 1 satisfying 0 <1 < 0.

(viii) (supposing that K has a bounded base) (X,¥) is a super proper efficient solution
of (P) iff (21.5)~(21.6) hold with Q = Vy, for some scalar  satisfying 0 <1 < 8.

Proof. It is easy to see that from Definition 21.12 and Theorem 21.7, (X,y) is an
efficient solution of (P) in some sense iff it is Q-minimal solution of (P) with O
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being some corresponding open cone. The assertion follows from this and Proposi-
tion 21.13. O

Let us note that in Theorem 21.14, we include only the cases when either Q is
expressed directly in terms of K (Q =Y \ —K, Q = —intK) or Q is a dilation of K.

Remark 21.15. (i) Some necessary or sufficient conditions (in terms of first- and
second-order Dini derivatives or Bouligand contingent derivatives) have been ob-
tained in Ref. 11 for efficient soltions but under the assumption that the ordering
cone has nonempty interior or the spaces under consideration are finite dimensional.
In case of weak efficient solutions, the first-order conditions of Theorem 21.14 agree
with Theorem 3.4 of Ref. 13, but the second-order conditions are formulated here
for the first time. In case of strong efficient solutions, Theorem 21.14 extends a re-
sult due to Aubin-Ekeland (Ref.1) which states first-order necessary and sufficient
conditions in terms of contingent derivative under the assumption that F is convex.
To our knowledge, a result similar to the assertions (iii)—(viii) of Theorem 21.14
does not appear in the literature. For other first-order conditions (in terms of vari-
ous derivatives, contingent epiderivative or generalized contingent epiderivative) the
reader is referred to Refs. 28, 34 and the references herein.

(i1) In Ref. 26, Isac and Khan explored the ideas around the so-called Dubovitskii-
Milyutin approach to study necessary conditions for several types of solutions to
set-valued optimization problems with or without constraints. Using the concept of
contingent derivative and introducing several concepts of subgradient and scalarized
subgradients of a set-valued map, they expressed optimality at a point as an empty
intersection of constraint sets in the domain space, which is in contrast with the re-
sults obtained so far in set-valued optimization (in particular, with Theorem 21.14
above), where the optimality conditions have been given in the image space.

Next, we formulate the Fermat rule for Q-minimal solutions of (P). Our tech-
niques are motivated by the ones developed in Ref. 12 for weak efficient solutions.

Proposition 21.16. Assume that F has a closed graph. If (x,y) is a Q-minimal solu-
tion of (P) then there exists y* € dyA_(0) such that the following inclusions hold:

0€ DyF(x,3)(y") (21.8)

and
0 € DEF(3,3)(5). (21.9)

Proof. Using Proposition 21.10, one can easily check that (X,¥) is a solution of (P)
iff (x,¥) is a solution to the following problem

Minimize A_g(y —¥) + 8((x,y);gr F).

Therefore, by Proposition 21.2, we have
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(070) S aA (A—Q(O) + 6gr F(j7y))
C {0} x daA_0(0) + I 0y F(X,Y)
={0} x daA_o(0) +Na((x,5);er F)

Hence, there exists y* € daA_p(0) with (0,—y*) € Na((X,y);gr F). This implies
0 € D}F(%,5)(y") and (21.8) holds. Finally, (21.9) follows from (21.8) and Propo-
sition 21.2 (iv). 0O

We derive now the Fermat rule for other solutions.

Theorem 21.17. Assume that F has a closed graph.

(i) If (x,¥) is a weak efficient solution of (P) or (X,¥) is a Hurwicz proper efficient
solution of (P) and the image F(X) has a nonempty interior, then there exists
y* € KT\ {0} such that (21.8)~(21.9) hold.

(ii) If (x,) is a global Henig proper efficient solution (in particular, if (X,¥) is
either a positively proper efficient solution, or a Henig proper efficient solution,
or a super efficient solution) of (P), then there exists y* € K" such that (21.8)—
(21.9) hold.

(iii) If (X,¥) is a super efficient solution of (P) and K has a bounded base, then there
exists y* € intK* such that (21.8)—(21.9) hold.

Proof. Ttis easy to see that from Definition 21.12 and Theorem 21.7, (,y) is an ef-
ficient solution of (P) in some sense iff it is Q-minimal solution of (P) with Q being
some open conebeing chosen in correspondence with Theorem 21.7. Theorem 21.17
then follows from Propositions 21.11 and 21.16. 0O

Remark 21.18. (i) One can also formulate a version of Theorem 21.17 in terms of
the Mordukhovich coderivative in Asplund spaces setting.

(i1) Unfortunately, Theorem 21.17 does not hold for arbitrary Pareto efficient solu-
tions even when F' is convex. Zheng—Ng in Ref. 44 provided an example showing
the existence of a set-valued convex closed map F such that (0,0) is a (global) effi-
cient solution of (P) but 0 ¢ D:F(0,0)(y*) for all y* € Y*\ {0}. For Pareto efficient
solutions, one can establish only a fuzzy version of the Fermat rule expressed in
terms of the Clarke coderivative (Ref. 44).

(iii) The Fermat rule for weak efficient solutions has already been established in
Ref. 12, and for Henig proper efficient solutions and super efficient solutions in
Refs. 2, 23. For completeness we include these cases in Theorem 21.17. The Fermat
rule for Hurwicz proper efficient solution, global Henig proper efficient solution and
positive proper efficient solution has been formulated here for the first time. Note
that the Fermat rule in terms of coderivative of convex analysis has been established
for strong efficient solutions under the additional assumption that F' is convex in
Ref. 1.

(iv) We would also like to mention other versions of the Fermat rule which are ex-
pressed in terms of subdifferentials or generalized subdifferentials of a set-valued
map (Refs. 26, 28).
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Our next purpose is to establish the Lagrange multiplier rule for the constrained
set-valued optimization problem (CP). Let X € &7 and (X,y) €grF. Recall that F is
pseudo-Lipschitz around (x,y) (Ref.1) if there exist scalars » > 0 and y > 0 such
that for all x,x’ € X+ rBx

(V+rBy) N F(x) C F(X')+7|x—x'||By.

Let 7 € G(X) N €. Recall further that G is metrically regular around (X,Z) relatively
to Q x € (Ref.12) if there exist scalars r > 0 and y > 0 such that for all (x,z) €
[(X+rBx) x (Z+7rBz)|N (2 xE)

d((x,2); (2 x€)NGr G) < yd(z;G(x)).

We will need the following assumption.
Assumption (A):

(i) The sets Q and % are closed;

(ii) F and G are closed and pseudo-Lipschitz around (X,y) and (X,Z) resp., where
7€ G(x)NT;

(iii) G is metrically regular around (%,7) relatively to Q x %

We will use the arguments similar to those in Ref. 12 to establish the Lagrange
multiplier rule for Q-minimal solutions.

Proposition 21.19. Ler Assumption (A) be satisfied. If (X,y) is a Q-minimal solution
of (CP) then there exist y* € daA_g(0) such that

0€DAF(,Y)(Y") +DaG(X,2)(27) + Na(x: 2) (21.10)

and
0 € DEF (%) (y) + DeG(E.2) (2) + Ne(%: Q) (21.11)

where 7* € No(2;%6) and 7* € Nc(Z;€), respectively.

Proof. The proof is similar to that of Theorem 3.7 in Ref. 12. Observe that by Def-
inition 21.12, (X,¥) is a Q-minimal solution of (CP) iff

(F()=y)N(-Q)=0.
Proposition 21.10 yields that (¥,¥,7) is a minimizer of the problem
Minimize g(x,y,z) subject to (x,y) € gr F and (x,z) € (2 x€)Ngr G.

Put ¢(x,y,z) = A_g(y —¥). Then by the Clarke penalization (Proposition 2.4.3 in
Ref. 8), the metric regularity assumption and Proposition 2.6 in Ref. 12, for some
integer [ > 0 large enough, (X,¥,Z) is an unconstrained local minimizer of

(x,3,2) — q(x,y,2) +1d((x,y);8r F) +1d((x,2);gr G) +1d((x,2); 2 X €).
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By the assertions (ii) and (iv) of Proposition 21.2, 0 is in the sum of the subdiffer-
entials, that is, there exist

Y1 € 0aq(X,5,2) = dad—0(0) C dcA—o(0),

(x3,33) € 10ad((%,5):gr ) C Na((X,5):8r F)
(x3,73) € 1d4d((%,2);2r G) C Na((x,2);2r G)

and
(x4, —z3) €104d((%,2); 2 x €) C Na((X,2); Q2 X €F)

such that
0=x;+x5+x;,0=y]+y5 and 0 =25 + 7.

Putting y* = y] = —y; and 7* = z; = —z3, we obtain
0 € DAF(x,5)(y") + DAG(X,2)(2") + Na(%:Q2)

and (21.10) holds. Finally, (21.11) follows from (21.10) and Proposition 21.2 (iv).
O

The following Lagrange multiplier rule for several types of efficient solutions of
(CP) reads as follows.

Theorem 21.20. Let Assumption (A) be satisfied and let the notations be as in
Proposition 21.19.

(i) If (%,¥) is a weak efficient solution of (CP) or (X,¥) is a Hurwicz proper efficient
solution of (CP) and the image F (<) has a nonempty interior, then there exists
y* € KT\ {0} such that (21.10)~(21.11) hold.

(ii) If (x,¥) is a global Henig proper efficient solution (in particular, a positive
proper efficient solution, or a Henig proper efficient solution) of (CP), then there
exists y* € K+ such that (21.10)~(21.11) hold.

(iii) If (x,y) is a super efficient solution of (CP) and K has a bounded base, then
there exists y* € intK™ such that (21.10)—(21.11) hold.

This theorem can be proved in the same way as for Theorem 21.17 (but apply
Proposition 21.19 in place of Proposition 21.16) and the proof is then omitted.

Remark 21.21. (1) The above version of Lagrange multiplier rule are known for
weak efficient solutions in Ref. 12, for strong efficient solutions or positive proper
efficient solutions in Ref. 19 (for completeness we include these cases in Theo-
rem 21.20) and are new in cases of Hurwicz proper efficient solution, global Henig
proper efficient solution, Henig proper efficient solution and super efficient solu-
tions. We note that for weak efficient solutions to (CP), there have also been ob-
tained Lagrange—Kuhn—Tucker multipliers in terms of subdifferential of set-valued
maps introduced by Sawaragi and Tanino (Ref. 39). Recently, the Lagrange multi-
plier rule for super efficient solutions to a constrained set-valued optimization prob-
lem has been obtained by Bao and Mordukhovich in Asplund spaces (Ref. 2) and
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by Huang in Banach spaces (Ref. 23). The Bao—Mordukhovich technique depends
on the use of extremal principle of variational analysis while Huang’s technique is
based on exploiting a property of the normal cone due to Clarke. In contrast to our
work, they considered super efficient solutions of the set-valued optimization prob-
lem the constraints set of which contains only the geometric constraint x € €2.

(i1) Recently, using the ideas surrounding the Dubovitskii—-Milyutin approach, Isac
and Khan obtained Lagrange multiplier rule for Pareto efficient solutions, proper
efficient solutions, weak efficient solutions and strong efficient solutions associated
with contingent derivative (Ref. 26). Note that along with (CP), Isac and Khan con-
sidered also the case when the constraint set contains the condition x € H (x) with H
being some set-valued map.

(iii) Other versions of the Lagrange multiplier rule in terms of various derivatives or
coderivatives can be found in Refs. 7, 10, 15, 16, 28-30, 34, 39.

(iv) One can use the techniques of Ref. 12 further to obtain other optimality con-
ditions for (CP) for instance in terms of coderivatives of the map (F,G), where
F,G)(x) = F(x) x G(x).

Using a characterization of a Benson proper efficient point in a separable or re-
flexive Banach space recently obtained in Ref. 36, we derive from Theorems 21.14,
21.17 and 21.20 the Lagrange claim, the Fermat rule and the Lagrange multiplier
rule for Benson proper efficient solutions.

Corollary 21.22. Assume that Y is a separable Banach space, or thatY is a reflexive
Banach space and K has a base.

(i) LetX € X and (X,y) €grF. Assume that F has a closed graph and F —Y5 is nearly
K-subconvexlike on X, i.e., cl cone (F(X)—y+K) is convex. Then (X,y) is a
Benson proper efficient solution of (P) iff there exists y* € K+ such that (21.5)—
(21.6) hold with Q = {y : (y) < 0} and only if there exists y* € K*! such that
(21.8)~(21.9) hold.

(ii) Let X € o and (X,y) €grF. Let the assumption (A) be satisfied and let the
notations be as in Proposition 9. Assume in addition that F —y is nearly K-
subconvexlike on <, i.e., cl cone (F (/) —y+K) is convex. If (X,¥) is a Benson
efficient solution of (CP), then there exists y* € K*' such that (21.10)-(21.11)
hold.

Proof. Tt has been established (Corollaries 4.2 and 4.5, Ref. 36) that if Y is a sepa-
rable Banach space, or Y is a reflexive Banach space and K has a base and if ' —7 is
nearly K-subconvexlike on X (respectively, on <), then (X,y) being Benson proper
efficient solution of (P) (respectively, of (CP)) also is a positive proper efficient
solution. The assertion follows from this fact and Theorems 21.14, 21.17 and 21.20.

O

Remark 21.23. Recently, Benson proper efficient solutions to set-valued optimiza-
tion problems have received more attention, and several optimality conditions for
them were obtained under assumptions on generalized convexity of set-valued data
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such as convexlikeness, subconvexlikeness, near convexlikeness and near subcon-
vexlikeness (see Refs. 36, 37, 40 for references). Near subconvexlikeness firstly
presented in Ref. 40 and used also in Ref. 37 is the weakest convexity among the
above four kinds of generalized convexity. Under the assumptions on the near sub-
convexlikeness of the objective and constraints, it has been established in Ref. 37
that a Benson proper efficient solution of (CP) can be expressed in terms of saddle
points defined in a suitable sense. To our knowledge, the Lagrange claim, the Fer-
mat rule and the Lagrange multiplier rule for Benson proper efficient solutions do
not appear yet in the literature.
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Chapter 22

Mean Value Theorems for the Scalar Derivative
and Applications

G. Isac and S.Z. Németh

Abstract In this paper, we present some mean value theorems for the scalar deriva-
tives. This mathematical tool is used to develop a new method applicable to the
study of existence of nontrivial solutions of complementarity problems.

22.1 Introduction

This paper is related to the solvability of complementarity problems. The main goal
of complementarity theory is the study of complementarity problems from several
points of view such as: the existence of solutions; the existence of a nontrivial solu-
tion; the properties of the solution set, if several solutions exist; and the numerical
approximation of some solutions.

The complementarity problems are mathematical models for the study of some
practical problems considered in optimization, economics and engineering [4, 16,
17, 18, 19]. It is also well known that there exist deep relations between complemen-
tarity problems and variational inequalities [4, 16, 17]. In several practical problems,
generally considered in engineering, such as robotics, we have complementarity
problems which have the trivial solution. Because of this fact, it is very important
to know if such a complementarity problem has nontrivial solutions. Mathemati-
cally speaking, it is not so easy to know under what conditions a complementarity
problem which has the trivial solution has some nontrivial solutions too. Generally
speaking, such a problem can be studied (if some assumptions are satisfied) by the
topological degree, but the topological degree is a heavy mathematical tool. In this
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paper, we try to develop a new mathematical tool applicable to the study of the
existence of multiple solutions of a complementarity problem.

The method presented in this paper can be considered as an alternative of the
method based on the topological degree. Certainly, our method must be improved
and adapted to other problems too. We note that our method is based on the no-
tion of scalar derivative. Regarding the scalar derivative, the reader is referred to
[33, 20, 21, 22, 25, 26, 27]. Precisely, our method is based on some mean value
theorems for the scalar derivatives. It seems that no similar ideas were used and
developed in complementarity theory before. Some of the examples are related to
homogeneous mappings. The homogeneous complementarity is a very important
special class of complementarity, and our examples could create a link with this
topic. The scalar derivatives are related to almost all major derivative notions, have
several applications, and constitute the topic of our book [33]. The topic of mean
value theorems for scalar derivatives is considered for the first time here.

Finally, we note that our mean value theorems are based on a Rolle type theorem
for scalar derivatives. Therefore, this paper can also be considered as a new direc-
tion to extend the classical Rolle’s theorem to infinite-dimensional vector spaces.
Generalizations of Rolle’s theorem to infinite-dimensional vector spaces have been
considered in several papers (see [7, 24] and the references therein).

22.2 Preliminaries

We use the following notations: R is the field of real numbers, R = R U {—co, +oo}
andRy ={aeR|a>0}.

We denote by (H, (-,-)) a real Hilbert space and by (R",(,-)) the n-dimensional
Euclidean space.

A closed pointed convex cone in H will be a closed non-empty subset K C H
satisfying the following properties:

1. K+KCK
2. AK CK,forany A € Ry,
3. KN(—K) ={0}.

For example R". = {(x;,--- ,x,) € R" | x; >0,---,x, >0} is a closed pointed con-
vex cone called the non-negative orthant of R".
If K is a given closed pointed convex cone in H, the dual cone of K is

K" ={y€H|(x,y) > 0foranyx € K}.

We recall that a linear operator T : H — H is skew-symmetric if for any x,y € H
we have
(Tx,y)+(Ty,x) =0.

It is known that if T : H — H is a linear mapping, then T is skew-symmetric if and
only if (Tx,x) = 0 for any x € H.
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Let (H,(-,-)) be a Hilbert space, K C H a closed convex cone and f: H — H a
mapping. The nonlinear complementarity problem defined by f and K is

| find xp € K such that
NCP(f,K) : {f(xo) € K* and (xo, f(x0)) = 0.

If Q C H is a closed convex set, the variational inequality defined by f and (2 is

| find xp € Q such that
VI(f.Q): { (f(x0),y —x0) >0 forany y € Q.

Finally, we suppose that the classical concepts of Fréchet and Gateaux derivatives
are known.

22.3 Scalar Derivatives and Scalar Differentiability

The results of this section are proved in [27].

Definition 22.1. Let C,C, C H such that 0 is a non-isolated point of C; and xo a
non-isolated point of C,. Let f : C; — H. The limit

(f(x) = f(x0),x —x0)

[lx — o2

f(x0,C1) = liminf

x—x)€Cy

is called the lower scalar derivative of the mapping f in xo in the direction of C|.
Taking limsup in place of liminf, we can define the upper scalar derivative of the
mapping f at xo in the direction of C; similarly. It will be denoted by ?#(xo,Cl).
If C; = H or C; = G, and xg = 0, then without confusion, we can omit the phrase
“in the direction of C;” from the definitions. In this case, we omit C; from the
corresponding notations.

Definition 22.2. Let C;,C; C H such that 0 is a non-isolated point of C; and xj a
non-isolated point of C,. Consider the mapping f : C; — H. If the limit

i @) = f(x0),x —x0)

ok e = xol|?

::f#(x()acl)

exists (here ||x —xo||> = (x —xo,x —x0)), then it is called the scalar derivative of the
mapping f in xo in the direction of C1.If f*(xq,C) € R, then f is said to be scalarly
differentiable in xq in the direction of Cy. If C, is open and f*(x,C;) € R exists for
every x € C,, then f is said to be scalarly differentiable on C; in the direction of
C1, with the scalar derivative f*(-,Cy) : C, — R.If C; = H or C; = C; and xg = 0,
then without confusion, we can omit the phrase “in the direction of C;” from the
definitions. In this case, we omit Cy from the corresponding notations.
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It follows from this definition that both the set of mappings scalarly differentiable
in xo and the set of mappings scalarly differentiable on H form linear spaces.

Theorem 22.3. The linear mapping A : H — H is scalarly differentiable on H if and
only if it is of the form A = B+ cl with B a skew-symmetric linear mapping, I the
identity of H, and c a real number.

Theorem 22.4. Suppose that f : H — H is both Gdteaux differentiable and scalarly
differentiable in xo. Then we have for the Gateaux differential & f (xy) of f at x¢ the
relation

8f(x0) =B+ f*(xo)1,

with B: H — H linear and skew-symmetric.

22.3.1 Computational Formulae for the Scalar Derivatives

We recall that a subset of a Hilbert space is called a cone if it is invariant under
multiplication by positive scalars, and a cone is called a convex cone if it is invariant
under addition. The first two theorems of this section show that the lower and upper
scalar derivatives of a Frechét differentiable mapping in a point x are equal to the
lower and upper scalar derivatives in 0 of its differential in x, respectively.

Theorem 22.5. Let x € H and K C H a closed cone. If f : H — H is Frechét differ-
entiable in x, with the differential df(x), then

f#(xvK) = df(x)#(O,K),

— —#
[ (%K) =df(x) (0,K).
Theorem 22.6. Let K C H be a closed convex cone with non-empty interior and x
an interior point of K. If f : K — H is Frechét differentiable in x, with the differential
df(x), then

f#(xvK) = df(x)#(()?K)v

7 (x,K) = df () (0,K).

The next two theorems give the computational formulae for the lower and upper
scalar derivatives of a positively homogeneous mapping in 0.

Theorem 22.7. Let K C H be a closed cone. If ® : H — H is positively homoge-
neous, then
@(0.K) = inf (@(u).u),
b
@ (0,K) = sup (@(u),u).

flull=1
uek
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Theorem 22.8. Let K C H be a closed convex cone. If @ : K — H is positively

homogeneous, then
®*(0) = inf (®(u)u),
uek

3" (0) = Hsu\L\lfl (D(u),u).

Theorems 22.5 and 22.7 imply:

Theorem 22.9. Let x € H and K C H a closed cone. If f: H — H is Frechét differ-
entiable in x, with the differential d f(x), then

f*(x,K) = inf (df(x)(u),u),

= [Jull=1
uek

75K = sup (df () (). ).

Theorems 22.6 and 22.8 imply:

Theorem 22.10. Let K C H be a closed convex cone with non-empty interior and x
an interior point of K. If f : K — H is Frechét differentiable in x, with the differential
df(x), then
£ K) = inf (df () ().,
uek
T K) = sup (df(x)(u),u).

flull=1
uek

22.4 Mean Value Theorems

From now on, let (H, (-,-)) be a Hilbert space and || - || the norm generated by (-, ).
For A C H denote by convA, coneA, and riA the convex hull, the conic hull (small-
est closed convex cone containing A), and the relative interior of A, respectively.
For a,b,c € H denote [a,b] = conv{a,b}, Ja,b] = conv{a,b}\ {a}, la,b[=ri[a,b],
abcz = conv{a,b,c}\{a}, and abcp =riconv{a,b,c}.

Theorem 22.11 (Rolle). Let K C H be a closed cone, a,b € H distinct points such
thatb—a € K, and f : H — H a mapping continuous on |a,b] and differentiable on
la,b[ with (f(b) — f(a),b—a) = 0. Then, there exists a & €la,b| such that

HEK) <0<F (& K). (22.1)

Proof. Let ¢ : [0,1] — R defined by
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(P(t) _ <f(a+t(bb__;l)2)vb_a>

It is easy to see that ¢(0) = ¢(1). Therefore, Rolle’s theorem for real functions
implies that ¢'(7) = 0 for some 7 €]0,1[. Let E =a+ 1(b—a). Then, & €]a,b| and

(df(§)(b—a),b—a)

0=0'(7)= 22.2
On the other hand, by Theorem 17 of [27], we have
FHEK) < (df(E)(),h) < T'(E.K), (22.3)
where .
—a
h=——¢€cK.
[b—all

Relations (22.3), (22.2) and the linearity of the Frechét differential imply (22.1).

Theorem 22.12 (Cauchy’s mean value theorem). Let K C H be a closed cone,
a,b € H distinct points such thatb—a € K, f,g: H— H mappings continuous on
[a,b] and differentiable on |a,b]| such that (g(b) — g(a),b— a) # 0. Then, there exists
a & €la,b| such that

(f(b) —f(a),b—a)

£EK) < (g(b) —g(a) ;,:a> g'(&.K) (22.4)
and , ,
ggb; ?Qﬁib_fff g'(6K) <T'(E.K). (22.5)

= ) . (22.6)

Then, it is easy to verify that (h(b) — h(a),b— a) = 0. By using Theorem 22.11 with
h replacing f, we have that

H(E,K)<0<h’

(§,K). (22.7)
for some & €)a, b[. But, from the definition of the lower and upper scalar derivatives
it follows that

n*(&.K) > fH(€,K) - 23" (&.K) (22.8)
and
W(E,K) < T'(E.K) ~Ag*(E.K). (22.9)
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Relations (22.7), (22.8) and (22.9), with A given by (22.6), imply (22.4) and (22.5).

O

Theorem 22.13 (Mean value theorem). Let K C H be a closed cone, a,b € H dis-
tinct points with b—a € K, and f : H — H a mapping continuous on [a,b] and
differentiable on |a,b|. Then, there exists a & €a,b| such that

<f(b) 7f(a)7bia> < #(&,K)

f(E.K) <
- 16 —all?
Proof. Follows from Theorem 22.12 with g = I, where I : H — H is the identity

mapping of H, i.e., I(x) = x for all x € H.
U

Remark 22.14. Let H be a Hilbert space, f : H — H and p € H\ {0}. Then,
f#(&,cone{p}) exists for all x € H.

Corollary 22.15. Let K C H be a closed convex cone, a,b € H distinct points, and
f: H— H a mapping continuous on |a,b] and differentiable on |a,b|. Then, there
exists a & €la,b] such that

()~ f(a) b—a)

f#(é,cone{bfa}) = 16— al?

22.5 Applications to Complementarity Problems

In this section, we present some applications to complementarity problems. Let
(H,(-,-)) be a Hilbert space, K C H aclosed convex cone and f : H — H a mapping.
We consider the general nonlinear complementarity problem defined by f and K

_ J find xp € K such that
NCP(f,K) : {f(xo) € K* and (xo, f(x0)) = 0.

Related to this problem, we have the following result.

Theorem 22.16. Let K C H be a closed convex cone, K* its dual cone, and f: H —
H. If there are po,qo € K\ {0} such that f is continuous on Opoqo ., differentiable

on 0pogo,.. f(0poqo,) € K*, and

(£(0),p) + IpII*f*(p,cone{po})) = 0,

(£(0),9) +lql* *(g,cone{go}) < 0,

forall p €10, po[, g €]0,q0[, respectively, then for all p €10, po| and q €]0,qo| the
nonlinear complementarity problem NCP(f,K) has a solution in [p,q|.
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Proof. Let p €10, po[ and ¢ €]0, go[. Then, by the convexity of K, p,q € K. Hence,
by Corollary 22.15, there exists a £ €]0, p[ and u €]0, g[ such that

(f(p):p) = (£(0),p) + lIplI* F*(&,cone{p}) = (£(0),p) + |[pII* £ (&.cone{po})

and

(£(a),q) = (f(0),4) + llgll* f*(u,cone{g}) = (£(0),q) +Ilql* * (1, cone{go}).

By the continuity of the function x — (f(x),x) on Opoqo; , there exists an x* € [p, g
such that (f(x*),x*) = 0. By the convexity of K, x* € K. Hence, we have f(x*) €
S (0pogqo A) C K*. Therefore, x* is a solution of the nonlinear complementarity prob-
lem NCP(f,K).

U
Corollary 22.17. Let K C H be a closed convex cone, K* its dual cone, and f : H —
H a mapping with f(0) = 0. If there are po,qo € K\ {0} such that f is continuous
on 0poqo;, differentiable on Opoqo ., f(Opoq()A) C K*, and f#(p,cone{po})) >0,
f*(gq,cone{qo}) <0forall p€)0,po[, g €]0,q0], respectively, then for all p €]0, po|
and q €10, qo| the nonlinear complementarity problem NCP(f,K) has a solution in
[p.4l.

The proof of the following lemma is a straightforward computation and is left to
the reader.

Lemma 22.18. Denote by d(-,L)? the distance function from a straight line L in H.
IfL={x0o+Av|A € R}, where xo € H and v € H\ {0} are constant vectors, then

<V,x—x0>2

2 2
d(x’L) :”'x_xOH - ||V||2 Y

and consequently d(-,L)? is a differentiable function.

Example 22.19. Let K C H be a closed convex cone and K* its dual cone. Denote
by < the order induced by the cone K*. Let a,b € H with a # b and a < b, and
Po,qo0 € K\ {0} such that a < pg <b and a < gp < b. Denote Py = cone{pp} and
Qo = cone{go}. Consider the mapping f : H — H defined by

d(x,00)*(x—a) —d(x,Ry)*(x — b)
f(x) _ d(}C7 Q0)2+d(X,P())2

if xe H\ {0},

0 if x=0.

Then, by using Lemma 22.18, it is easy to verify that f satisfies all conditions of

Corollary 22.17. Therefore, for all p €]0, po[ and g €]0, go[ the nonlinear comple-
mentarity problem NCP(f,K) has a solution in [p,q]. The details are left to the
reader.
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Example 22.20. Let K C H be a closed convex cone. Denote by < the order induced
by the cone K*. Let c € H and A : H — H a continuous linear mapping. Leta,b € H
witha # b and a < ¢ < b, and pg,qo € K\ {0} such thata —c <A(py) <b—c and
a—c <A(qo) < b—c. Denote Py = cone{pg} and Qp = cone{qgp}. Consider the
mapping f : H — H defined by

d(x,00)*(A(x) +c—a) —d(x,Py)*(A(x) +c—b)
f(x) _ d(x7 Q0)2+d(X,P())2

ifx € H\ {0},

0 if x=0.
(22.10)
Then, for all p €]0,po[ and g €]0,¢o[, the nonlinear complementarity problem
NCP(f,K) has a solution in [p,q].

Proof. By using Lemma 22.18, we will prove that f satisfies all conditions of Corol-
lary 22.17. It is enough to prove that for all p €]0, po[ and ¢ €]0,go[ and x € [p,q]
we have 0 < f(x). All other conditions of Corollary 22.17 can be verified easily and
the details are left to the reader. Consider the affine mapping h =A+c: H — H
defined by h(x) = (A+c¢)(x) = A(x) +c. Let ¢ €]0, 1 such that p = ¢pg. We have

a<h(0)<b (22.11)

and
a<h(py) <b. (22.12)

Multiplying equation (22.11) by 1 —¢ and equation (22.12) by ¢ and summing up,
we get
a<(1—1)h(0)+th(po) < b,

or equivalently
a < h(p) = h(tpo) = h((1=1)0+1po) = (1 —1)h(0) +1h(po) < b.

Hence,
a<h(p)<b. (22.13)

It can be similarly showed that
a<h(q) <bh. (22.14)

Let 7 € [0, 1] such that x = (1 — T) p+ 7¢. Multiplying equation (22.13) by 1 — 7
and equation (22.14) by T and summing up, we get

a<h(x)=h((1-1)p+19) = (1 -1)h(p) + Th(q) < b,

or equivalently a < A(x) + ¢ < b. Hence, by using (22.10), we have 0 < f(x).
O
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Corollary 22.21. Let K C H be a closed convex cone, K* its dual cone, and f :
H — H a mapping with f(0) = 0. If there is a po € K such that f is continuous
on [0, pol, differentiable on 10, po[, £(]0,po]) C K*, and f*(p,cone{po}) = 0 for
all p €10, po, then every p €0, pol is a solution of the nonlinear complementarity
problem NCP(f,K).

Proof. Tt follows from Corollary 22.17 with gy = pg and g = p. O

Let (R",(-,-)) be the n-dimensional Euclidean space and R’} its non-negative
orthant. Let f = (f1,---, fu) : R" — R” be a mapping. Consider the nonlinear com-
plementarity problem NCP(f ,Ri). In several papers such as [2, 5, 6, 8, 9, 10, 11,
12, 13, 14, 23, 28] the problem NCP(f, R’J’r) has been studied by numerical methods
based on the concept of NCP-functions, introduced for the first time by A. Fischer
[8]. In the following we will give a different kind of application of the notion of
NCP-functions to the study of complementarity. First we recall some fact related to
NCP-functions.

Definition 22.22. A function ¢ : R?> — R is called an NCP-function if satisfies the
following condition: ¢(a,b) = 0 if and only if a > 0, b > 0 and ab = 0.

Examples

1. ¢ppla,b) =va>+b*>— (a+D), for any a,b € R (Fischer-Burmeister).

2. ¢nr(a,b) = min{a,b}, for any a,b € R (Natural-Residual).

3. ¢1(a,b) = —ab+ 1[max{0,a+b}]? foralla,b € R.

4. ¢(a,b) =+/(a—b)?>+Aab—a—b, forall a,b € Rand A €]0,1].

5. ¢ms(a,b) = ab+ 5= [(max{0,a — ab})* — a* + (max{0,b — awa})? — b?, for all

a,beRand a > 1.

The reader can find other information about NCP-functions in [2, 5, 6, 8, 9, 10,
11, 12, 13, 14, 23, 28].
The following lemma follows easily from Definition 22.22.

Lemma 22.23. Let f = (fi,--- f,) : R* = R", ¢ : R? — R an NCP-function, and
D= (D, -, D,): R" — R" defined by ®@;(x) = ¢(x;, fi(x)). Then, x* is a solution
of the nonlinear complementarity problem NCP(f,R") if and only if @(x*) = 0.

Proposition 22.24. Let B : R” — R a function with B(x) > 0 for all x e R, f =
(fi, - fu): R" = R", ¢ : R> — R an NCP-function, ® = (®y,--- ,®,) : R" — R"
defined by @;(x) = ¢ (x;, fi(x)), ¥ : R" — R defined by ¥ (x) = B (x)||®(x)||?> /2, and
g: R" — R" defined by g(x) = ¥ (x)x. Then, x* is a nonzero solution of the nonlinear
complementarity problem NCP(f,R".) if and only if it is a nonzero solution of the
nonlinear complementarity problem NCP(g,R"}).

Proof. The vector x* is a nonzero solution of the nonlinear complementarity prob-
lem NCP(g,R") if and only if x* > 0, g(x*) > 0, and (x*,g(x*)) = 0. By the form
of g, relation g(x*) > 0 follows from x* > 0. Relation (x*,g(x*)) = 0 is equivalent
to B(x*)|Jx*||*¥(x*) = 0. But, since B(x*) > 0 and ||x*|| # 0, this is equivalent to
¥ (x*) = 0. Therefore, by ¥(x*) = B(x*)||®(x*)||*/2 and Lemma 22.23, it follows
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that x* is a nonzero solution of the nonlinear complementarity problem NCP(f, R’} )
if and only if it is a nonzero solution of the nonlinear complementarity problem
NCP(g,R™).

Proposition 22.25. Let H be a Hilbert space K C H be a closed convex cone, p :
H — R be a function differentiable inx € H, and f : H — H defined by f(x) = p(x)x.
Then, we have

F10K) = p @)+ inf [(Vp(x),u)(x.u)] (22.15)
and .
7, K) = p(x)+ sup [(Vp(x),u)xu)]. (22.16)

!
Proof. We only prove formula (22.15). Formula (22.16) can be proved similarly. By
Theorem 22.9 we have

f#(x,K) = inf <limp(x+t”)(x+t”)_P(X)X7u>
et \ 110 1

— <nmp(x+tu)(x+tu)fp(x)<x+m)+p(x><x+tu>fp<x)x7u>

Jul=1 \ 110 t
uek

_ _pxttu)—p(x) .
= H;;El <p (x)u+ ltlfg — ltlﬂ)](x+m)’ u>
= Hggl (p(x)u+ [dp (x)ulx,u) = p(x) + HHE [dp (x)(u) (x,u)]. 0

Corollary 22.26. Let u € H with ||lu|| =1, p : H — R be a function differentiable in
x€H, and f: H— H defined by f(x) = p(x)x. Then,

¥ (x,cone{u}) = p(x) + (Vp (x),u) {x, ).

Definition 22.27. A closed convex cone K C H is called subdual if K C K*, where
K™ is the dual cone of the cone K.

Theorem 22.28. Let K C H be a subdual closed convex cone and p: H — R a
mapping with p(x) > 0 for all x € K\ {0}. Define f: H— H by f(x) = p(x)x. If
there is po € K\ {0} such that f is continuous on 0poqo »» differentiable on Opoqo
(for example this is satisfied if p is continuous on 0pyqo  and differentiable on
0pogo, ),

p(p)+(Vp(p),p) =0,

and

p(q)+(Vp(g),q) <0,

forall p €10, po[, g €]0,q0[, respectively, then for all p €0, po| and q €]0,qo| the
nonlinear complementarity problem NCP(f,K) has a solution in [p,q|.
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Proof. It follows from Corollaries 22.17 and 22.26. O

Let g € H and p : H — R a mapping differentiable on |0, g[ with bounded differ-
ential such that p(x) > 0 and

p(x) +{Vp(x),x) <0,
for all x €]0,¢[. Then, (Vp(x),x) — 0 if x €]0,¢[ and x — 0. Thus,

p(0) = lim (p(x) + (Vp(x),x) <0,
x€]0.,g9(

so p(0) = 0. Since p(x) > 0 for all x €]0,¢[, it follows that (Vp(x),x) <0 for all
x €]0,q]. But, p(tq) — p(0) = p(tq) = (Vp(1q), 1g) for some T €]0,¢]. If there were
at €]0,1] with p(¢g) > 0, then it would follow that (Vp(tq), Tq) > 0 which is a con-
tradiction. Therefore, p(x) 4 (Vp(x),x) = 0 for all x €]0, g]. This observation should
be taken into account when one tries to construct examples. For example, if the sec-
ond inequality of Theorem 22.28 is strict, then the differential of f is unbounded in
some point of |0, go|.

Corollary 22.29. Let K C H be a subdual closed convex cone and p : H — R a
mapping with p(x) > 0 for all x € K\ {0}. Define f: H— H by f(x) = p(x)x. If
there is po € K \ {0} such that f is continuous on [0, po|, differentiable on |0, po|
(for example this is satisfied if p is continuous on [0, po| and differentiable on |0, po|)
and

p(p)+(Vp(p),p) =0

forall p €0, po|, then each p €0, po| is a solution of the nonlinear complementarity
problem NCP(f,K).

Recall the following definition

Definition 22.30. Let k be a real constant. The function v: H — R is called homo-
geneous of order k if v(tx) = t*v(x) for all x € H and ¢ € R" with t # 0.

In the following definition, we introduce the notion of superhomogeneous (sub-
homogeneous) functions.

Definition 22.31. Let k be a real constant. The function v: H — R is called super-
homogeneous (subhomogeneous) of order k if v(tx) > t*v(x) (<) for all x € H and
t € R" witht > 1.

Obviously, every homogeneous function of order & is both subhomogeneous and
superhomogeneous of order k. Moreover, every non-negative homogeneous function
of order k is superhomogeneous of order k —/ and is subhomogeneous of order k+/
for each positive real number /.

Let k be a real constant. By Euler’s theorem for homogeneous functions in R",
the general solution of the equation

(Vv(x),x) = kv(x) (22.17)
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is a homogeneous function of order k, that is, a function v with the property
v(tx) = t*v(x), Vi #0.

A similar result is true if the equation (22.17) is considered in an arbitrary Hilbert
space H.

Indeed, assume that v is a solution. Fix x and let be # nonzero real number. Then
we have for

o(t) =1t Fv(1x)
that

@' (1) =t *dv(1x) (x) — ke % Y(1x) = 17K (Vv (ex),x) — ke 5 o(ex)
= 17N V() 1x) — ke *V(1x) = 17 Y (kv(1x)) — ke 7 To(ex) = 0,
that is, ¢ is a constant function. Hence, ¢(z) = ¢(1), or equivalently
v(tx) = t*v(x), Vi #0.

The same relation shows that if ¢ is a constant function, then v is a solution.
Hence, the general solution of the equation

u(x) + (Vu(x),x) =0

is a homogeneous function of order —1. Hence, in Corollary 22.29 the function
p can be chosen to be a differentiable function such that p|x\ (o} is an arbitrary
homogeneous function of order —1 and p(x) > 0 forallx € K\ {0}, and pp € K\ {0}
can be arbitrary.

Next, consider the inequation

(Vv(x),x) > kv(x).

The general solution of this inequation is a superhomogeneous function of order k.
Indeed, assume that v is a solution. Fix x and let # > O be a real number. Then we
have for

o(r) =1 v(1x)
that
@' (1) =17 dv(1x) (x) — ke * M (1x) = 5 (Vv(1x),x) — ke 5o (ex)

= 17NV (tx), 1x) — ke Mv(ex) > 07 Y (kv(1x)) — ke 7 o(ex) = 0.

Hence, ¢ is monotone on |0, 4-oo[. Therefore, ¢(t) > ¢(1) for all r > 1, or equiva-
lently v is superhomogeneous of order k. Conversely, suppose that v is superhomo-
geneous of order k. We want to prove that

(Vv(x),x) > kv(x).
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Since v is superhomogeneous of order k, we have v(tx) > t*v(x) for all r > 1 and
x € H. Hence,
v(tx) —v(x) < t*v(x) — v(x)

t—1 = r—1 ’

or equivalently
v(tx) —v(x) _ tF—1
> .
r—1 —t—IW@

Tending with 7 to 1 in the above inequality and using the chain rule we obtain

dv(x)(x) = dv(tx)(x)|i=1 = %v(tx)h:l > %tkh:lv(x) = kv(x),

or equivalently
(Vv(x),x) > kv(x).

It can be similarly shown that the general solution of the inequation
(Vv(x),x) <kv(x).
is a subhomogeneous function v of order k.

Example 22.32. Let K C H be a subdual closed convex cone. Let po,qo € K \ {0}.
Denote Py = cone{po} and Qp = cone{go}. Consider the mapping f : H — H de-
fined by

d(x,00)%p1 (x) +d(x,Ry)*pa(x)
flx)= d(x,00)>+d(x,Py)?

0 if x=0,

xif x e H\ {0},

where p; : H — R and pp : H — R such that pi|x\ (o} is superhomogeneous of
order —1, py| K\{0} is subhomogeneous of order —1, and p; (x) >0 and pa(x) >0
for all x € K\ {0}. Then, by using Lemma 22.18 and the above results, it is easy to
verify that f satisfies all conditions of Theorem 22.28. Therefore, for all p €]0, po[
and ¢ €]0, go[ the nonlinear complementarity problem NCP(f,K) has a solution in
[P, q]. The details are left to the reader.

Theorem 22.33. Let B : R" — R a function with B(x) > 0 for all x ¢ R \ {0}, f =
(fi," fu) : R" = R", ¢ : R> — R an NCP-function, ® = (®y,--- , @) : R" — R"
defined by ®i(x) = ¢ (xi, fi(x)), ¥ : R" — R defined by ¥ (x) = B(x)||®(x)[/2.
and g : R" — R" defined by g(x) = ¥(x)x. If there are po,qo € R, \ {0} such that
g is continuous on Opoqo , differentiable on Opoqo,, (for example, this is satisfied if

¢, B and f are continuous on 0poqo  and differentiable on Opoqo,, ),

¥(p)+(V¥(p),p) >0,

and
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¥(q)+(V¥(q).q9) <0,

Sor all p €10, pol, ¢ €]0,q0], then for all p €0, po| and q €]0,qo[ the nonlinear
complementarity problem NCP(f,K) has a solution in [p,q].

Proof. The assertion of the theorem follows from Proposition 22.24 and Theorem
22.28.
|

Corollary 22.34. Let B : R" — R be a function with B(x) > 0 for all x € R’} \ {0},
=0, fu): R*" = R" ¢ : R — R an NCP-function, ® = (®y,--- ,®@,): R" —
R" defined by @;(x) = ¢ (x;, fi(x)), ¥ : R* — R defined by ¥ (x) = B(x)||®(x)|*/2,
and g : R" — R" defined by g(x) = ¥(x)x. If there is a po € R'. \ {0} such that g is
continuous on [0, po|, differentiable on )0, po[ (for example, this is satisfied if ¢, B
and f are continuous on [0, po] and differentiable on 10, po|),

Y(p)+(V¥(p),p)=0

forall p €0, po|, then each p €0, po| is a solution of the nonlinear complementarity
problem NCP(f,K).

We have seen that in Corollary 22.29 p can be chosen to be a differentiable
function such that p| K\{0} to be an arbitrary homogeneous function of order —1 and
p(x) >0 forall x € K\ {0}, and py € K\ {0} can be arbitrary. Consider Corollary
22.34. In this corollary p(x) = B(x)||®(x)||>. Let B(x) = 1 for all x € R". We want
R\ {0} 3 x — p(x) = B(x)||@(x)||* to be homogeneous of order —1. Suppose
that ¢ is the Fischer—Burmeister function defined right after Definition 22.22. It is
enough to have the function

REA{0}3x— \/xiz—l—fiz(x)—x,-—fi(x)

to be homogeneous of order —1/2 for all i. This can be achieved by expressing f;

from the relation
\/ X7 () = xi — fi(x) = hi(x)

in terms of /;(x), where h; is homogeneous of order —1/2 such that 4;(x) +x; # 0
for all x € R, \ {0}. We obtain

filx) = 7h,£x) <1 + hi(x);iﬂ,.) , (22.18)

In this way, any homogeneous h; of order —1/2, with h;(x) +x; # 0 for all x €
R"\ {0}, generates an example for Corollary 22.34. It is enough to choose f; to be of
the form (22.18) on R, \ {0}. The condition “A; is homogeneous of order —1/2 such
that h;(x) +x; # 0 for all x € R, \ {0} holds for example when #; : R} \ {0} — R
is homogeneous of order —1/2 and positive, that is, &;(x) > 0 for all x € R" \ {0}.
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22.6 Comments

We presented in this paper some mean value theorems and a new method applicable
to the study of multiple solutions of a complementarity problem. Our method can be
considered as an alternative to the classical method based on the topological degree.
Certainly, our method can be improved and developed to be applicable to variational
inequalities or to other kind of nonlinear equations.

Acknowledgment The authors express their gratitude to A. B. Németh for many helpful conver-
sations. S. Z. Németh was supported by the Hungarian Research Grant OTKA 60480.
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Chapter 23

Application of a Vector-Valued Ekeland-Type
Variational Principle for Deriving Optimality
Conditions

G. Isac and C. Tammer

Dedicated to the memory of Professor George Isac

Abstract In order to show necessary conditions for approximate solutions of vector-
valued optimization problems in general spaces, we introduce an axiomatic ap-
proach for a scalarization scheme. Several examples illustrate this scalarization
scheme. Using an Ekeland-type variational principle by Isac [12] and suitable scalar-
ization techniques, we prove the optimality conditions under different assumptions
concerning the ordering cone and under certain differentiability assumptions for the
objective function.

23.1 Introduction

The aim of our paper is to present necessary conditions for approximate solutions
of vector-valued optimization problems in Banach spaces using an Ekeland-type
variational principle by Isac [12] under different differentiability properties of the
objective function. In the proofs of the assertions, a nonlinear scalarization tech-
nique plays an important role. We will use an axiomatic approach for the scalariza-
tion scheme. In order to apply the variational principle in partially ordered spaces,
one needs additional assumptions for the ordering cone. Furthermore, the differen-
tiability properties require certain assumptions concerning the ordering cone and
the objective function. So a discussion of corresponding ordering and topological
assumptions is important for our assertions.
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In this paper, we will be mainly concerned with the following vector minimiza-
tion problem ( VP) given as

V —min f(x), subjectto x€S,

where (X,d) is a complete metric space and Y is a locally convex space, S C X,
K CY is aproper (i.e., {0} # K, K # Y) pointed closed convex cone which induces
a partial order on Y (ie., y! <gx > <=y €y +K ('Y €Y)), f:S—7Y.
We describe the solution concepts for the vector optimization problem (VP) with
respect to the ordering cone K in Section 23.3.

In order to show necessary optimality conditions for the problem (VP) using
an Ekeland-type variational principle and differential calculus, one needs certain
assumptions concerning the spaces, the ordering cone and the objective function.
In the assertions of our paper, we suppose some of the following assumptions with
respect to the spaces:

(Aspacel) (X ,d) is a complete metric space and Y is a locally convex space.
(Aspace2) X and Y are Banach spaces.
(Aspace3) X is an Asplund space and ¥ = R”.

Remark 23.1. A Banach space X is said to be an Asplund space (cf. Phelps [23, Def.
1.22]) if every continuous convex function defined on a non-empty open convex
subset D of X is Fréchet differentiable at each point of some dense Gg subset of
D. If the dual space X* of the Banach space X is separable, then X is an Asplund
space. Every reflexive Banach space is an Asplund space. The sequence space ¢y,
and furthermore, the spaces 7, L”[0,1] for 1 < p < e are examples for Asplund
spaces. The space /! is not an Asplund space.

Concerning the objective function, we have different assumptions with respect to
the derivatives (see Section 23.5) that we will use:

(Amapl)  The vector-valued directional derivative Df (x,h) of f: X — Y atx € X
in direction & € X exists for all x,i € X (cf. Definition 23.31).

(A,,mp2) f:X — Y is strictly differentiable at x € X (cf. Definition 23.29).

(Amap3) f:X — Y islocally Lipschitz at x € X (cf. Definition 23.26).

Furthermore, in order to apply an Ekeland-type variational principle (see Theorem

23.18) we suppose that (X,d) and Y fulfill (Aspacel), consider f: X — Y and formu-

late the following assumption (A,,qp4) With respect to a closed normal (cf. Definition

23.2) cone K C Y and k° € K\ {0}:

(Amap4) Forevery u € X and for every real number ¢ > 0 the set
{xeX|f(x)—fu)+Kad(ux) e K}

is closed.
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Most of our results are related to the non-convex case, however under certain con-
vexity assumptions we get stronger results. Consider the proper pointed closed con-
vex cone K in Y and a non-empty convex subset S of X. The function f: S — Y is
called convex if for all x',x> € X and for all A € [0,1] holds

FOAx'+ (1= e AfH)+ (1 -1)f(x*) —K.

(Amap5)  The function f: § — Y is convex.

Our paper is organized as follows: In Section 23.2 we give an overview on cone
properties that are important for deriving existence results in infinite-dimensional
spaces. Especially, we give several examples in general spaces for cones having the
Daniell property and for cones with non-empty interior. Solution concepts for vec-
tor optimization problems and an Ekeland-type variational principle by Isac [12]
under the assumptions (Agpac.1) and (A,,qp4) are presented in Section 23.3. An ax-
iomatic scalarization scheme that is important for deriving optimality conditions is
introduced in Section 23.4. We present several examples for scalarizing functionals
having some of the properties supposed in the scalarization scheme. In Section 23.5
we recall differentiability properties of vector-valued functions. We show necessary
optimality conditions for vector optimization problems under assumptions (Aspacc2)
and (Aqp4) in Section 23.6. For the case of vector optimization problems where a
Lipschitz objective function takes its values in a finite-dimensional space, we prove
necessary conditions for approximate solutions in Section 23.7 under assumptions
(Aspace3) and (A,qp3) using the subdifferential calculus by Mordukhovich [18].

23.2 Properties of Cones

In the following, we give a survey of some properties of cones in ordered topologi-
cal spaces; they are compiled in this way in order to make the choice of Y as made
in Section 23.5 plausible.

In order to prove existence results for solutions of optimization problems in
infinite-dimensional spaces where the solution concept is given by a partial order
induced by a closed pointed and convex cone, one needs additional assumptions
concerning the connections between topology and order (cf. Isac [11]).

First, we recall some corresponding cone properties (that the cone is normal,
well-based, nuclear, Daniell property), compare Peressini [22], Isac [11], Isac,
Bulavsky, Kalashnikov [14], Jahn [17], Hyers, Isac, Rassias [16], Gopfert, Riahi,
Tammer, Zalinescu [9]. In many important cases the ordering cone does not have
such a property, for instance the usual ordering cone in the space of continuous func-
tions does not have a bounded base and the Daniell property is not given. In Figure
23.1 we give an overview on such additional cone properties and corresponding re-
lations for the case that Y is a Banach space, C and K are proper convex cones in Y.
As usual, we denote by
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K :={"er|y(y) =0y K}
the continuous dual cone of K, and by
K* = {y" e K" |y (y) > 0Vy e K\{0}}

the quasi-interior of K*.

In order to study connections between topology and order we say that a non-
empty subset A of the linear space Y is full with respect to the convex cone K C Y
if

A=(A+K)N(A-K).

Definition 23.2. Let (Y, 7) be a topological linear space and let K C Y be a convex
cone. Then K is called normal (relative to 7) if the origin 0 € Y has a neighborhood
base formed by full sets w.r.t. K.

Definition 23.3. Let Y be a Hausdorff topological vector space and K C Y a proper
convex cone.

(i) K is called based if there exists a convex set B, such that K = R, B and
0¢clB.

(ii) K is called well-based if there exists a bounded convex set B, such that
K=R;Band 0 ¢ clB.

(iii) Let the topology of Y be defined by a family & of seminorms. K is called
supernormal or nuclear if for each p € & there exists y* € Y*, such that
p(y) < (y,y*) for all y € K; it holds y* € K* in this case.

(iv) K is said to be Daniell if any nonincreasing net having a lower bound con-
verges to its infimum.

Now, we give a few examples of Daniell cones.

Example 23.4. First, we recall the following result (cf. Peressini [22], Proposition
3.1, p. 90, 91): If {x¢ } ea is a net which is increasing (decreasing) in a topological
vector space (Y, ) ordered by a closed convex cone K and if xp is a cluster point
of {xq}, then xo = supyeqxo (o = infyeaxq). We recall that a convex cone is
regular if any decreasing (increasing) net which has a lower bound (upper bound) is
convergent. By the result, cited above we have that any regular cone is Daniell.

K well-based K:dg:w K pointed
H Y normed ﬂ

K nuclear = K normal
ﬂ K complete

K Daniell = K compact base.

Fig. 23.1 Cone properties.
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Example 23.5. If (Y,]| - ||) is a Banach lattice, that is Y is a Banach space, vector
lattice and the norm is absolute, i.e., ||x|| = || |x| || for any x € ¥, then the cone
Yy ={y €Y |y>0}isDaniell if Y has weakly compact intervals.

Example 23.6. Finally, a convex cone with a weakly compact base is a Daniell cone.

Proposition 23.7. (Isac [11]):
Let (Y, ) be an Hausdorff locally convex space and K C Y a proper convex
cone. Then
K well-based = K nuclear = K normal.

IfY is a normed space, then
K nuclear = K well-based.

Remark 23.8. Among the classical Banach spaces their usual positive cones are
well-based only in /' and L'(€2), but /! is not an Asplund space.

Relations between supernormal (nuclear) cones, Pareto efficiency and geometrical
aspects of Ekeland’s principle are derived by Isac, Bulavsky and Kalashnikov [14].

Let Y be a topological vector space over R. Assume (¥,K) is at the same time a
vector lattice with the lattice operations x — xT, x + x~, x — |x|, (x,y) — sup{x,y}
and (x,y) — inf{x,y}.

Definition 23.9. A set A C Y is called solid, if x € A and |y| < |x| implies y € A. The
space Y is called locally solid, if it possesses a neighborhood of 0 consisting of solid
sets.

Lemma 23.10 ([26]). The following properties are equivalent:

(i) Y is locally solid.
(ii) K is normal, and the lattice operations are continuous.

In order to derive optimality conditions in general spaces (cf. Section 23.6), there is
often the assumption that the (natural) ordering cone has a non-empty interior. Now,
we give some examples of convex cones with non-empty interior.

Example 23.11. Any closed convex cone K in the Euclidean space (R”,(-,-}) such
that K is self-adjoint (i.e., K = K**) has a non-empty interior.

Example 23.12. We consider the space of continuous functions C[a, b] with the norm
[|x|] = sup{|x(¢)| | # € [a,b]}. The cone of positive functions in C[a, b]

Keap) = {x € Cla,b] | x(t) > 0V € [a,b]}

has a non-empty interior.
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Example 23.13. Let Y = [>(N,R) with the well-known structure of a Hilbert space.
The convex cone

Kp :={x={xi}i>0 | x0 >0 and lez <x3}
i=1
has a non-empty interior
int Kp := {x={x;i}i>0 | xo > 0 and lez <x3).
i=1

Example 23.14. Let [~ be the space of bounded sequences of real numbers, equipped
with the norm ||x|| = sup,cn{|xx|}. The cone

K := {x = {Xp }nen | x4 > 0 for any n € N}
has a non-empty interior (cf. Peressini [22], p. 186).

Example 23.15. Let C'[a, b] be the real vector space formed by all real continuously
differentiable functions defined on [a,b] (a,b € R,a < b), equipped with the norm

[ £11 —{/ dt+/ ))2de}l/2

for any f € C'[a,b]. Using a Sobolev’s embedding theorem, we can show that the
natural ordering cone
Ker:={f eC'[a,b]| f >0}

has a non-empty interior. The proof is based on some technical details (cf. Da Silva

(4D.

Example 23.16. About the locally convex spaces, we put in evidence the following
result. If (Y, 7) is a real locally convex space, then for every closed convex cone
K C Y, with non-empty interior, there exists a continuous norm ||- || on ¥ such that
K has a non-empty interior in the normed space (¥,]]-||).

Furthermore, in order to show optimality conditions one has sometimes both
assumptions: that the ordering cone has a non-empty interior and has the Daniell
property. So it is important to ask for examples in infinite-dimensional spaces, where
the ordering cone has both properties.

Example 23.17. (see Jahn [17]) Consider the real linear space L..(£2) of all (equiva-
lence classes of) essentially bounded functions f: 2 — R (0 # Q C R") equipped
with the norm || -||;_(q) given by

||f‘|Lw(Q) = esssu£{|f(x)|} forall f € L.(Q2).
xe

The ordering cone
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K (o) :=1{f € L.(L) | f(x) > 0 almost everywhere on Q}

has a non-empty interior and is weak* Daniell.

23.3 An Ekeland-Type Variational Principle for Vector
Optimization Problems

Concerning the vector optimization problem (VP), we use the following (approxi-
mate) solution concepts: Assume (Aspace 1). Let us consider A C Y, a pointed closed
convex cone K C Y, e >0and k° € K\ {0}.

e A point yg € A is said to be an ek®-minimal point of A with respect to K, if there
exists no other point y € A such that y —yo € —ek® — (K'\ {0}). We denote this by
yo € ek’ —Eff(A,K), where ek’ — Eff(A,K) is the set of ek -minimal points
of A with respect to the ordering cone K. A point xo € S is called an k° -efficient
point of (VP), if f(xo) € ek’ — Eff(f(S),K). Is xo € S an ek® -efficient point
of (VP) with € = 0 we say that x( is an efficient point of (VP) and we write
F(x0) € EFF(f(S).K).

e A point yo € A is said to be an k¥ -properly minimal element of A with respect
to K, if there is a closed normal cone B C ¥ with K \ {0} C int B such that yy €
ek’ — Eff(A,B). The set of ek -properly minimal elements of A with respect
to K is denoted by ek® — pEff(A,K). A point xy € S is called an ek” -properly
efficient point for (VP), if f(xo) € ek® —Eff(f(S),B) where B is a closed normal
cone with K\ {0} C int B. Is xo € S an €k” -properly efficient point of (VP)
with € = 0 we say that xy is a properly efficient point of (VP) and we write

f(xo0) € pEfF((S),K).

We will apply a vector-valued variational principle of Ekeland’s type in order
to show necessary conditions for approximately efficient solutions of the vector
optimization problem (VP). There are many vector-valued variants of Ekeland’s
variational principle (and equivalent assertions) with different assumptions concern-
ing the ordering cone in Y and concerning the properties of the objective function
f:X =Y (cf. [12], [13], [19], [27], [28]). Here we recall the variational princi-
ple by Isac [12, Theorems 4 and 7], [16, Theorem 8.4] that is shown for the case
that the ordering cone K in Y is normal without assuming that the interior of K is
non-empty.

Theorem 23.18. (Isac [12]) Assume (Aspacgl), K is a closed normal cone, K° €
K\ {0}. Furthermore, suppose that for f : X — Y the assumption (Ayqp4) with re-
spect to K and K° is fulfilled. If € > 0 is an arbitrary real number and xo € X is an
element with f(xo) <k f(x) +&k® for all x € X then there exists x¢ € X such that
fxe) <k f(x0), d (xe,x0) < \/€ and, moreover,

F)+r0Ved (x,xe) <k f(xe) = x==xe. (23.1)
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Remark 23.19. The assertion (23.1) in Theorem 23.18 means that x. is an efficient
element of the perturbed objective function f, zo0(x) == f (x) + KO\/ed (x,xe) with

respect t0 K, i.e., f 0 (xe) € Eff(f z0(X), K).

23.4 Nonlinear Scalarization Scheme

In order to prove optimality conditions, we will introduce an axiomatic approach for
scalarization by means of (in general nonlinear) functionals. We consider a linear
topological space Y, a proper set K C Y and a scalarizing functional ¢ : ¥ — IRU
{+eo} having some of the following properties:

(Apl) The functional ¢ is K-monotone, i.e., y,w € Y,y € w— K implies ¢ (y) <
@ (w).

(Apl’)  The functional ¢ is strictly K-monotone, i.e., y,w €Y,y € w— (K\{0})
implies ¢ (y) < @ (w).

(Ap2) The functional ¢ is convex.

(Ap2')  The functional ¢ is sublinear.

(Ap2") The functional ¢ is linear.

(Ap3) The functional @ enjoys the translation property

VseR,WyeY: ¢(y+sk°) = (y)+s. (23.2)

(Ap4) The functional ¢ is lower continuous.
(Ap4’)  The functional ¢ is continuous.

Examples for functionals satisfying the axioms given above are listed in the fol-
lowing:

Example 23.20. Assume that B is a closed proper subset of Y and K C Y is a proper
set with B+ K C B. Let k” € Y\ {0} be such that B+ [0, +o<)k” C B. Consider the
functional ¢ := @40 : Y — RU {Zeo}, defined by

¢(y):=inf{teR|yetk’—B}. (23.3)
We use the convention inf( = +-co. Then it holds dom ¢ = IRk” — B.

If B = K is a proper closed convex cone and kK € int K, the functional (23.3) fulfills
(Apl), (Ap2'), (Ap3) and (Ap4').

Moreover, if B is a proper closed convex subset of ¥ with B+ (K \ {0}) C int B,
B does not contain lines parallel to k° (ie., Vy €Y, ¥ € R : y+1k° ¢ D) and
Rk? — B =Y the functional (23.3) is finite-valued and fulfills (A¢1"), (A¢2), (A¢3)
and (Ay4). These properties of the functional (23.3) are shown in [9, Theorem
2.3.1].
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Example 23.21. The scalarizing functional by Pascoletti and Serafini [21] for a vec-
tor optimization problem (VP)

— mi — T
V- min f(x) = (f1(x), ... fn(x))
(where Y = IR™, K =1R"!, S convex and f; : § — R convex for all i = 1,...,m) given
by
min ¢ (23.4)

subject to the constraints
f(x)€a+tr—K,
xeS, teR,

(with parameters a € R™ and r € int R"}) satisfies the axioms (Ag1), (4¢2), (A¢3),
(Ap4) (cf. [9, Theorem 2.3.1).

Example 23.22. The following functional was introduced by Hiriart—Urruty [15]:
Assume that Y is a normed space. For a non-empty set A C Y, A # Y, the oriented
distance function Ay : Y — R is given as A4 (y) = da(y) —dy\a(y) (Where dy(y) =
inf{|la—y|| | a € A} is the distance function to a set A). It is well known that this
function has the following properties (see [29, Proposition 3.2]):
(i) Ay is Lipschitzian of rank 1.
(i) If A is convex, then A4 is convex and if A is a cone, then Ay4 is positively homo-
geneous.
(iii) Assume that A is a closed convex cone. If y;,y, € Y with y; —y, € A, then
Ax(y1) < Aa(y2)-

The functional A4 satisfies the axioms (Ay1) with respect to k = —A, (Ay2),
(Ap4') if A is a closed convex cone.

Example 23.23. Certain nonlinear functionals are used in financial mathematics in
order to express a risk measure (for example a valuation of risky investments) with
respect to an acceptance set B C Y. Artzner, Delbean, Eber and Heath [1] (com-
pare Heyde [10]) introduced coherent risk measures. Risk measures are functionals
U:Y — RU{+oeo}, where Y is a vector space of random variables. In the papers
by Artzner, Delbean, Eber and Heath [1] and Rockafellar, Uryasev and Zabarankin
[24] the following properties of coherent risk measures (i are supposed:

(P1) u(y+1k%) = u(y) —1,

(P2) u(0) =0and u(Ay) =Au(y) forally €Y and A > 0,

(P3) u(y' +»*) <u(y')+u(y?*) forally' y* €y,
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(P4) u(y") < p(y?) if y' >y,

The sublevel set L, (0) =: B of 1 to the level 0 is a convex cone and corresponds
to the acceptance set. It can be shown that a coherent risk measure admits a repre-
sentation as

u(y) =inf{r e R | y+1k° € B}. (23.5)

It can be seen that a coherent risk measure can be identified with the functional
®p 0(—y) (see (23.3)) by

P (y) = U(=y).

We get corresponding properties (A1), (Ap2'), (Ay3) for the functional u(—y) like
in Example 23.20 for the functional @g ;0 depending from the properties of the set
B, i.e., of the acceptance set B in mathematical finance.

Examples for coherent risk measures are the conditional value at risk (cf. [7],
Section 4.4, Definition 4.43) and the worst-case risk measure (cf. Example 23.25).

Example 23.24. (value at risk) Let 2 be a fixed set of scenarios. A financial po-
sition is described by a mapping x :  — R and x belongs to a given class 2~ of
financial positions. Assume that 2 is the linear space of bounded measurable func-
tions containing the constants on some measurable space (£2,A). Furthermore, let
P be a probability measure on (£2,A). A position x is considered to be acceptable if
the probability of a loss is bounded by a given level A € (0,1), i.e., if P[x < 0] < A.
The corresponding monetary risk measure V @R}, defined by

V@R, (x) :=infmeR | P(m+x<0) <A}

is called value at risk. V@R, is the smallest amount of capital which, if added to
x and invested in the risk-free asset, keeps the probability of a negative outcome
below the level A.

V @R, is positively homogeneous but in general it is not convex (cf. Follmer and
Schied [7], Example 4.11), this means that (Ay2) and (A,2’) are not fulfilled.

Example 23.25. (worst-case risk measure) Consider the worst-case risk measure
Pmax defined by
Pmax(x) := — inf x(w) forall x € 2,

weQ

where Q is a fixed set of scenarios, x : 2 — R and x belongs to a given class 2~
of financial positions. Assume that 2 is the linear space of bounded measurable
functions containing the constants on some measurable space (£,A). The value
Pmax(x) is the least upper bound for the potential loss which occur in any scenario.
Pmax 18 a coherent risk measure (cf. Follmer and Schied [7], Example 4.8) such that
we get the properties mentioned in Example 23.23.
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23.5 Differentiability Properties of Vector-Valued Functions

In this section, we suppose that assumption (AspaceZ) is fulfilled and consider f :
X — Y. Furthermore, assume that K C Y is a proper pointed closed convex cone.

First of all, we introduce a concept of a vector-valued local Lipschitz property
forf: X —Y.

Definition 23.26 ([26]). f : X — Y is called locally Lipschitz at x € X, if there is a
function P : X x R — K such that

f(utth) = f(u)

; < P(h,€) VueU(x,e), t€(0,¢€) (23.6)

for all sufficiently small € > 0. Therein, P is supposed to be continuous in /4, and
limy,_,o P(h,€) = 0 for each € > 0.

This property is a basis for the definition of a directional derivative, which fol-
lows the idea of the Clarke directional derivative of real-valued functions. First, we
recall Clarke’s generalized directional derivative:

Definition 23.27 ([3]). Let X be a Banach space and let f be Lipschitz near a given
point x and let v be any other vector in X. A mapping f° : X — Y defined by

o) = ltifgiigw

is called Clarke’s generalized directional derivative of f at x in direction v.
Definition 23.28. Clarke’s tangent cone (contingent cone) is defined by
T(S,x):={heX| dg(xah) =0},

where dg(x) := inf{|[y —x|| | y € S} is the distance function to a non-empty set
S C X, X is a Banach space and x € X.

This cone can be described also in the following way:
T(S,x):={h € X |V{xn}nen C S, x4 — x,¥{ty }nen € (0,+o0), t, — 0

Hhytnen C€X & hy — hy x, +1yhy € SVYn € N}
Furthermore, we study strictly differentiable mappings:

Definition 23.29 ([3]). f : X — Y is called strictly differentiable at x € X if there
is a linear continuous mapping Dgf(x) : X — Y such that for each h € X, for each
sequence {, }nen C IR, and for each sequence {x, }nen € X with x, — xandt, — 0
the following holds

Dsf(x)(h) = lim (¥ +1ah) — f(xn)

n— o0 t}’l
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provided the convergence is uniform for / in compact sets.

Remark 23.30. If f is Lipschitz near x, the convergence is uniform for 4 in compact
sets. Definition 23.29 is a certain “Hadamard type strict derivative.”

Definition 23.31 ([26]). We define the vector-valued directional derivative D (x, k)
of fatx € X in direction h € X by Df (x,") : X — Y,

th) —
Df(eh) =tim  sup LW =S
€10 yeU(x,e), re(0,e) t
Remark 23.32. In the following, we assume that certain directional derivatives exist.
In order to have sufficient conditions for the existence of the directional derivative,

one can suppose that Y is a Daniell locally convex vector lattice and f is locally
Lipschitz.

Using the vector-valued directional derivative, we introduce the subdifferential of

f:X—-Y:

Definition 23.33. The subdifferential of f: X — Y at the point x € X is defined by
df(x):={Le Z(X,Y)|L(h) <g Df(x,h) Yhe X},

where . (X,Y) denotes the space of linear continuous operators from X to Y.

Under certain conditions on a set D C Y, we can conclude from the derivatives
being an element of D that certain differential quotients are elements of D as well:

Lemma 23.34 ([26]). Let D C Y be such that

(i) intD+#0
(i) int D—K C int D.

Assume Df (x,h) € int D for x,h € X. Then there is a real number €(h) > 0 such that

futth) — f(u)

, cimtD  YueU(x,e(h)),t € (0,e(h)). (23.7)

What is more, also with small perturbations of the direction /4 an estimation for
the differential quotient can be given.

Lemma 23.35. Assume that D C Y satisfies the conditions (i) and (ii) from Lemma
23.34, x,h € X. Moreover, suppose that f is locally Lipschitz at x € X, the vector-
valued directional derivative Df (x,h) exists and Df(x,h) € int D. Then, for each
neighborhood V of 0 in Y satisfying Df(x,h) +V C int D there is a real number
€(h) > 0 and a neighborhood U’ of h such that

S(utth) — f(u)

; €Df(x,h)+V—K  VueU(x,e(h)), K eU' t€(0,e(h)).

(23.8)
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In particular this implies

futth') = f(u)

; cintD  YueU(x,e(h)), W eU' t€(0,eh). (23.9)

Proof. There is a neighborhood V C Y of 0 such that Df(x,h) +V C int D. Without
loss of generality, we assume V' to be solid.

Choose a solid neighborhood V' of 0 such that V' +V’ C V; furthermore, choose
&p > 0 such that

sup flutth) —f(u) € Df(x,h)+V’, hence (23.10)

ucl (x,gp), 1€(0,&) !

w € Df(x,h)+V' —K (23.11)

YueU(x, &), t € (0,€).
Finally, fix U’ € % (h) such that for each ' € U’ holds
P(h' —h,e) €V,

with P being the function corresponding to (23.6). Now, define e(h) :

= min{ 2, ﬁ} For each u € U(x,£(h)) and each r € (0,€) we have u+th €

u(x,&). Hence, the vector-valued local Lipschitz property of f yields for these u

and ¢t
flu+th)— f(u+rth)

t

<P(H —h,e) V. (23.12)
The solidity of V' now leads to

Flutth')— f(u+th)

; ev'. (23.13)

Foreach u € U(x,e(h)), 1 € (0,€(h)) and i’ € U’ we thus have derived

flu t) = flu) _ flueih) = flu) |l = fQut th)

t t t

eDf(x,h)+V'—-K ev’
C Df(x,h)+V —K Cint D.

O

Lemma 23.36. Assume that g : X — Y is sublinear and f : X — Y convex. Then it
holds:

(i) Dg(x,h) <g(h)forallx € X andall h € X.
(ii)) Dg(0,h) =g(h) forallh € X.
(iii)  df(x) = dDf(x,-)(0).
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Proof. (i). By the sublinearity of g, we have for all x,h € X and 7 € (0, 1)

glu+th) < g(u)+g(th), also

IN

the last equality holds because g is positively homogeneous. Consequently, it fol-
lows that Sup,c(y ), 1c(0,¢) Ww < g(h) for € < 1. For the limes (which is
guaranteed to exist) this implies

lim sup w < g(h).

€10 yeU(x,e), 1€(0,e) t
(ii) For x = 0 the supremum is attained at u = 0.
(iii) Set § = Df(x,-). Then ¢ is subadditive and positively homogeneous (cf. Staib

[26, Lemma 1.2.6]. Hence Dg(0,h) = g(h) by (ii). Thus, D(0,h) = Df(x,h) holds
according to the definition of ¢, and the assertion follows. 0O

In Section 23.7, we will show necessary conditions for approximately efficient
elements of a vector optimization problem using the Mordukhovich subdifferential.
Here we recall the corresponding definition.

Definition 23.37. [18] Let S be a non-empty subset of X and let oo > 0. Given x €
cl S the non-empty set

* —
NE(S,x) = {x* € X* :limsupM <a
y—x,yeS ||y—xH

is called the set of Fréchet a-normals to S at x. When o = 0, then the above set is a
cone, called the set of Fréchet normals and denoted by N (S, x).
Let xg € cl S. The non-empty cone

N.(S,x0) = limsup N5 (S,x)

x—x0,0[0
is called the limiting normal cone or the Mordukhovich normal cone to § at xp.

Definition 23.38. [18] Let f : X — RU {40} be a given proper function and xy €
domf. The set

aLf(x0) = {x" € X" : (", —1) € Nr(epif, (x0, f(x0)) }

is called the limiting subdifferential or the Mordukhovich subdifferential of f at xo.
If xo & domf, then we set dy. f (xp) = 0.

Remark 23.39. If f : X — R U {£eo} is convex, then dif(x) coincides with the
Fenchel subdifferential o f (x).
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23.6 Necessary Optimality Conditions for Vector Optimization
Problems in General Spaces Based on Directional
Derivatives

In this section, we derive necessary conditions for approximate solutions of the vec-
tor optimization problem (VP). Under the assumption that the ordering cone K has
a non-empty interior, we show in Theorem 23.41 necessary conditions for approx-
imately efficient elements of (VP). Furthermore, in Theorem 23.43 we derive nec-
essary conditions for approximately efficient points of (VP) without the assumption
that int K # 0. Here € > 0 and k° € K\ {0} are fixed arbitrarily and represent an
admissible error of the approximate solutions.

Lemma 23.40. Suppose that K C Y is a pointed closed convex cone with int K # 0.
Fix an arbitrary ¢ > 0, k° € int K and set D = —ck® — K. Then it holds int D — K C
int D.

Proof. Fix an arbitrary y € int D — K. This means y = y; — y, with certain y; €

int D and y, € K, where again y; = —ck® — y3 with an y; € int K. Hence we have
y = —ck® — (y2+y3). Now, by the convexity of K we conclude (y>+y3) € int K and
consequently y € int D. 0O

Theorem 23.41. Consider the vector optimization problem (VP). Suppose that K C
Y is a closed normal cone, int K # 0 and k° € K\ {0}. Assume (Aspace2), (Amapl),
and (Amap4) with respect to K and K. Furthermore, suppose that S C X is closed. If
€ > 0 is an arbitrary real number and xo € S is an element with f(xo) <g f(x) + &k’
for all x € S then there exists an element x¢ € S with f(x¢) <k f(xo) and

(i) lxo—xell < Ve

(ii) Df(xe,h) ¢ —/€k°||h|| —int K for all h € T (S,xe).

(iii) CC T (S,x¢), C is a convex cone, implies the existence of an y* € K*, y* #0,
satisfying

v oDf(xe,h) > —/€ y* (k) for all h € C with ||h|| = 1.

(iv)  Assume (Apap5) and S = X. For C as above there is an element y* € K*\ {0}
such that

0ey0df(x) —C + ey (K)BY.

(where 0 is the usual convex subdifferential and BOX* is the unit ball in X*).
If the order intervals in Y are weakly compact, there holds even

0 €y 0df(xe) —C*+Vey (k°)By..

Proof. The assumptions (Agpace2), (Amap4) and that K is a closed normal cone are
fulfilled. Furthermore, since S is a closed set in a Banach space, it is a complete
metric space endowed with the distance given by the norm such that the assumptions
of Theorem 23.18 are fulfilled. Choose x € S according to Theorem 23.18; this
directly implies (i).
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(i1) Furthermore, for the element x. € S, the following holds:

fﬁko(xe) € Eff(f\/Eko [S],K), where f\/EkO(x) = flx) + \/§k0||x—x8||

taking into account Theorem 23.18. This means

fO)+ Ve |x—xe|| ¢ f(xe) K\ {0} WxeS.

Fix an h € .7 (S,x¢). Then there are sequences h, — h, t,, | 0 such that x; +1,h, €
S. For these we have

[ (xe +tahn) + \/EkothhnH — f(xe) ¢ =K\ {0},

hence
f(xs "l‘tnhn) _f(xe)

In
Assume now Df (xg,h) € —/€k"||h| —int K; this means

¢ —ek’||h,|| — K\ {0}. (23.14)

Df (xe,h) = —/ek’| ||| = y1

with an y; € int K.

Choose a neighborhood V of 0 in Y in such a way that y; +-2V C int K. Accord-
ing to Lemma 23.35, with D := —/€k°||h|| — K there is a number &(h) > 0 and a
neighborhood U’ of A, such that (in particular, with u = x,)

flxe +th) — flxe)

t

€Df(xe,h) +V —K = —Vek’|h|| —y1 +V —K

holds for all 7 € (0,&(h)) and i’ € U’. For sufficiently large indices n this implies

f(xs +tnhn) 7f(x8)

In

€ —Vek°||h|| —y1 +V —K.
Finally, choose n large enough to satisfy
—Vek0||h|| = —/ek°||hy|| +v, withav, €V,

which is possible because of i, — k. This, however, means

J (e +tahn) — f(xe) c_ \/Ek0|

; |fin|| —y1+2V —K C int D,

Cint D

contradicting (23.14).

(iii) Let B® denote the unit ball in X. The set Df(xe,C N B%) +K is convex.
Since —+/€k°||h|| —int K > —/ek® —int K for elements h with ||4|| < 1, we have
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(Df(xe,CNB®) +K) N (—+/ek® —int K) = 0 by (ii); this means
[(Df(xg,CﬂBO) +Ve + K| N—int K = 0.

By a separation argument, we find an element y* € Y* with y* £ 0 and an € R
satisfying

V() >B  WEDf(x,CNBY) + ek +K (23.15)
y'(y) < B Vy € —int K. (23.16)
Since 0 € cl int (—K) = —K, from (23.16) follows that § > 0.

Now assume that y*(y) > O for an element y € —int K. For a certain positive
multiple ¢y € —int K of y this implies y*(cy) > 3, contradicting (23.16). Hence,
y*(y) < 0 for each y € —int K; this inequality even holds for each y € —cl int K
because of the continuity of y*. This means y* € K*\ {0}.

In the following we exploit (23.15):
Let h € C, ||h|| = 1. With y € Df (xe,h) +/€k® +v (v € K arbitrary) we also have
y*(y) > 0. Hence

Y (Df (xe,h) + ek +v) >0
in particular, with v = 0 we get
v oDf(xe,h) > —ve y (k).
(iv). For C as in (iii) choose y* € K* according to (iii); this is,
Y oDf(xe,h) > —Ve y* (k) |||

for all i € C. Define p(h) := y* o Df (xe,h) 4+ /€ y*(k°)|| || for h € C and the sets
S1and S, in X X R by

81 := epi (p),
Sy ={(h,o) eXxR: heC, aa<0}.

Both S as well as S; is convex. Furthermore, we have int S; # 0 and int S} NS, = 0.
By a separation argument we conclude the existence of an (x*,0*) € (X x R)* =
X* xR, (x*,a*) # 0 and B € R satisfying

(o) (ha) =B V(ha)ES), (23.17)
(o) (o)< B V(ha)ES. (23.18)

With (0,0) € S NS, we deduce ﬁ 0, and (0, o) € int S; for o > 0 yields a* > 0.
Setting o« = 0 in (23.17) leads to =+ € C*. Using (23.18) this yields
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*

—(h) <y oDf (xe,h) + Vel (k7).
Since y* € K*, y* oD f(x¢,h) is a convex function in /; this is passed on to the whole
right side of the above inequality. Hence, we have

x*

— €907 oDf(xe, ) + Ve[ - |y (K9))(0)

with the usual convex subdifferential d. Subdifferential calculus further yields

*

€ I(y" o Df(xe,))(0) +I(Vel - | ¥* (k*))(0)

C Y odDf (e, N)0)" + /ey (K0)BY..

— o

By Lemma 23.36 (iii), under convexity assumptions concerning f, this implies

*

€y odf(xe) + ey (R)BY..

7(1*
This yields
0€y 0df(xe) +Vey (K)By. —C".

Regarding the formula when the order intervals are weakly compact: We have to
show that y* o d f(x¢) is weakly closed. This follows by an argumentation along the
lines of [2, Theorem 6.3] for convex operators.

O

Remark 23.42. The assertions in Theorem 23.41 are corrections of corresponding
results in [26, Theorem 2.2.1] and an extension of the results in [26, Theorem 2.2.1]
to approximate solutions.

Using a closed normal cone B C Y with K\ {0} C int B like in the concept of
proper efficiency, we can drop the strong assumption int K # 0 for the ordering
cone K in Y. We will show a necessary condition under the assumption that f is
strictly differentiable using the abstract nonlinear scalarizing scheme and Clarke’s
strict derivative Dgf(x) of f at x € X.

Theorem 23.43. Consider the vector optimization problem (VP) with S = X assum-
ing (Aspace2), (Amap2). Let K C'Y be a pointed closed convex cone, k° € K\ {0}
and B C Y a closed normal cone with K \ {0} C int B. We suppose that (Amqp4)
with respect to B and k° is fulfilled. If € > 0 is an arbitrary real number and there
exists an element xo € X such that f(xo) <g f(x) +&k° for all x € X then there is an
element x; € X with f(x¢) <p f(xo) such that

(i) lxo—xell < VE.

(ii)  There exists y* € K* such that

|[y* o Dsf(xe)]|+ < \/E
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Proof. Consider xo € X such that f(xo) <p f(x) + €k® for all x € X, where B is
a closed normal cone with K\ {0} C int B. Because of (Agpuc2) (this implies
(Aspacel)) and (Anqp4) with respect to B and k¥ the assumptions of Theorem 23.18
are fulfilled.

According to Theorem 23.18, we get the existence of an element x. € X such that
(i) holds. Furthermore, f(xe) € Eff(f,/0(X),B) holds for xe, where f, z0(x) :=

£ )+ VER|lx —xe].

This means

F)+Vek |x—xe| & fxe) — (B\{0})  VxeX,
ie.,
f(x) ¢ flxe) = Vek|x—xe|| — (B\{0})  WxeX. (23.19)

Consider the functional (23.3) and take @(y) := @p 40 (y — f(x¢)). For B, K and K0
the assumptions in Example 23.20 are fulfilled and so we get the properties (Ay1")
with respect to K, (A¢2) and (Ap4’) for ¢. Assume that there exists x € X such that

O(f(x) + Vellx—xell < o(f(xe)) =0.
Then there exists 1 < —+/€||x — xe|| with f(x) — f(xe) € tk® — B and so
F(x) € f(xe) = Ve|x—xe |k — (B+ (—Vellx —xe || = 1)k°)
C flxe) — VE||x —xe|k° —int B
C flxe) = Velx—xe |k = (B\ {0}),

a contradiction to (23.19). So we get

P(f(x) = o(f(xe)) —Velxr—xe||  VxeX.

Because of (Ay2) and (Ay4’) we get that the scalarizing functional ¢ is locally
Lipschitz. Furthermore, f is supposed to be a strictly differentiable mapping and so
locally Lipschitz. Hence the composition ¢ o f is locally Lipschitz such that we can
use Clarke‘s generalized directional derivative (¢ o f)°.

Consider now forn € IN, t,, > 0, x := x¢ +1,h,, with h,, € U (U is a neighborhood
of h € X) and ||h|| = 1. For these we have

(p(f(xs+t”h”)) — (p(f(Xg)) > 7\/5“1’1}1“

p (23.20)

Taking the limits for #, — 0 and &, — h we get for Clarke‘s generalized directional
derivative
(pof)°(x,h) > —\e VheX with|h| =1.

Using the chain rule given by [3] (Theorem 2.3.10 and Proposition 2.1.2) we get
that there is an element y* € d@(f(x¢)) such that for all 2 € X with ||h|| =1
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¥ o Dsf(xe) () > —VE.
Taking into account the linearity of Dgf(x¢), we get (if we replace h by —h)
¥ o Dsf(xe) (h) < Ve

such that
|[y* o Dsf(xe)[|« < Ve.

Finally, we will show y* € K* using the property (A,1") with respect to K of ¢.
Let k € K\ {0}. Thus we have ¢(y) > @(y — k). Since ¢ is a continuous convex
function on the Banach space Y one has d¢(y) # 0 for each y € Y. Thus we have

o) > o(y—k) > o(y) +y'(—k) Wy €do(y).

This shows that y* (k) > 0 for any k € K \ {0}. This immediately yields that y* € K*.
This completes the proof. 0

For problems with restrictions we get the following result:

Theorem 23.44. Consider the vector optimization problem (VP) under the assump-
tions (Agpace2) and (Amap2). Suppose that S C X is closed. Let K C Y be a pointed
closed convex cone, k° € K\ {0} and B C Y a closed normal cone with K \ {0} C
int B. We suppose that (Aqp4) with respect to B and KO is fulfilled. If € > 0 is an ar-
bitrary real number and there exists an element xo € S such that f(xo) <p f(x) + &k°
for all x € S then there is an element x¢ € S with f(x¢) <p f(xo) such that

(i) lxo—xell < Ve
(ii)  There exists y* € K* such that

v oDsf(xe)(h) > —Ve Yhe T(S,xe)with ||h|| = 1.
Proof. We follow the line of the proof of Theorem 23.43. 0O

Remark 23.45. The assertions in Theorems 23.43 and 23.44 are related to the proper
efficiency of the element x.. Especially, (23.19) says that x, is a properly efficient
point of f 0 over X with respect to K because B is a closed normal cone with
K\ {0} CintB, i.e., f zo(xe) € pEff(f /0 (X),K). The property K\ {0} C int B
implies in both theorems the strong assertion y* € K* for the multiplier y*.

Remark 23.46. In order to derive necessary conditions for ek” -efficient points of
(VP) (with & > 0), i.e., for xo € S with f(xy) € ek’ — Eff(f(S),K), it would be
possible to use the same procedures like in the proofs of Theorems 23.41, 23.43,
and 23.44 using corresponding variational principles (for instance [9, Corollary
3.10.14]). The same holds for ek” -properly efficient points of (VP) (with £ > 0),
i.e., for xo € S with f(xo) € ek’ — pEff(f(S),K).
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23.7 Vector Optimization Problems with Finite-Dimensional
Image Spaces

As seen in Theorem 23.41, the assumptions concerning the ordering cone K for
deriving optimality conditions in general spaces are strong. Now, we will show nec-
essary optimality conditions for vector optimization problems where the objective
function f takes its values in a finite-dimensional space R” under weaker assump-
tions. Corresponding results are shown in [5], [6] and [20].

For a locally Lipschitz function f we derive Lagrangian multiplier rules for ap-
proximately efficient elements of (VP) using Mordukhovich’s subdifferential calcu-
lus (see Definition 23.38).

Theorem 23.47. Consider the vector optimization problem (VP). Assume that
(Amap3) and (Aspace3) are satisfied. Suppose that S C X is closed. Let K C'Y be
a pointed closed convex cone, k° € K\ {0} and B C Y a closed normal cone with
K\ {0} Cint B. If € > 0 is an arbitrary real number and there exists an element
xo € S such that f(xo) <p f(x)+ ek’ for all x € S, then there are elements x¢ € S
with f(xe) <p f(xo0), u* € K* with u*(k°) = 1 and x* € X* with ||x*|| < 1 such that

0€ (o f)(xe) +u" (K°)v/ex" (xe) +Np, (S, xe).

Proof. Consider an element xy € S such that f(xo) <p f(x) + €k” for all x € S,
where B C Y is a closed normal cone with K\ {0} C int B. Taking into account
that (Auqp3) is fulfilled for the function f, it is continuous as well and since S
is a closed set in a Asplund space, it is a complete metric space endowed with the
distance given by the norm such that the assumptions of Theorem 23.18 are fulfilled.
From this variational principle we get the existence of an element x. € S such that

f(xe) <p f(x0). Moreover, f(xe) € Eff(f /g0(S),B) holds for xe, where £, 70 the
perturbed objective function is given by

Feio(x) = F() + Ve x—xe.

Now, applying Theorem 3.1 in [5] we can find u* € d¢(v) with u* € K*, u*(k°) =
1 (where the scalarizing function ¢ is given by ¢ (y) := @ 40(y — f /g0(xe)) (cf.
(23.3)) and has the properties (A, 1") with respect to K, (Ay2) and (Ay4’)) such that
by the calculation rules for the Mordukhovich subdifferential

0€d(u ofﬁko)(xg) + Ny, (S, xe). (23.21)
Consider an element x; € di.(u” o f, 50)(xe) involved in (23.21). Because of
I o f /o) (x) = I (u* o (f () +KVe |- —xe) (x),

by use of the rule for sums and the property that the Mordukhovich subdifferential
coincides in the convex case with the Fenchel subdifferential, we get

xt € ap(u o f)(xe) +ut (K°)VED || — xel| (xe). (23.22)
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From (23.21) and (23.22) and taking into account the calculation rule for the subd-
ifferential of the norm, it follows that there is x* € X* with ||x*|| < 1 such that

0 € ap(u' o f)(xe) +u (k) v/ex" (xe) +Nj, (S,xe)).

The property u* € K* follows analogously like in the proof of Theorem 23.43. 0O
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Chapter 24

Nonlinear Variational Methods for Estimating
Effective Properties of Multiscale Materials

Dag Lukkassen, Annette Meidell, and Lars-Erik Persson

Dedicated to the memory of Professor George Isac

Abstract We consider homogenization of sequences of integral functionals with
natural growth conditions. Some means are analyzed and used to discuss some fairly
new bounds for the homogenized integrand corresponding to integrands which are
periodic in the spatial variable. These bounds, which are obtained by variational
methods, are compared with the nonlinear bounds of Wiener and Hashin—Shtrikman
type. We also point out conditions that make our bounds sharp. Several applica-
tions are presented. Moreover, we also discuss bounds for some linear reiterated
two-phase problems with m different micro-levels in the spatial variable. In partic-
ular, the results imply that the homogenized integrand becomes optimal as m turns
to infinity. Both the scalar case (the conductivity problem) and the vector-valued
case (the elasticity problem) are considered. In addition, we discuss bounds for es-
timating the effective behavior described by homogenizing a problem which is a
generalization of the Reynold equation.

24.1 Introduction

Variational methods are important for many problems in analysis. For example, the
importance of variational methods for the development of modern complementary
theory has been pointed out in several papers and books by G, Isac, see, e.g., [18] and
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the references therein. In this work we use variational methods and homogenization
theory to estimate effective properties of multiscale materials.

Many problems in homogenization theory are devoted to the study of the asymp-
totic behavior as /1 goes to oo of integral functionals of the form

T () = /Q e, Du(x))dx, @ C R”

defined on some (subset of a) Sobolev space H!'»P (Q, RY ) (in general vector-valued
functions) where the functions f, are increasingly oscillating in the first variable,
as h — +oo. Such functionals appear naturally in connection with boundary value
problems described by some minimum energy principle of the form

Ej, :min{ﬁzh(u)—l—/ gudx:uc H"P(QRY), u=¢ ony C (?Q}.
Q

In several important cases it happens that the “energy” Ej converges (as h goes to
~+o0) tO

Ehommin{ﬂhom(u)qL/ gudx:uc H"P(Q,RY), u=¢ on 70}7
Q

where Fpom is of the form

Fhom () = /Q From(Du(x)) dx.

Hence, Eyom approximates the actual energy Ej for cases where the characteris-
tic length of the oscillations is small compared with the size of 2. The problem
of proving the convergence Ej, — Epon is often treated by using I'-convergence,
introduced by Ennio De Georgie in the early 1970s. Concerning this fact and other
basic information in homogenization theory we refer to the literature, e.g., the books
[6,2,4,9,10, 11, 19, 47] and the papers [5, 12, 14, 43, 46].

There are many examples of the close connections and interactions between the
theory of means and theory of bounds for the homogenization integrand f},on,. For
instance, it is well known that if N = 1 and the functions f;, are of the form f;,(x,&) =
A(hx)|&E |2 where A is periodic and positively upper and lower bounded, then

Gh |§|2 < fhom(&) < {qa |§|27

where ¢, and g, denote the harmonic mean of A and the arithmetic mean of A,
respectively. These inequalities have been improved in many different ways (see
[19], [23]-[40] and the references given there).

In this chapter we discuss some fairly new results of this kind obtained by the au-
thors of this paper. By assuming periodicity in the first variable and certain growth-
conditions in the second variable of the functions f;, we present upper and lower
bounds for the homogenized integrand fiom(&). These bounds turn out to be some
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kind of mixture of various types of means. Some of the keys for proving these
bounds are to prove several results of independent interest connected to some useful
means of power type.

The bounds are analyzed and compared with other types of bounds. In particu-
lar, we establish conditions where these bounds are much sharper than the bounds
of Wiener and Hashin—Shtrikman type. We also point out conditions that make our
bounds sharp. Several applications are presented. For instance, we give some con-
crete nonlinear examples for which our bounds are very close to each other and
where it is almost impossible to give good estimates on the homogenized integrand
by more direct numerical treatments.

Motivated by the main ideas in the proof of these results and by applying the
iterated homogenization theorem for elliptic operators of Bensoussan, Lions and
Papanicolaou [4] (later on generalized in [21], [22] and [35]), we obtain sim-
ilar estimates for some interesting elliptic cases where the functions fj are of
the form

fu(x, &) = f(hx, P, ..., h"x, ).

In particular, we discuss a two-phase structure, the reiterated cell structure, de-
scribed by characteristic functions yj, and find upper and lower bounds for the
homogenized integrand corresponding to functions f, of the form

Sn(x,8) = xn(x)£1(&) + (1= 2(x))g2(S)-

These bounds turn out to be very close to each other for large values of the reit-
eration number m. In fact, our results show that they converge to the same limit
as m — —+oo. Moreover, we prove that this limit is optimal within the class of two-
phase structures with predescribed volume fractions. Both the scalar case N = 1 (the
conductivity problem) and the vector-valued case N = n (the elasticity problem) are
considered.

We also discuss upper and lower bounds for estimating the effective behavior
described by homogenizing a problem which is a generalization of the Reynold
equation.

The paper is organized as follows. In Section 24.2 we have collected some
necessary preliminaries and notations. In Section 24.3 we state and prove a few
results on the nonlinear Wiener bounds and some nonlinear bounds of Hashin—
Shtrikman type. Definitions and results connected to means of power type are given
in Section 24.4. The nonlinear bounds are stated and discussed in Section 24.5.
In Section 24.6 we consider in more detail the special case when fj,(x,-) grows
quadratically, and we present some numerical experiments which illustrate our the-
oretical results in Section 24.5. The results on the bounds connected to the re-
iterated cell structure are given in Section 24.7. In Section 24.8 we discuss the
bounds related to a Reynold-type equation. Some final comments can be found in
Section 24.9.
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24.2 Preliminaries

Let us start with some notations. If [J is the unit-cube [0 =0, 1[" we shall con-
sider the usual L”(0J), [L?(0)]" spaces of measurable functions defined on [J with
values in R and R”, respectively, and the usual Sobolev spaces H!"?((J), H(l)’p (O) of
measurable functions defined on [J with values in R". The real number p €]1, 40|
is fixed and we let p’ be the number such that 1/p + 1/p’ = 1. Moreover, we shall
denote with €2, (0J) the space of ¢ [J-periodic functions, and with Hf,g!ﬁ(D) the
closure of €2, (1)) in H'»(0). With |E| we shall denote the Lebesgue measure
my,(E) of a measurable set E, where m; denotes the Lebesgue measure on R®. With
an abuse of notation we shall identify RV with the space of real N x n matrices.
Let f: R" x R™ — [0, 40| have the following properties:

f(+,z) is a measurable function (24.1)

for all z € R™;
f(x,-) is a convex function (24.2)

for all x € R”; the function f(-,z) is O-periodic, i.e., we have that

fx+en,z) = f(x,2) (24.3)
forallx e R",zeR™ andh=1,...,n(ey,...,e, is the canonical basis of R");
lz|? < f(x,2) < C(1+z]P). (24.4)

We recall the minimal energy principle
from(®) = min_ [ f(xE+DuCx)dx, £ €R™,
ueHpE(0) /0

where fhom 1S the homogenized integrand corresponding to the functions fj, h =
1,2,3,..., defined by f(x,z) = f(hx,z). We also recall the minimal principle of the
complementary energy for N = 1:

from(m = min [ f(en4v)dr E R
vev? (0)/0

sol

Here,

v () = {v e [(O)] :'/Dvdx: 0 and/Dv~D(pdx:OV(p e H;,;CI;(D)},

and f™* is the Legendre—Fenchel dual (convex polar) of f defined by

f*(x7n) = Sup {ETI —f(X,E)}
EcR"
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(the minimal principle of the complementary energy for N = n will be formulated
later).

Finally, let us recall the following version of the iterated homogenization theorem
for elliptic operators (c.f. [4]):

Theorem 24.1. Let fj, : R* x R™ — [0, 4-o0[, h = 1,2,3, ..., be functions of the form

fh('x’g) = f(hx7h2x""7hmx7§)7

where f is U-periodic and piecewise constant in the m first variables and a
quadratic form in the last variable. Then, the corresponding homogenized integrand

Jnom s given by
fhom(é) = ‘l/m(é)v

where ,, is computed according to the following iterative scheme:

Vi1, Ym—is§) = min /llli—l(yl,~-~7ym—i+1,§+Du(ym—i+1))dym—i+1,
uer‘e’r)(D)' ]

Vo155 my &) = 15 ym, &)

We also refer to [7] for a nonlinear generalization of Theorem 24.1.

While the minimal energy principle and the minimal principle of the complemen-
tary energy frequently will be used in this paper, Theorem 24.1 will only be used in
Section 24.6.

24.3 Some Nonlinear Bounds of Classical Type

In this section, we present and discuss a few results connected to some nonlinear
bounds of classical type. These bounds will later be compared with the nonlinear
bounds (see Section 24.4).

Let a be a m-tuple of the form a = (ay, ...,a,,) such that

m
0<a; <1 and Zaizl.
i=1

Similarly, let g = (g1,...,gm ), where g; is a convex function g; : R" — [0, 40|
A 1817 < gi(&) <A (IEIP+1), 120, 8i(0) =0,

and A, 4,7 > 0. We let 3, , denote the family of functions f of the form

f<x,§>§gi<<§m<x>,
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where UA; = R", A;NA; = 0 for i # j, and such that the characteristic function of
the set A;, xa, is O-periodic and a; = f[} Xa;dx. We recall the well known nonlinear
Wiener bounds :

fW— (é) < fhom (é) < fW+ (‘5)7

where

fire <e:>:/Df*<x,é>dxand fw+(§):/mf(x,§)dX-

In the case when fion is isotropic, i.e., only dependent of ||, we have the following
sharper nonlinear bounds of Hashin—Shtrikman type (denoted the HS-bounds):

frs— (&) < foom (&) < fusy (&),

where
fus— (€)= sup{ (&) ¢(n) < hnom (m) V1 € R" and v € S5}

fus+ (&) = inf{e(&): e(n) = hyom (M)¥ 1 € R” and Vh € 355}

352 = {h € St hhom is isotropic }

In general, fhom is anisotropic for nonlinear problems with periodic structures.
No simple condition that would guarantee its isotropy has yet been found, in con-
trast to the linear case. The above nonlinear bounds of Hashin—Shtrikman type are
therefore relevant only in cases where f(-, &) has a random nature. Since this type of
problem is not within the scope of this paper, we introduce some modified bounds
Sfusc— and fyscs that can be used when f (-, &) satisfies the property of cubic sym-
metry:

fasc— (&) < foom (&) < fuscy (§),

where
fusc_ (&) = sup{c(é) ce(N) <hpom (M) VN eR"andV h € 52“;} ,
fusc (€)= inf {c(€) : (1) > hnom (M)¥ 1 € R" and ¥ h e 3521,
Sflugb = {h € Sag: h(-,&) satisfies the property of cubic symmetry } .

We recall that f(-, &) satisfies the property of cubic symmetry iff

f(x,8)=f(ox,¢),
where o is the rotation by 7/2 in the plane of coordinates x;,x;, i # j, i,j=1,...,n.

Remark 24.2. By the definition, the nonlinear bounds of Hashin—Shtrikman type
Jusc— and fysc+ are the best possible bounds among the bounds that can be ob-
tained for the class 32‘7‘; without taking into account other geometrical properties
than the volume-fractions {a;}. For the simple case of linear two-phase problems
it turns out that both the HS-bounds and the HSC-bounds coincide with the well
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known Hashin—Shtrikman bounds. Generally, explicit formulae for these bounds,
in terms of {a;} and {g;}, are not available. However, there exist some interesting
“estimates” on the HS-bounds (see [48, 49, 53] and the references given there).

Definition 24.3. We say that V C R" is [J-periodic iff the characteristic function of
V is O-periodic.

Definition 24.4. Let V C R” be a O-periodic set. We say that V is a disperse set
if is the union U, O; of mutually disjoint components O;, each being the closure
of a smooth bounded domain O;, and such that at most a finite collection of these
components intersects L.

In order to be able to make further study of the nonlinear Wiener bounds and the
nonlinear bounds of Hashin—Shtrikman type, we now present the following state-
ment of independent interest:

Theorem 24.5. Suppose that f € S, is of the form

f<x,<:>§gi<é>xm<x>,

such that for a fixed j € {1,...,m} we have that the closure of R"\A; is a disperse
set. Then,
A'jici |‘£ ‘p < Jhom (é) < A';rCJr (“E |p +l) ’

where 0 < ¢, ¢ < oo are only dependent on A and p.

Proof. foom (§) < A ¢t (|€[P+1): Let R"\A; = U2, 0; and let U=, 0; be a -
periodic union of mutually disjoint components 52, each being the closure of a
smooth bounded domain O] such that O; C O;. Let u; € . (0J) be such that u; = 0
on R"\ U, 0; and Du; = 1 on U=, 0. It follows that the function u = — Y7 Eu;
has the property Du+& =0 on R"\A}, and hence f(-,Du+&)=0on R"\A;. More-
over, on A; we have

<

|Du+&| = |§ —Zn‘,éiDui
i=1

< |é+i|éi||uu,~| <Ié| <1+2|Dui|> |

Therefore,

" P
fCDut&) <A (|Du+ &P +1) <A (Ié” <1+Z|D“i|> +l>
=1

1

on A;. These facts give
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fhom(é)g/lzlf(x,Du+§)dx:/ £(x,& + Du)dx

J

<A [ (Du+ &P+ Ddx < a7 (87 +D),
Aj

where ¢t = | 4, (1+3X", |Du;|)? dx, and the upper bound for fiom is proved.

We turn to prove the lower bound for fhom. First, we note that if k|£]|? < h(§),
where k > 0 and g > 1, then

1 1 /
n(E) < lak) g7 (24.5)
Indeed,

h (&) = sup {E-E—h(E)} < Sup {E-&—KkIE|"}

1 s /
sup {|E|-|&| —k|E|"} = — (gk) ™7 |E]7.
|E|eRn q

Hence, for each x € A; we have that
* 1 —\ 55 (£ |
f (x,i)éﬁ(plk) 7|El” .

For eachi € {1,...,n} we choose k # i and define

8uk 8uk
= =€ — €.
8xk ! Qxl-

Vi

Hence v; € Vf(l)l(D) and v; = ¢; on [J\A;. For any vector & € R" we let v =
— >, &v;i. By continuing similarly as above we find that

from(&) <kolE,

where ,

L) S ’
ko—lj(plj) /A'<1+izi|Dui|> dx.

J

Thus, using (24.5) once more we deduce that

Srom(&) = fin(E) > é (ko) 7 £ = A ¢ |,

where

n o\
¢ = / 1+ |Du] dx
Aj i=1

J

and the lower bound is also proved. The proof is complete. O
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Corollary 24.6. For every k € {1,...,m} it holds that

fw— (&) < fusc— (&) < AT (IE]"+1)

and

A e €I < fuscr (&) < fw (&)

forall E € R", where 0 < ¢~ ,c¢" < +oo are only dependent on p, n and ay.

Proof. By letting f € 3, defined by

f(x,5)=igi(5)XAi(X)a

be such that for a fixed k € {1,...,m} D\A is a cube, and the other sets {A;},
are constructed such that f(-,&) satisfies the property of cubic symmetry, we get
that

fw— (&) < fusc— (&) < foom (&) < fuscy (&) < fw+ ().

Hence, the result follows directly from Theorem 24.5. 0O

Remark 24.7. According to Corollary 24.6 we have that
limx,j_@fwf (€)= limxlj_@stc— (6)=0

and
lim fwi (&)= lim fuscy (&) = +ee.
Ag —eo P e

Hence, from Theorem 24.5 we conclude that the nonlinear bounds of Wiener and
Hashin—Shtrikman type, fw+ and fysc+, are not well fitted for estimating fhom in
the case when R"\A; is a disperse set and A, is relatively large or A, is relatively
small for a fixed k # j. In such cases the bounds defined in Section 24.5 turn out to
be much more suitable.

24.4 Some Useful Means of Power Type

In this section, we present some results on means of independent interest. These
results will be an important tool in connection with the definition and proof of the
bounds presented in the next section.

Definition 24.8. For every & = Y | kje,, where n > m > 1, k; # 0 and {r;} are
distinct integers in {1,...,n}, let w(&) be the n-tuple with components (w(&)); =

E?/|& |*. Furthermore, let a be any positive n-tuple. Then, the r-th power-mean of
a with weights w(&), P"(a,w(&)), is defined by
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wa@»=<i¢W@»),r¢ar¢iw

_ aEW(i))l’ =0
i=1
m
=min{a,}, r= —oo
i=1
:mrg x{a}, r=oo.

We now recall some well known results on power means (for the proof and some
further information, see [8] and [44]):

Lemma 24.9. Let r <s,a; > 0 and let & be of the form & =Y | kie,, as in Definition
24.8. Then,

1. PV (a,w(&)) < P¥l(a,w(&)) and equality occurs if and only if ar, = a,, = -~ =

ay, Orr=s.

2. mint” a, } < PV (a,w(€) < maxtt, {a,}.

3. limrwoP[‘] (a,w(§)) = max;-’;l {ar}.

4. lim,_. PV (a,w()) = min}"; {ay,} .

5. limg, _>+°oP[’] (a,w(&)) < +oo, i € {1,...,m} and equality occurs if and only if
r> O

6. lim,, o Pl (a,w(&)) >0,i€{1,...,m} and equality occurs if and only if r < 0.

7. Pl (a,w(&)) is continuous in r and & (# 0) and continuous and non-decreasing
ineachai,i=1,2,....n

24.4.1 A Particular Power Type Mean

For the main result of the next section, it will be convenient to discuss a mean which
was introduced in [28] and [31]. It is denoted LIP and defined by

P (aw(E)) = max ((2) P¥ (g
P an(@) = max (25 ) Pam), p> 1

where s=1/(l—p)ifp<2ands=-2/pif p >2.
Theorem 24.10. It yields that

1. LIPV(a,w(&)) is continuous in p and & (# 0) and continuous and non-decreasing
ineacha; >0,i=1,2,....n.

2. pll/(1=p)] < L7 < P2/Pl I particular, pl=] <lim, ., LIP) < P2 and it vields
that P and P12 are the sharpest possible bounds for the limit lim,_,, +L[P]
within the class of power means.
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3. LWl = pl2/pl for every p > 2.
k
4. KIPl < 1101 where K7l = (P(PR9)?=2))" and k= (p— 1)~

Remark 24.11. Since
pli/(=p)] _, pl==l anq pl2/rl _, pl2

as p — 1, Theorem 24.10(2) gives that P['/(1=P)] and PI2/P| are almost optimal
upper and lower bounds for LIP) within the class of power means when p is close to
1. Moreover, since

kP pl2/rl — pllag p— 2,

we find that the lower bound K!?! and the upper bound PR/P] are close to LIP) when
p is close to 2.

Proof. Let

9(nE,a,p) 5 (a,w(v)),

wheres=1/(1—p)if p<2ands=—-2/pif p >2and let

V-

I3

1: Consider convergent sequences & — &g, ax — ao, px — po and let Y (v) =
B (v, &, ar, pr)- Since { U} is a sequence of bounded continuous functions converg-
ing pointwise to ¥ on the compact set {v € R" : [v| = 1}, it follows that the conver-
gence is uniform and

F(v) = " pli/-p) (a,w(v)).

|||1~9/<||max - ||190||max| < ”ﬁk - 19Ollmax —0,

where
[0kl max = max{De(v) : [v[ = 1}.
Hence,
P (a, (&) = 19Kl max — 1100 ]mae = L) (0, w(&0))

and LP! (a,w(£)) is therefore continuous in p, a and &. The fact that LI (a,w(&)) is
non-decreasing in the components of a follows easily by the fact that PI*/(a, w(v))
is non-decreasing in the components of a.

2 and 3: Using Lemma 24.9(1) we get that F(v) < LIP/(a,w(&)) for every
[v| = 1. Let 1 be the vector with components 1; = &;/|E|. We easily obtain that
F(n) = P/ (=Dl(q,w(&)). Thus, PI'/(P=D] < LIPl. We next prove the inequality
LIPl < Pl2/7), Observe that

[S1ps}

1 E)?
L (a,w()) < 3 max % . (24.6)
|€‘ v ”_la. Pvl.z
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Indeed, according to the definition of L") and Lemma 24.9(1) we find that

L (a,w()) = max{ (V é)pPM(a W(v))}

=t L\ €]
v-§ p [—2] }
< max P ri(a,w(v
<ngs{ (3 ) 7 e
P
v\
:m;%( |5|_2 2
’ Sia; "V
%
2
— |§|—2max (V é_)z
7 Lia; "

and therefore,

Thus, according to (24.6) we finally get that
LI (a,w(&) < PP (a,w(E)). 247)
If p > 2, then all the above < signs can be replaced by = . Hence Lirl < P[%], and

equality occurs iff p > 2. By letting & = &y, a; = ap and p;y — 1 we can argue as
above and obtain from Lemma 24.9(4) that
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im L (a,w =m x|v.€‘ ==l (a, w(v
lim LV (0, ()) = max 2 P ().

Moreover, if
Pl < 1im LY < Pl

)

p—1
then
PV(a,w(§)) < liH}L[” (a,w(§)) < PM(a,w(§))
p—)
for all @ and &. In particular, if
ag=k>1l,ap=a3=--=a,=1, & =ejcosO +esin, 6 €R,

e v-&) o ] if fcos 8] > 1/

V- [—oo] _ k|cos @] if |cosO| > 1/k

max g P @) =4 if [cos O] < 1/k °

Hence, if 0 < |cos 8] < 1/k then P (a,w(&)) < 1, and according to Lemma 24.9(1)
this implies that » = —eo. Consequently, Pl is the sharpest possible lower bound
for lim,_.; LI within the class of power means. Let us prove that the upper bound

P2l also is optimal within the class of power means. Assume on the contrary that
1/k < |cos 0| < 1, P (a,w(€)) > k|cos 6] and s < 2. Then we easily deduce that

sin2@ >k ((cos2 9)% — cos? 9) .

Since PU)(a,w(€)) is non-decreasing in s by Lemma 24.9(1), we can in addition
assume that 0 < s < 2. But since sin’> @ < 1, this is impossible if & is large enough,
and we have reached a contradiction, i.e., we can conclude that P2 is the sharpest
possible upper bound for lim,_,; L) within the class of power means.

4: Let { be the vector with components

f— a}/“’”é" <iaf/<””wl~(é)> .

i=1

We easily get that F(§) = KP/(a,w(&)) and since F(v) < LIP)(a,w(&)) for every
lv| = 1, it follows that K[?) < L[P!. The proof is complete. 0

Proposition 24.12. Let § = Y" | kie,, as in Lemma 24.9. It yields that

1. min? | {a,,} <L/ (a,w(€)) < max {a,} and equalities occur if and only if
ar, =ap, =+ =4ay,,.

2. Ifay, <ay, < --- <ay, thenlim,_1, KIPl(a,w(&)) = \/w,,, (E)ay,.

3. 1img, o L7 (a,w(&)) =limg, o KPP (a,w(§)) = +eo, i € {1,...,m}.

4. If m > 2 then limg,’__,oL[P] (a,w(&)) > limarl__@K[p] (a,w(§))>0,i=1,....m.
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Remark 24.13. Clearly, it is Proposition 24.12(1) which justifies that L?) actually
is a mean (cf. [8, p. 35, Remark 5]). By Proposition 24.12(2) and Lemma 24.9(4)
we see that it is generally not possible to decide which one of lower bounds K?! or
Pl1/(1=P)] that is closest to L[p], in particular when p is close to 1. On the other hand,
since

P/ 0=l < pl=l andg klP) — Pl as p — 2,

we conclude that K[! is a sharper lower bound for LI/ than PI/(=P) if p is close to
2. Moreover, Proposition 24.12(3 and 4) shows that LIP! and K[P! are large if some
ay, is large and even large compared with a,, if a,, is small. Due to the fact that

lim P/ U=P(g,w(E)) < 4o

ay;—+eo

and
lim P/ =Pl(g w(E)) =0,

ariHO

we also have that K17l is a sharper lower bound than PI/(=p)] in such cases.

Proof. 1: This follows directly by Theorem 24.10(2) and Lemma 24.9(2).
2,3 and 4: Itis easily seen that

KV (aw(E) = (7@ w(&) POV amE)),

where

BN 2
(x0T )
SV am(&) = L
e (a7) @
We also easily find the limits for S¥!(a,w(&)) as p — 14,a,, — +o and a,, — 0,

respectively. The corresponding limits for P2/ (?=1] (g, w(&)) follow from Lemma
24.9(3, 4 and 5) and 2, 3 and 4 follow thereby directly. 0O

24.4.2 Composition of Power Means

We start with some notations. Let 0 < ot < 8 < +o0 and let 7, g be the class of
every Lebesgue measurable and [J-periodic function p such that o < p < fB a.e.

Let p € @y, r # 0 and let 7l (p) and TK] (p) : R" — R” be the functions with
components defined almost everywhere by the following power means:

(Yp)) = ( A p'dxi) g



24 Nonlinear Variational Methods 381

1
1 1 T
(TE] (p))z = (/0 A pt dxy--dxi_1dxii1 - -dxn> .

Moreover, let ¢”*(p) and ¢’ (p) be the n-tuples with components defined by

@), = (F(e)))
(@), = ((Hw))) -

Let A; (resp. A’) be the family of every set E.p, a = (ai,...,a), b = (b1,...,by),
aj<bj, j=1,...,n, of the form

Eup={xe0:a;<xj<bjif j#i, 0<x; <1} (24.8)
(resp.
Ea’b:{xGD:0<xj<1ifj7éi,ai<xi<bi}) (24.9)

or any set obtained by replacing any or all of the < signs in (24.8) and (24.9))
by <. Moreover, let W; (resp. W) be the family of all finite collections {E;} of
members of A; (resp. A) with the following property: E; N E; = 0 whenever j # k,
and UE; = . For every A = {E, };" | = {Eat;bt 21:1 € W; (resp. W') we associate
the numbers
+_ - _ : ,
ky = lggjr‘l’f#i{(bt)j - (at)j} and k, = 1§t?;?j¢i{(bz)j - (at)j}
(resp.
kg = max {(b;)i— (a,);}) and kg = min {(b;);— (a:)i}).

1<t<m

We define a partial order relation < on W; and W' by saying that A < B if each
member of A is a union of members of B. Moreover, if p € @, 3 we let qg’d (p)
denote the number

where pj is defined by

forallx € E;.

Theorem 24.14. Let r <0 < s and suppose that p € £y g, A1,A2,A3, ..., € W; where
A; <Ay <A3---and B1,B»,Bs,...,€ Wi such that By < By < B3 - . Then,

a3 (p) < g5 (p) <+ < (¢ (p)),
< (d7(p), <+ <gp(p) < d5 (p).
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Moreover, if ky kg — 0 as m — oo, then gy’ (p) — (4" (p)), and g (p) —

(d7(p ))i :
Remark 24.15. The above result is an extension of the well-known inequality:
(¢ (p); < (4¥(P));,

which has been known in the theory of inequalities for quite a long time (see, e.g.,
[17, p. 148], [3] or [8, p. 170]). For related subjects, we refer to the book [17, p.
148]. We note that Theorem 24.14 contains a useful algorithm for computing lower

and upper approximations, ¢’ (p) and g, (p), of (¢""(p)), and (¢ (p)),, respec-
tively.

Proof. For the proof of the inequality (¢™"(p)), < (¢7(p)),, see Remark 24.15.
LetA={E;} and B= {F;}, where A,B € W; orA,B € W', and assume that A < B.
Then each E; = UF;, where Fj, € B. Moreover, put a; = ] ] and b, = pddx.
If c <0< dord <0< c, then the reversed discrete Holder inequality (see, e.g., [8,

p. 136]) yields that
(Sa)F (Eh0 < T bl

Therefore, in view of the definitions of p4 and pp
/mw—ww /wwé:z| %/@Mﬁ
d—c c
<TIFT ([ plani=3 [ pidx= [ ppax
ij ij Ej

(qf;’d(P))C < (qé’d(P))c,

Hence

which gives that
4y’ (p) < gz (p) and g3 (p) < g3’ (p)- (24.10)

This proves the inequalities ;" (p) < ¢y (p) < ---and g3 (p) > g, (p) > -~
Next, let A be a positive function. The Holder inequality implies that

B = [ AFeaax< ([ atans([ adoi
J J J

/ldx /ldx
/ldx /ldx

Hence,

and
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Thus, by putting A = (T[ﬁ (p))s and A € W' (resp. A = (T[,r] (p))s and A € W;) we

obtain
) dx = / pidx) §__ y B / 3 p ")t
/(pA x = x (E(r+( )) X)

/ Adx)s /l dx—/ [S]( )) dx

/ pldx) = ﬂ/E. (Vp)) a)?

/l Sdx)r /ldx—/ TJ[:](p)>de),

(resp.

/ (pa)’dx =

and it follows that

(@7 (p)); <45 (p) (resp. g3 (p) < (¢~ (p)),)- (24.11)

Moreover, if C; < Cy < --- and k+ — 0, then it is easy to see that we can con-
struct a sequence {C,}, C’ < Cp, C’ < (=< , kan — 0 such that kan < ckg;n
for a constant ¢ > 0. Let {A),} and {B],} be such sequences associated with {A,,}
and {B,,}, respectively. Let p; : R*"! — R and p, : R — R be the functions defined
by p;(t) = p(x) and p,(I) = p(x) where ] = x; and f = (X1,..., X1, Xit1;...,Xn). AC-
cording to the Fubini theorem, p; and p, are measurable for almost every / and
t with respect to the Lebesgue measures on R"~! and R, respectively. For each
1 €[0,1]"" we let A, be the set such that 1 € A’, and A, x [0,1] € A/, Similarly,
for each [ € [0,1] we let BL, be the set such that [ € B, and B, x [0,1]""' € B, . It is
clear that the sequences {A!,} and {B!, } shrink to 7 and I nicely, respectively (we re-
call that a sequence {E; } of Borel sets in R is said to shrink to x nicely if there is a
number ¢ > 0 with the following property: There is a sequence of balls B(x, r;), with
limr; = 0, such that E; C B(x,r;) and m(E;) > cmi(B(x,r;)) for j=1,2,3,...,).
Hence, according to [54, Theorem 7.10], we get that

p"(x)=pj(t)=lim p[ dmy—

m—s+oo 11, _ 1(At) Al
and
S
pi(l) = mL+wml B!, /m pidmi

at every Lebesgue point of p; and p;, respectively, and, hence, for almost every /
and ¢. Moreover, for a.e. x we have the identities:

1
)= —— "dm,
pAm( ) mn (Ain X [O, ID /A;nx[(),l] p "
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- m,]<mllwt/ Pldm"1>dm1

. 1
pg (x) = / p*dm,
o m, (Bg,, x [0, 1]"*1) Bl x[0,1]"""!

= ol (ml B / Ps dm1> dmy,_1.

Thus, according to Lebesgue dominated convergence theorem (LDCT) we find that

im_py () ( / Pzdm1> = ( / lp"(x)dxf)iz(r[_’](p))i

i s(dl )
Jim pp, (x) = (/[o,mlp’() )

</ / p¥(x)dxy - -dxi_1dxity - dx,,)I —( M(p))l_(x).

By using LDCT once more, we easily obtain the convergences qi’,r (p)— (qsf(p))i
and g5 (p) — (47 (p)),. Moreover, according to (24.10) and (24.11)

and

and

m

4y (P) < qy. (p) < (¢ (p)), and (47 (p)), < g5, (P) < gp (P)-

Therefore, we obtain that g;" (p) — (¢%'(p)), and g5 (p) — (¢ (p)), - The proof
is complete. O

Proposition 24.16. Let r < 0 < s and assume that C : R" x Ry — Ry is such that
C(-,t) € 24,p for all t and C(x,-) is continuous and non-decreasing. It yields that:

1. (¢""(C(-,1))),; and (¢ (C(-,1))), are continuous and non-decreasing in t.

2. If C(x,t) is of the form C (x,t) = X", C; (t) xa,(x), where {A;} is a disjoint par-
tition of R" such that for a fixed j € {1,...,m} we have that 0\A; is a genuine
subset of L1, then

¢ 2y = (@ (CC), = (@F () < et A

fori=1,...n,where A; =C;(0), )L+ =Cj(4o0) and 0 < ¢~ ,c" < +oo. More-
over, ¢~ and c*are only dependent ofA.,, r and s.

Proof. 1: If A and 7 are positive measurable functions such that A < 7 a.e., then it
is obvious that
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() < (@) and () < (Hw) . e

1

Therefore, since C(x,) is non-decreasing in ¢, it also follows that (¢™"(C(-,1))),
and (¢7(C(-,r))), are non-decreasing in ¢. Let us prove the continuity in 7. Ac-
cording to the Fubini theorem, we have that for each ¢ there exists a Lebesgue
measurable set A, C R with m;(A;) = 0 such that C(xy, ..., x,,t) is R*~!-Lebesgue
measurable in (X, ...,X;_1,Xi+1,...,X,) for every x; ¢ A;. Let {#;} be a sequence of
positive numbers converging to g € [0, +eo] as k — +oo, and put A = U;;_,A;,. Then
mi(A) <X mi(A;,) =0,ie., m(A)=0. For every x; ¢ A let y;(x;) be the value

1 1 ) 1
Wloxi) = ( /0 . /0 (Ct s 1)) divy - dxicdxi - )

Since C(x,#;) — C(x,1) for every x € R, it follows from LDCT that ¥ (x;) — Y (x;)
forevery x; ¢ A, i.e. %(-) — W (-) almost everywhere on R. Using LDCT once more
we get that

(¢ (C(n))), = (/01 (Yk(xi))% dxz)r

- </01 (Vo(xi))ldxi> = (47 (C(-10)));-

Hence, (¢}’ (C(:,1))), is continuous in 7. The continuity of (¢"(C(-,7))), follows
by similar arguments.

2: Consider a cube V = [0,a]" where 0 < a < 1 such that O\A; C V. Letk~ =
min {QLI-’} , k't = max {)Li+} , and let Ay and Agax the functions Ay, = &~ yy +
A7 o and Amax = k¥ gy + 4, xo\v - Due to (24.12)

(¢*" (1)), < (¢7 (7)), and (47 (1)), < (4 (7)),

if A < 7. Moreover, ‘ ‘
(6" (1), < (47 (1)),

by Theorem 24.14. Therefore, since Apin < C (+,1) < Amax, it follows that

(¢ (Amin)); < (g7 (C (1)), < (45 (C (1)), < (4 (Amax), - (24.13)

Furthermore, we have that

(4" (i) = ((a () +(1-a) (47) ) @+ 1y (0 _anl))

and
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1
<(1-a(x)) =2 (1-a).
Thus, by (24.13) we finally obtain that

Ayem < (¢(CC0); < (@F(C ), < Afet

1
forc™ = (1—a"")* and ¢" = (1— a)%, and the proof is complete. 0

24.5 Nonlinear Bounds

In this section, we discuss some bounds on the homogenized integrand fi,on, corre-
sponding to functions {f;} of the form

Sn(x,8) = f(hx, &) = C(hx,|E]) 5", & €R".

The bounds appear to be some kind of “mixed averages” of the function C obtained
by using the power mean U [Pl defined by

v _ PlP/2 it p <2
Pl if2<p

and the means LI”!, ¢"* and q%". They were first presented in [28], [29], [30] and
[32]. In the presentation below, we recall that the latter three means were discussed
in the previous section.

The function C: R” x R — R has the following properties: oz < C(x,t) < f3 for
all x and 7 for some constants 0 < ot < B < 40, C(x,7) is O-periodic and Lebesgue
measurable in x and differentiable and non-decreasing in ¢. Moreover, C(x,?)t? is
convex in ¢ and »

d(CxNT) g (24.14)
dt
for all x and ¢.
Furthermore, we will use the following notations. For every ¢ > 0, let ¢t () and

¢~ (t) be the n-tuples

B

where
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Moreover, let the functions C;,Cp R"” — R} be defined by

Cy (&) = UM (1E]), w(&),
C, (&) = LN (e (1&)),w(&))-
We are now ready to formulate the main result of this section:

Theorem 24.17. It holds that

1P C, (§) < from (§) < IEIPC, ()
forall & e R".

Remark 24.18. According to Theorem 24.17 and the results of the previous section
we note in particular that:

1.C, (&) and C;; (&) are continuous in p and .
2. The functions k +— C,; (k&) and k +— C,; (k§) are non-decreasing in R ;..
3.If p =2, then

M:

(€ (ED)E < fuom (§) < (e (D)

i=1

4. If t > 0, then
c, (te;) = (¢ (¢)); and C; (te)) = (¢ (1))

5. If C(+,t) satisfies the property of cubic symmetry for every ¢ > 0, then

C, (&) =(c ([N and C; (&) = (" (I€]))1-

Remark 24.19. By applying the algorithm in Theorem 24.14, we can easily com-
pute lower and upper approximations for the n-tuples ¢~ (¢) and ¢ (¢), respectively.
Hence, in the cases when LIP! and UP) are power means, we can compute lower
and upper approximations for C, (§) and C, (&), respectively, and thereby obtain
bounds for fj,,,, (£) arbitrarily close to those in Theorem 24.17. It is more difficult
to compute C,; (&) if p < 2. In this case L) is no longer a power-mean and can only

be computed numerically. Nevertheless, we can always use the lower bounds K (vl
or PIV/(1=P)] for L[P] (see Theorem 24.10 and Proposition 24.12) in order to obtain a
lower bound for C,, (§).

Remark 24.20. Assume that C is of the form
m
x,1) =Y Ci(t) ya, (x)
i=1

where 4,7 < G;(r) < A" for all # > 0 and {A;} is a disjoint partition of R" such
that for a fixed j € {1,...,m}, O\A; is a genuine subset of [J. Then, it follows from
Proposition 24.16(2) that
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A <C(E)<Cy(E) <A

where 0 < ¢~,¢™ < +eo. Moreover, ¢~ and ¢ are only dependent of A; and p.
Hence, according to Corollary 24.6 (see also Remark 24.7) we can in this case con-
clude that C,, (-)|-|” is a much sharper lower bound for fiom than the Wiener and
Hashin—Shtrikman lower bounds fw_ and fysc— when ),,: is relatively large and
k # j. Similarly, we see that C; () |-|” is a much sharper upper bound for fiom than
the Wiener and Hashin—Shtrikman upper bounds fw. and fhysct+ when l,f is rela-
tively small.

Remark 24.21. In Theorem 24.17 the upper bound for p > 2 and the lower bound
for p < 2 reduce to the bounds presented in [37] for the special case when & = ke;,
k € Rand f is of the form f(x,&) = A (x) ||’ (see also [24, 25]). However, the upper
bound and lower bound in [37] for p < 2 and p > 2, respectively, are different from
those presented in Theorem 24.17. Moreover, the proof given below is independent
of that presented in [37].

In order to illustrate the usefulness of Theorem 24.17, we present the following
simple example.

Example 24.22. Assume that n =2, p =2 and

C(.X,[) = g('xlat>g(x27l)
for all x, where
1+a(s)t
141

a(-) is [0,1]-periodic, a(s) = 1 for 0 < s < 1 and a(s) =k > 1 for § < s < L. For
this case we find that

g(S,l):

)

(a8 ct), = (4 eem), = 5

fori = 1,2. Moreover, 1 < C(x,t) < k, and, hence, according to Theorem 24.17 we
obtain the bounds

14 [§]&!

3
T [P < e () < T2

_WK‘Z

We observe that the lower bound and the upper bound are very close to each other,
especially for small values of |&| and also for large values of |£|. Hence, in these
cases we obtain a very good estimate of fhom (£).

The inequalities in Theorem 24.17 are sharp and equalities occur for example
when f is of the form

F&) =Cx ENIEP =A(x) €

More generally, we will prove the following result:
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Proposition 24.23. Assume that C is of the form C(x,t) = A(x) and let ry,...,ry €
{1,...,n} be fixed distinct integers. If & = Y1 | kie,, where n > m > 1, then

from (8) =181°C, (8)

for p <2 and

Jrom (8) =1&17C; (£)
forp>2andallk; e R i€ {l,...,m} if and only if A is of the form
A (x) = (/’Ll (xr1 ))LZ (xrz) U Am (xrm))él'"ﬁszp lm+] (xrm+1 yXrng2 ~-~7xrn)'

Example 24.24. Assume that C(x,7) = A(x) = g(x1)g(x2) - - - g(x,) for all x, where
g is non-constant, and let ¢ be the function defined by

o= 1g<r>dz)n1 (f (g ) o

It is easy to see that C, (§) = q(p) if p <2 and C;; () = q(p) if p > 2. Hence,
by Proposition 24.23 it follows that fhom (£) = q(p) |E|” when & = k;e; for p > 1.
Moreover, according to Theorem 24.17

Jfoom (§) < q(p) |E]" if p =2, (24.15)
from (8) = q(p) €17 if p <2,
and by Proposition 24.23 we can find cases where these inequalities are strict.

Remark 24.25. In the above example f(-,&) possesses the property of cubic sym-
metry. In the case when f is of the form f(x,&) = A(x)|&|* it is well known that
this property always yields isotropy for fyom, i.€., that fuom is a function of |£| only.
Example 24.24 shows that this is not always true when p # 2.

Proof of Theorem 24.17: By putting r =2 in Lemma 24.9(1), we obtain that

( " <aiéi>2> < e (iafw,@)) @4.16)
i=1 i=1
for any positive n-tuple a; if s > 2.
Jhom (§) < C;(é) |(§‘p : Put
o,
p=C(, (ﬁ) E1).

We start with the case p > 2. Put
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and let the function u be defined by
1 Vi _ 1 _ _
u(yl,y%...,yn):Zéi(—yw(/o 2! p)dxi)(/() AP g1y,
i=1

Thus u is absolutely continuous on almost all line segments in [J parallel to the
coordinate axes and the classical partial derivatives of u belong to L?((J) (Compare
with [54, Theorem 7.11]). Hence by [55, Theorem 2.1.4] it follows that u € H! P(O).
Moreover, we observe that u is [J-periodic. Therefore, u € Hll,ic’r’(D). We also have
that

(& +Du); = a;&;, (24.17)

where

i — kl/(l—m(/‘l_l/(l—mdx_)—l
(] 0 (] i .

Since a < p < 3, we get that

Ev/-p) — (%yn
aig T — \np )
(ﬂ) (ﬁ)
and, hence, o
|&E+Du| < (Z)"E].
B
Therefore,

f(x,& +Du(x)) = C(x,|§ + Du(x)|) | + Du(x)|”
(04
B

Moreover, we can prove that

< C(x, [E1(5) ™M) I8+ Du(x)|” = p(x) |§ + Du(x)|”. (24.18)

[ plg+Durax<ci@)el. (4.19)

In fact, by (24.16) and (24.17) with s = p > 2 we see that

i=1

&+ Du()l” <€) (i(aiu))"wi@) .

Thus
/Dp |E + Dul? dx < |<§|”/Dp (Z{@’w,-(é)) dx. (24.20)

Moreover,

i=1

n n P 1 1
/Dp <;{a?wi(€)) dx=3, Dpzi’—!’(/o A dxi) ) wi(§) dx
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(/ /pll "( / ),' Pdx)) TP wi(E)dxy - -dxi—1dxiyy - dx,,)dxl

2l
i/)ﬂ Pdx;)” ((/ /pd)q dx;_1dxii - dxn>lil P)dx,w,(g)
A

AT dx) /(lklp)dx,w,(é)é(/ollill

T dx;)' " Pwi(€)

> (g M (p) ywi(&) = PP (p), (&) = € (6). (24.21)

Il
™M= T

Hence, according to (24.20) and (24.21) we get (24.19). Now, using (24.18) and
(24.19) we find that

from (E) = min /f (x,& +Dv(x) dx</f (x,& + Dul(x)) dx

VEH] p

< /D pIE +Du(x)|” dx < C; (&) €]

The upper bound is thereby proved for p > 2. If p <2, we put

w= (7))

1

and let the function u be defined by
. AP LR
u(ytsenn) = R+ (A7) ([ A7 dx) ™)
i=1

By using the same arguments as above we get that u € Hll,’e';(D) and

(§ +Du); = Giai,

1
*1(/ A7),
0

where

and it follows that

S

i=1

£0& +Du(x) < p(x) €+ Du(x)l” = |&1” p() (2 (m(x))zw,»(é)) @)

Thus, the Holder inequality yields that

ple-+ullar=el” [ £ p? @)@ | dx<
O

i=1
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P
2

< (g <2/ p? (a dxw,(§)> . (24.23)

Arguing similarly as we did in (24.21) we obtain

/Dp% (ai(x))? dx = (412/1172/11(13))1.2/]7.

Hence, by (24.22) and (24.23) we find that

From (€) < /D F(x,€ + Du(x)) dx

14

g_/Dpé+Du|f’dxs|¢"<i( P )fw,-@)z

i=1

= |E[P PRI (g PP (p),w(&)) = C (&) 1EIP.

This completes the proof of the upper bound.

C, (8)[E1" < foom (§) : We have that
fHem) = sup {E-m—flx,n)}
E€R"

= max {z-[n] = Cx,0) [t} =t [1] = Cx 1) [1m”

where t,, solves the equation

Hence, by (24.14) we have that

£ < L <pc<x, (p”ﬁ')>> N (2424)

In fact,
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< o con () < e (s (1))

Let
I+sg

p=ct(5)" le.

Assume first that p < 2. Put
o= (@) and g (p) = (4 p))

i

Let 7 € R” be such that [n| > p|&|P~ " k(€), where

n 1 I=p
k@%=<ZGLWD‘MM®> EeR.

T
O =ni(—1+——).

Then, ¥ € [LP(0)]", J5 ©dx =0 and ¥ is independent of the i-th coordinate. The
latter property implies that

/D¢-z9dx=0
O

for all @ € Héé]r) (OJ). Consequently, ¥ € \4

sol

(O). Moreover, we note that k(&) >
mln {q] (p)} , and, hence,

1 1

e enl_ 1 (s (ng 7)) Lo (¢ (Ko \?
PP B\ S\ 4 (p) = )

et g (o {%@ﬁ)ﬁp)Z%

ml {5 Ba; (p)

(el @\
> EL <§<mw>> — g%

According to (24.24) and the fact that C(x, -) is non-decreasing, this shows that

: isiorant? (pepe (2@ 71N
fhﬂ%ﬂ+n)§ﬂ1%)+nV<mX,< i ) >)
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|96+l <pc<x7 (g) ) |€I)> ~ Lo+l (p(a) 7.

19)+ 1" (pp(x) 77 . (24.25)

Moreover, (24.16) with s = p’ and a; = ‘L'l-l P /47 (p), we have that

/

P u A 2\ A 77 4
B+al” = Z( "q,-<p>> <[l ;](qlwp)) Wil

Therefore,

[reosmacs [ ol ppe)trar 426
] ap

<53 ( [ ) 7 o) g Pwmias ).
In addition,

/01 ((q,-‘ p) 7 (o) Tfpwi(n)) dx;

/

/ 1 1 1 _
=wi(n) (¢ (p)) " 7" (p)W/0 p(x)Trdx; =wi(n) (g; (p)) " 7 P
Therefore,

(g ()" P77 Pwi(n) ) dx
I )

ol o
=wi(n) (¢; (p)) p/O "/0 Til Pdxy - -dxi_dxiyy - -dx,

/ 1

=wi(n) (q; (p)) " q; (p) =wi(n) (¢; (p)) ™7 =wi(n) (c:(lél))‘* , (24.27)

and according to the complementary energy principle and (24.26) we obtain that

1
I

Fom(M < [ £ 04 m)dr < S (pa; ()™ i)

i=1

Hence,

Joom(§) = sup {n-& = from(M)} = sup  {E-n—fiom(n)}  (24.28)

neRr" In|>pk(&)|€P~!

> sup {n & - i, n|” Z (pqi(p))‘l”wi(n)}
B P

N[ pk(E) i=1
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=sup{ sup {g(t,E)}},
E[=1 Ur>pk(&)|e P!

where
1 & 1
g(t,E)=1E-§ —?t” > (pai (p)) =7 wi(E).
i=1
‘We note that
e [EEP
sup{g(t,E)} = [&] 7 k(E). (24.29)
t>0 |é‘

Thus,

sup {sup (0,0} | =€ (€21

E|=1 L1>0
The maximum in (24.29) is attained for

_(IEENT e
rp( : ) £ k(E).

Moreover, the function
E-EI°
14

is continuous and its maximum is therefore attained on the compact set {E : |E| = 1}.
Hence, we can find a maximizer v such that

vEP  [EEp
EP "(”)5‘83’%{ H "(E)}'

Therefore, for E = v we have that

o (ka')plk(v)'é"” > (M) ke

(lsert ey
“PUTE

E — k(E)

K(EIEIT P! = pr(E) €7

and hence,

sup { sup {g(t,E)}} = sup {SUP{g(t,E)}} =C, (5)[&I".
t>pk

[El=1 ©)epr! E|=1 Li=0
According to (24.28) this implies that

C; (é) |€‘p < fhom(é%
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and the lower bound is thereby proved for p < 2. The proof of the case p > 2 is
quite similar and we therefore only give a sketch of it. We put 7, = (1':2/ P(p)); 2/p,

g (p) = (" (p)) .k (Z (4 (P)) ”W(E)> :

i=1

P
2

and let ¥ : R" — R” be the vector function with components

Y =mi(-1+

As above we get that ¥ € V? (D) and

sol

o ee)
B DR e i)
P\& (g ()

Therefore, according to the Holder inequality,

/f (x,0+n)d (Z/ % (p) ﬁdxwl-(n)>

Moreover, by arguing similarly as in (24.27), we find that

“P(p(x 7% _2
/DT’W)))deq:(p) ;.

Fd+n) < pi\ﬂ+n|f’ (pp)

=

Hence,
/
)i

/f (x, 9(x)+n)d (i(pq, ) zwz'(n))Z-

i=1
Now, following the lines in the above proof from (24.28) we obtain that

P

P max -6l (s - 7%w~v 2
€] (m) (lZ(ql (0)) % wil >> < From(®),

[v|=1 i—1

ie.,
C; (‘5) |€‘p < fhom(é)'

This completes the proof. |

For the proof of Proposition 24.23 we need the following result (cf.
[25, Theorem 1]):
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Lemma 24.26. Ift € R, then
fuom (1) = 11” (¢" 7)) forp<2

and

fion (ter) = WI” (a7 () for p=2,
i=1,...,m, if and only if A is of the form
A(x) = (A1 (e )A2(xy) =+ A (X)) At (K1 510 X ) - (24.30)

Proof of Proposition 24.23. If m = 1, the proof follows directly by Lemma 24.26.
Moreover, if p =2, then it follows from Theorem 24.17 and Lemma 24.26 that

m

3 (d2)) K = hom (8) =

i=1

S (40 0)) #

. T
i=1 !

forall & =Y/ | kie,,, kj € R if and only if A is of the form (24.30). It only remains
to prove that

Joom (§) = 1§17 C, (&) for p <2 (24.31)

and
Jhom (§) = [E]P C (&) for p > 2, (24.32)

forall E =Y  kie,, ki € R,i€{l,...m}, m>1if and only if A is of the form
A(X) = A1 (K 15 Xrins o es Xy ) (24.33)

In fact, by Lemma 24.26, it yields that the equalities (24.31) and (24.32) hold only
if A is of the form (24.30). On the other hand, suppose that A,; or A, i # j,
i,j € {1,...,m} are non-constant. Then for the functions {a;} given in the proof
of Theorem 24.17 we find that a,, # a,; on a set of strictly positive measure. Hence,
according to Lemma 24.9 this implies that the inequalities (24.20) and (24.26)
are strict. But this contradicts (24.31) and (24.32), thus we have that our assump-
tion is wrong, i.e., we can conclude that A is of the form (24.33). Conversely, let
& =3 kie, and let A be of the form (24.33). Then it is easy to see (by inspec-
tion) that C,, (§) = g A dx for p <2 and C; (§) = J5Adx for p > 2. Moreover, a
straightforward computation via Euler—Lagrange equation shows that

from (&)= ([ 1)l

Thus, we obtain (24.31) and (24.32) and the proof is complete. 0O
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24.6 Further Results for the Case p =2

In this section, we discuss in more detail the special case when f is of the form

fx,8) =Clx[E])|EP, & €R".

In addition to the assumptions of the previous section, we let C be of the form
C g,t) " 1 Ai(t) xa, and satisfies the property of cubic symmetry, i.e., f € 32“;3,
where

[ dr=arand (&) = 118D I
Moreover, we assume that
A1(0) < A2(0) < --- < A,(0)

and

A1(00) < Ag(e0) < -+ < Ap(e0).

We define the following constants:

g = (¢2""Peen) @ (1“ Peen)),

wy = ( ldx) 1 (~,t)dx,
= DA +(/c n—ml( >‘”‘)1’

e = —(n=1)2 (/ ot n—1)xm(eo)dx)l’

B ~ n(1—an) (lm( )_)‘1 0)
1‘0+ = /lm(()) (1 nlm(()) +a,, (}1,1(0) —M(O))) 7

L n(1—ar) (An(=) = A (=)
to = M( )(1+nll(°°)+al (km(oo)—/ll(“)))

Remark 24.27. According to Remark 24.18(5) we have that

(™ (IEMIIER < from (&) < (T (IEN IS (24.34)

Since (¢ (+)); and (c¢*(+)); are non-decreasing, we deduce that

>
<
||

qy &1 < from (§) < @ €I

In many cases, g, and ¢ happen to be sufficiently close to each other to give a
sharp estimate of fyom. The general bounds (24.34) also yield that
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qa ‘5|2 S fhom (&) S Q(J)r ‘§|2

for small values of || and

6= 1€ < foom (§) < g2 15[
for large values of |&].

The main result of this section reads:

Theorem 24.28. There exist functions g, h € 32’,‘; such that

ho |E1 < fusc- (€) < gnom(E) < hL|E,

hg |EI> < hpom(€) < fuscs (&) <hL|E
for all & € R", where hj = max{qy .15 } and h, = min{qZ,1}. In addition, it

holds that ) 5
TIEP < fws (&) <wlIEI,

wy €7 < fw (&) <we (8
forall & € R".

Before continuing our discussion and proving the theorem, we present the fol-
lowing numerical experiments:
Let g; : R" — R, be defined by

ki|E]* fori=3

2i(&) = HHl|e] fori=2

ky|E|* fori=1

Here, {k;} are positive constants with k, < k3. Furthermore, let a; = 0.970, a; =
0.015 and a3 = 0.015. Hence, {g;} and {a;} defines a family 35'?. Now, consider
the concentric cubes By, By and B3 with volumes 0,970, 0,985 and 1, respectively,
such that B3 =0 =10, 1 [3. Furthermore, let A;, i = 1,2,3, be a (-periodic set such
that AyNO = By, A;NO = B, \B; and A3 N0 = B3\By, and let

f(x,8) =81(8)xa, (x) +82(8) xa, (x) +83(8) xas ().
Thus f € 3% of the form

fx,8) =Clx, 816

In particular, we note that C(+,0) (resp. C(+,o)) is equal to ki, k (resp. k3) and k4
on Az, on A and Ay, respectively.

In the table below, we have listed the constants appearing in Remark 24.27 and
Theorem 24.28 for four different combinations of {k;}.
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Case 1 Case 2 Case 3 | Case4

ki 1 1 107 10%
k> 1.1 102 102 6-10°
k3 1.5 103 10° 8-10°
ks 10* 10* 1 1

1y |t 19561|197 [9561[197 [101 [1.10[101 [1.10
gy |qg |102 [104 [191 [194 [102 [102 |160 162
g |g& [116 |118 [194 |196 |111 {112 180 [182
hy A, |100 |118 190 |196 [1.09]1.10{1.09|1.10
har h 19561|9561(9561|9591|102 {115 [160 [187
w, [wi[9703|9703]9704[9717|152 {165 (239 |268
wy [We|35 |40 |67 |66 [1.03]1.03|1.03|1.03

=

Remark 24.29. First of all, we observe that for the four cases we obtain very sharp
estimates of fhom, fusc+ and fw+. It is interesting to note that the bounds g, Hz
and g ||2 play an important role, not only for estimating fyon but also for estimat-
ing the nonlinear bounds of Hashin—Shtrikman type fysc— and fysc.. Particularly
we see that for all four cases, A, is close to &, and ha” is close to hZ. Hence, ac-
cording to Theorem 24.28, we find a very good estimate of homogenized integrands
&hom and hpom (g, € Sg'f;?) that are close to fysc_ and fysc. , respectively. Hence
our approach yields important knowledge of the extreme effective properties of the
class 3.

Remark 24.30. In the definition of f we have that [J\A3 is a genuine subset of [1.
Moreover, by Remark 24.27 it holds that ¢, < C, (§) <C, (§) < ¢, and, thus, we
observe in particular that the numerical results fit very well to the theoretical results
of the previous section (see Remark 24.20).

Remark 24.31. We see that for case 1 and case 2, fhon, is very close to fgsc—. This
shows that fion is nearly lower optimal in the class 32‘7‘;. Correspondingly, we ob-
serve that fhon is very close to fysct for case 3 and case 4. Hence, in these cases
Jhom 18 nearly upper optimal in Sg?;’ .

We note that f(-,€) = L (|&|)|E|* in A,, where A, (-) ranges over the whole
interval ]k,,k3[. Therefore, the Euler equation corresponding to the minimum prob-
lem for finding fhom(&) is highly nonlinear in the region A,, especially for case 2
and case 3. For a fixed £, any direct numerical treatment of this Euler equation leads
to severe problems. In fact, if we for example choose the finite element method, we
will need a large number of finite elements in the very small subset of the unit-cube
where f(-,€) varies non-quadratically between |£|* and 104 |&|*. Moreover, the ta-
ble values show that the properties of f(-,&) on A, are significant. Hence, any kind
of averaging in this region will be misleading. Besides, in contrast to the case when
f(x,-) is a quadratic form, the values { fhom(ei)}, i = 1,...,n, alone will give no gen-
eral information of fjom. Therefore, we would have to compute fiom (&) numerically
for a vast number of vectors & € R? in order to get a good picture of fhom-



24 Nonlinear Variational Methods 401

As discussed in the introduction, our ultimate goal is always to find the homoge-
nized energy within 2,

E(fhom):min{/ fhom(Du)dx—i—/ gudx:ucW'"(Q RV), u=¢ on yOCé?Q},
Q Q

(24.35)
which approximates the energy E(f;,) for large values of 4. Now, since ¢, ||2 <

from < g2 |-|%, it follows that

E(gy |'1*) < E(foom) < E(gh %)

Remark 24.32. We note that the Euler equations associated with the upper and lower
bounds , )
E(qq |'°) and E(qL |]7)

are linear. Hence, these bounds can be computed numerically, e.g., by standard
FEM-algorithms, and since ¢, is very close to g, we get a good approximation
of E( fhom)- Moreover, this shows that the Euler equation associated with Epom (f) is
almost linear. Similarly, we can obtain good approximations of the optimal bounds
for the homogenized energy Egp = E(fusc—) and Einr = E( frsc+)-

The constants g, and g, are very close to each other in all four cases dis-
cussed above. This is however not a general property for all f € SZ‘};. In fact,
let the concentric cubes By, By, B3 have volumes 0,015, 0,985 and 1, respec-
tively, and let A;NO = By, Ay N0 = B,\B; and A, N = B3\B,. For the function
f(x,&) =X gi(&)xa,(x), it turns out that ¢, / g5 = 193 /200 and g, / g5 =1091/
1095 when the constants {k;} take values as in case 2. In order to estimate E (fhom)
in this case we have to apply the general bounds

E(f7) <E(foom) <E(f7),

where

F7O = D and £HC) = (€ (D) 2

It is straightforward to express (¢~ (¢)); and (c¢*(¢)); in terms of ¢,{k;} and {a;}.
However, the Euler equations associated with the minimum problems for finding
E(f~) and E(f") are highly nonlinear and therefore more complicated to solve.
Nevertheless, due to the facts that g, is close to qaL and g, is close to g, we
observe that the bounds E(f~) and E(f™") are close to each other, particularly when
the variations on the boundary conditions ¢ and the values of the source g in (24.35)
are such that the gradient of the solution, Du, is either large or small. In the latter
case we can just use E (g, 1) as a lower bound for E(fiom). As an upper bound
for E(fhom) We can use the value E(f")’ defined by

B = [ (ou)dvs [ gl ax,
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where ' is the solution corresponding to the linear minimum problem for finding
E(gz |-*). Clearly, if |Du| is small enough, then

E(qf |11 ~E(f*)' (24.36)
i.e., we find that
E(gy |1*) < E(from) < E(f*) = Elgq 1),
and, hence, we obtain a sharp estimate of the energy E ( fj,om)-

Proof of Theorem 24.28. Let ¢ € 32‘7‘; of the form

m
2
0, &) =& X, Ai(IE)xa
i=1
We define the following functions associated with ¢:

17 () = An(0) 24, () + 41 (0) X\, (%)

1 (x) = Ai(o0) x2a, (%) 4 Am(o0) rmya, (%),
= &) Zl Vxag T (6, E) = € Zl 7
g (&) = ()& and g (x,&) = uT(x) [E.

Since,
g (%8 <s (&) <o) <5 (x&) <g(x,),

we find that

8hom (&) = Shom (§) < Phom (&) < 5130 (§) < &om (&)- (24.37)

Due to the fact that these functions satlsfy the property of cubic symmetry, it holds
that gi- and st are of the forms g (&) = kfm|§|2 and 5= (&) = ltimvj\z
for some positive constants khom and lhom (see, e.g., [19, p. 39]). According to the
Hashin—Shtrikman bounds for linear problems, we have that hy </ and [ <
h (see, e.g., [19, p. 188]). Hence,

h |EP < Prom(E) < hE|E,

and it follows by the definition that

hy 1E]* < fusc— (€) < fuscy (€) < hE|E7.
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Moreover, if A,, is the classical Hashin—Shtrikman coated sphere assemblages, then
it is well known that k- = tar (for the original proof, see [16]). Combined with
(24.37) this shows that

1 1€ < @nom(E) < fuscs (€).

Moreover, by Remark 24.27 and the definition of fsc. we have

90 |§|2 < from(§) < fuscy (§).

Thus,
hg |<§|2 < hhom (&) < fascs (&) < A |<§|2,

where h = f if 17 < gy, and h = @ if 1 > ¢, . Similarly, if A; is the classical
Hashin—Shtrikman coated sphere assemblages, we get that k;’om =1, and, hence,
by using (24.37) once more we obtain that

fusc— (€) < Prom(&) <1 €.

In addition, Remark 24.27 and the definition of figc— yield that

fusc— (&) < foom(E) < g |7

Hence,
hy [E]* < fusc- (€) < ghom(€) < ha €],

where h = fif ¢f, <t.,and h= ¢ if g2, > 12, . The final part of the theorem follows
directly by integrating the inequalities

C(x,0)[E < f(x.§) < Clx, ) [

and
(Cx,00) 7 EP = £7(x,8) = (Clx, o))" €

over [J. This completes the proof. 0O

24.7 The Reiterated Cell Structure

In this section, we describe two-phase structures called reiterated cell structures,
described by characteristic functions Y., of the form

Heelln(%,E) = Yeen(hx, h?x, ..., h"x).

These and similar structures where first introduced in [28] and [33]. We also want
to refer to the well-known book of Milton [42] and the article [36] for a comparison
between these and other more classical structures (see also the discussion below).
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Inspired by the main ideas in the proof of Theorem 24.17, it is possible to obtain
estimates for the homogenized integrand corresponding to functions of the form

Jn(,8) = xng1(&) + (1 — xn)g2(8),

where g; and g, are quadratic forms. Below, both the scalar case N = 1 and the
vector-valued case N = n are considered.

We start with some notations. Let 0 < v < 1. With 3, we will denote the family
of all sequences {y;} of characteristic functions on R” such that y;, — v weakly in
L2(0). If z is a n-tuple (z1,...,2,) With 0 < z; < 1, [T, z; = v, and m is a positive

1
integer, then we let ), . denote the characteristic function of the set [T} ;]0,z/" [,
extended [J-periodically to R". Moreover, let

XCell,h( ) Xcell h m Z H)(mz hl ,heN.

The sequence {Ycen;} Will hereafter be called the reiterated cell structure. It is eas-
ily seen that the mean value (Xcenn) Of Xcen,n €quals v. Moreover, Yceiin — (Xeelln)
weakly in L2(Y). This fact follows from almost the same arguments as those in the
pure periodic case (compare with [50, p. 57]) and we omit the details. Consequently,

{Xcell,h} S Sv~

24.7.1 The Scalar Case

Let k > 0 and suppose that

fcell,h(x’é) = (k|§ ‘2lcell,h(x) + |§ |2 (1 _Xcell,h(x))> ) é eR".

Furthermore, let f..; be the homogenized integrand corresponding to the functions
Seetn- The proof of the following theorem can be found in [33] (see also [38] for an
alternative proof of a fundamental step in that proof).

Theorem 24.33. I holds that f..y is of the form feoy(&) = 31| Acelri |§i|27 where

1

1 1 1 1=z 1—v
= - =7 24.38
17lcell,i 1—kv rl]_vi v ( )
1
v=[I",z and (%) "<rp<l.In particular,
1 1 1 Inz; 1—
nz  (1-v) (24.39)

(1=Aeei)  (1=k)v Yinz; v

as m — oo,
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Before commenting on Theorem 24.33, we recall the following G-closure result:
Let

n

Fu(, &) = (arn(x) +ar(1— 1 (x)) Y &,

i=1
where {y;} € S,,,0<a; <ap and 0 < p; =1— p, <1 and suppose that we

have the existence of the corresponding homogenized integrand fyom of the form
fhom(g) = ?:1 Z/,' |51|2. Then

n
1
<"1 P (24.40)
Sli—ar” paa—a1) aip2
n
1
D L —— (24.41)
Sa-A" pillaa—a) ap
(the generalized Hashin—Shtrikman bounds) and
aja
—— 2 <L <aipi+ap (24.42)
ap1+aip2

(Voigt—Reuss inequality). Structures which realize equality in (24.40) or (24.41) are
usually referred to as lower optimal and upper optimal, respectively. There exist
two well-known types of optimal two-phase structures with completely different
geometries from the reiterated cell structure: the Hashin ellipsoidal structure and
the stratified structure of rank n (layered in the directions e, ...,¢e,) (see [41, 52]).

Remark 24.34. In similar way as in Theorem 24.33 we consider (with no loss of
generality) the case when f;, (x, Du) = (ky(x) + (1 — x(x))) [Dul* and {x,} € 3.
It is obvious that if
o 1 1—v
1-A v(l—k) v

hi, (24.43)

where h; > 0 and Y | h; = 1, then for k > 1 the equality is attained in (24.40), and
for k < 1 the equality is attained in (24.41). Moreover, one can verify that any n-
tuple (A1, ...,A,) can be written in the form (24.43), provided that it satisfies (24.40),
(24.41) and (24.42), and turns either (24.40) or (24.41) into an equality (see [19,
p- 196]). Hence, according to Theorem 24.33, we conclude that for any optimal
effective property (Ar,...,A,), we can find a reiterated cell structure with effective
property (Aceir 15 -, Acell,n) Which is arbitrarily close to (41,...,4,).

24.7.2 The Vector-Valued Case

Let S, be the space of symmetric n X n matrices. As usual, we define the scalar
product (-) between two matrices A = {a,'j} and B = {bij} inS, by A-B=3,;aibi;
and let |A|2 =2 aizj. The space S, can be divided into the orthogonal subspaces Sogt,
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Sdia and S, of matrices with zero diagonal elements, diagonal matrices with zero
trace, and matrices of the form o/, o € R (/ is the identity matrix), respectively. Let
Dott, Paia and Py be the orthogonal projections of S, onto the spaces So, Sqia and
Sir- Any matrix & € R" can be written uniquely on the form & = &+ &,, where &
and &, denote the symmetric part and anti-symmetric part of &, respectively.

Let {Xcupern} € 3y be the reiterated cell structure with reiteration number m for
the case when the cells are cubes, i.e.,

S

Xeube,h = Xeell [h,m,z] , where zy = --- =z, = vn.

The sequence { Ycupe,n } Will be referred to as the reiterated cube structure. Consider
the functions fj, defined by

£ E) = Xeuven8a(E) + (1= Yewver)2o(E), € R,

where K
gi(é) =K |@0ff€s|2 +ui |@dia§s|2 + El |-@tr‘§s|2’ i= a,b,

for some positive real constants k;, it; and K;.

We will now study the homogenized integrand f,,;, corresponding to the func-
tions fj,. For the sake of simplicity, we restrict our attention to the case n = 2, but
the general case can be handled analogously. The proof of the following theorem
can be found in [33].

Theorem 24.35. Let n = 2. It holds that f.p. is of the form

A . K
Jeuve (&) = R|Zogs|” + 8| Zaias P + 5 | 2 (24.44)

forall & € R22, where the constants K .1 and ¥ are obtained by the following for-
mulae:

(l—v)vm(

- -1 1 .
(K_K”) = K= Kp) 0

RK+2(Kb+.uh)71) ,

~ —1 1 —1 (I—V)V -1
(B=p)™" = (o= m) "+ = (Ru+ 2K ) ).
~ _ 1 _ 1—v _
(K—1) " == (ke — k) l+—( )vaK;cbl.
1% 1%
Here,
1 1 1
1—vom 1—vm m 41
0<Ry <" 0<Ry <7 1<R< T
KbVZm ‘Ll,bvﬁ 2v2m

and vy, :2vﬁ/(vﬁ +1).
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Before we comment Theorem 24.35, we recall the following results: Suppose
that

Jn(x,8) = xng1(&) + (1 — xn)82(8),
where {y;} €S, and
K; .
8i(&) = Wi | Dol + i) Daia&s” + 5 e, i=1,2

with () < . In addition, assume that the homogenized integrand fon correspond-
ing to the functions f, exists and that it is square symmetric, i.e., of the form

. - K
fhom (é) = K|@0ff§s‘2 +Uu |@dia€s|2 + E |-@tr€s|2 .
Then, it is possible to prove that

pip2 (K —K»)?

<K (24.45)
P2Ki + p1Ky + 1y

P1K1 + p2Kz —

pip2 (K —K>)*
2K+ p1Ko + Lo

< p1Ki+ paKy —

and

2
p1p2 (U1 — U2) (24.46)

(" pr+ 1y p2) <R I < pats + pattr —
pal1 + piriz + K>

(here pp = 1 — p;). Moreover, there exist laminate structures where K is equal to
the upper bound (resp. lower bound) in (24.45) and at the same time such that [
and K coincide with the upper bound and the lower bound in (24.46), respectively.
Concerning these facts and some further information, see [1, 13, 15, 20].

Remark 24.36. In the case of the reiterated cube structure, suppose that ; = x;,
K, < Kp and p, <y, (resp. Uy > Up). According to Theorem 24.35, it is easy to
check that K converges to the upper bound (resp. lower bound) of (24.45) as m
goes to oo, [I converges to the upper bound of (24.46) and K converges to the
lower bound of (24.46). Thus, the reiterated cube structure yields optimal effective
properties also in the vector-valued case.

24.8 Bounds Related to a Reynold-Type Equation

Let us consider an equation of the form

2] X Odug X J x . Odug

X
(97)61(611 (x7 E)Txl _bl (x7 g)) + TJCZ(CQ('L 7)87)62 _bZ(xa g)) :f(x)7 (2447)
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xeQC R2, Ug € H(l]z(Q) Here, a; and b; are assumed to be piecewise continuous
in the first variable and measurable and periodic relative to a cell O = [0, 1]2 in the
second variable. In addition, we assume that there exist constants k_ and k. such
that

0 <k <ai(x,y) <kjy <ooand |b;(x,y)| < k4

for all x and y. Moreover, € > 0 is a small parameter.

Many important physical problems can be described by a partial differential
equation of the type (24.47). The standard example is stationary heat conduction
in which b; = 0. An other example concerns flow behavior between two surfaces in
relative motion in the theory of lubrication for thin films for which f(x) = 0 and
cib} (x,y) = a;(x,y) = a(x,y) for some constant ¢; which is propositional to the rel-
ative motion. For that special case (24.47) is the incompressible Reynolds equation.

For simplicity, we put f = 0. The corresponding weak formulation takes the
form: Find u, € H (Q) such that

' x Jdug x.. dv x Odug x.,adv
@ D TE b ) S+ @ DT b 1) Sl dx =0 448)

for all v € H(l)‘z(Q). The equivalent variational formulation is then: Find u, €
Hé’z(.Q) such that
F:(Dug) = Inll’l F:(Dv),
veH (.Q)

where

F:(Dv) = /Q fe(x,Dv) dx

and
X

fel.8) = F(5,2.8) = ¥ sailx, )& —bi(x. 56

Putting v = u, into the weak formulation (24.48), we observe that the “energy”

d d
Fe(Dug) = /b1 ad Ms+b2( x)a—zzdx.

The right-hand side (multiplied with some known constant) often represents some
important physical property. Examples of such properties are resultant force, re-
sultant moment, total heat flux, total current, etc. Consequently, in many cases the
calculation of Fg (u) is the main purpose of the investigation.

Using the theory of gamma-convergence, it is possible to prove that

F¢(Dug) — Fy(Du) = min Fo(Du),
ueHy*(Q)

where

Fy(Du) = /Qfo()@Du) dx
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foe.&) = min [ flry.DutE)dy. (24.49)
ueHpe (0) a

o a10 o b]
=[5 ale-[n]

we have that f and fj can be written in the forms

Putting

F63.6) = 3& AW)E ~By) €,

fo(,€) = 5& Aok —Bo &+ folx.0).
Here,

Aok = /DA (Dug +¢&) dy,
By = / B —ADuy dy,
]
where ug € Hll,ézr(D) and up € Hll)’ezr(D) are the solutions of the local problems

/ Dv-A (Dug +&) dy=0, ¥veH2(0), (24.50)
O

/ Dv-(ADug—B) dy=0, YveH}Z(0). (24.51)
]

For the latter problem, we note that the corresponding variational problem takes the
form

1
fo(x,0) = min / —Dv-ADv—B-Dv dy.
veHlZ(D) /0 2

Thus, by putting v = ug in (24.51), we get that

1 1
fo(x,O):/ —Dug - ADug — B - Duyy dy:—f/B~Du0 dy.
o2 2.Jo

Below, we discuss sharp upper and lower bounds f~(x,&) and f*(x,&) for
fo(x,&). These bounds were first presented in [34] and are described by integral
averages in orthogonal directions and can easily be found explicitly or at least by
performing numerical integration. We also characterize all cases when these bounds
coincide. When these bounds are close to each other, we are able to find close upper
and lower bounds F_(Du_) and Fy(Du.) for the homogenized energy Fy(Du) by
solving the global problems

F_(Du_)= min F;(Du) and Fy(Duy)= min F;(Du),
ueHy*(Q) ueH)?(Q)
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where

Fe(Du) = /Q £ (x, Du) dx

As we will see, the bounds are closely connected to the ones obtained in the previous

sections. The derivation is however different due to the presence of b;(x,y).

For (i,j) = (1,2) or (i, j) = (2, 1), let us define the following constants associated

with the functions a; = a;(x, (y1,y2)) and b; = b;(x, (y1,y2)):

1 1 -1 !
a (x) = / (/ a; d)’j> dy; ;
0o \Jo
B 1 r -1
a; (x) :/0 (/0 a; dy,) dyj,
1 1 -1 - Y dy:
¢ (x) = aidyj | dy; Md}’ia
i J 1
0 \Jo 0 Joaidyj
Lyt Loy,
¢; (x) 2/0 (/0 a d)’i) /0 ;iinde’
1 1 1 " d ?
arw) =5 [ (] ady, ay / o bidy;
2 0 0 f() ai dy]dyt

1 (fol bi dyj>2

_5 0 fola,- dyj

~ Lot o N e N Ltie?
d; (X)ZE/O (/0 a; dyi) (/0 ain) dyj_E/O /0 deide-

The proof of the following theorem can be found in [34].

dyh

Theorem 24.37. It holds that

fi(xag) < fO(x7&) < f+(x7€)7
where

2
Fx8) =3 (30 WF - 0E+a ).

2
£ 8 =3 (30 08—l 5+ )).

i=1

Moreover, f~ = f+ ifand only if a; = afa'ii and b; = a{ff —|—fij (j # i) where af and

fl-k are functions of the form
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(l;{ = a?(ank)a f;'k = fik(xvyk)'

Remark 24.38. In the special case when b; = 0, the bounds in Theorem 24.37 re-
duces to the ones obtained in [27] concerning the homogenized p-Laplace equation
for the case p = 2.

Remark 24.39. As a consequence of Theorem 24.37, we obtain the inequality f~ <
fT. In particular this gives the inequality a; (x) < a;"(x), discussed in Remark
24.15.

Remark 24.40. The above theorem shows that frxé)=fox,&)=r(x,&)ifa;=
dial and b; = ajf’ +f/ For this case

o) =ar 0= [ alay;) ([ ) dy,-)l,
(0=l (0
(eo)(fia) (oS8 L),
() =d* ()

- % (/Om{ dyj> (( ) (/IZdyi)z/ol (JZ?zdyi)

This is seen directly for @ (x) and b7 (x). The expression for d:"(x) is, however,
more complicated to verlfy (see [34]).

Example 24.41. As an example, we consider the case when the unit cell [J consists
of two materials, material 1 and material 2, with conductivities a; (x,y) = ax(x,y) =
1 and a;(x,y) = aa(x,y) = 2, respectively. Material 2 occupies a square with size
I x I and material 2 is the surrounding material. In both materials we assume that
bi(x,y) = by(x,y) = 0. Due to symmetry, it holds that fy(x,&) =a (§ +&7) . In the
table below we have listed ¢ and a™ = ali = azi for the case [ =0.5and [ =0.9.

[ Ja a’ a”
0.5(1.6903(1.7143|1.6667

0.9]1.1494|1.1518|1.1474

The values in the second column are found numerically by using the finite element
method. The errors in these computations are estimated to be less than 4 x 107>,

For more information about numerical computation of effective properties and
comparison with similar bounds, we refer to the literature, see, e.g., the thesis [39]
and the article [40].
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24.9 Some Final Comments

The problem of determining the homogenized integrand is often very delicate. Even
in the linear case, there exist only a few structures for which fyon can be found ex-
plicitly. Moreover, in the nonlinear case, the complexity of this problem increases
tremendously due to the fact that fiom () cannot be found generally by the knowl-
edge of fhom(&;) for a finite number of vectors &; (as we can in the linear case).

Nevertheless, by applying the upper and lower bounds presented in Section 24.5,
Section 24.7 and Section 24.8, we have seen that it is possible to analyze several
types of linear and nonlinear problems and obtain a very sharp estimate of the
macroscopic behavior in cases where classical numerical treatments seem to be use-
less. Particularly, in the scalar case the bounds of Section 24.7 even allow us to
verify that the reiterated cell structure can be used to obtain any optimal effective
property achievable within the class 3,, and we have also illustrated that we ob-
tain similar results in the vector-valued case. Accordingly, the results obtained in
this paper seem to be useful for applications, e.g., in optimal structural design and
homogenization of linear and nonlinear materials.
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Chapter 25

On Common Linear/Quadratic Lyapunov
Functions for Switched Linear Systems

Melania M. Moldovan and M. Seetharama Gowda

Dedicated to the memory of Professor George Isac

Abstract Using duality, complementarity ideas, and Z-transformations, in this
chapter we discuss equivalent ways of describing the existence of common lin-
ear/quadratic Lyapunov functions for switched linear systems. In particular, we ex-
tend a recent result of Mason—Shorten on positive switched system with two con-
stituent linear time-invariant systems to an arbitrary finite system.

25.1 Introduction

Given a finite set of matrices {A,A3,...,A,} in R"*", the dynamical system
i+Asx=0, o€{l,2,....,m}, (25.1)

where the switching signal o is a piecewise constant function from [0,c) to
{1,2,...,m} is called a switched (continuous) linear system. Because of numer-
ous applications of such systems, these and their variants have been well studied
in the literature, see, e.g., the monograph [16] and recent survey article [27]. Given
a signal o, a solution to (25.1) is a continuous and piecewise continuously differ-
entiable function x() that satisfies x + Agx(r) = 0 for all # € [0,°0) except at the
switching instances of ¢. For (uniform exponential) asymptotic stability of (25.1)
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corresponding to arbitrary signals, which means that there exist numbers M > 1 and
B > 0 such that
[[x(1)]] < MeP[|x(0)]]

for all 7 > 0, for all solutions x(¢), and all signals, a sufficient condition is the exis-
tence of a common quadratic Lyapunov function (CQLF) V (x) := x” Px, where P is
a symmetric matrix satisfying the conditions

P~0 and ATP+PA;=0foralli=1,2,...,m. (25.2)

The existence of such a P has been studied by numerous authors under vari-
ous sufficient conditions, such as commutativity [22], simultaneous triangulariza-
tion [21], Lie algebraic conditions [17], etc. See also, [25], [26], [15], [24].

Similar to the continuous case, there is a switched (discrete) linear system given
by

x(k+1)4+Agx(k) =0, oce{l,2,....m}, k=1,2,.... (25.3)

These systems have also been well studied, see, e.g., [19]. As in the continuous
case, the stability can be studied by constructing a CQLF V (x) := x” Px, where P is
a symmetric matrix satisfying the conditions

P~0 and P—ATPA;=0foralli=1,2,...,m. (25.4)

If we restrict the dynamics of the system (25.1) to the non-negative orthant R} of
R", we get a positive switched system [7]. Here we require any trajectory of (25.1)
with a starting point in R, to remain in R’ . This condition requires all matrices A;
to be Z-matrices (which are matrices with nonpositive off-diagonal entries). In this
setting, a common linear Lyapunov function V (x) = x’ d can be constructed, where
d is a vector in R" satisfying the conditions

d>0 and Ald>O0foralli=1,2,...,m. (25.5)

Alternatively, for the same positive switched system, a common quadratic copositive
Lyapunov function V (x) := x” Px can be constructed, where P is a symmetric matrix
satisfying the conditions

P and A,»TP—i— PA,; are strictly copositive on R, foralli=1,2,...,m. (25.6)

(Here, a matrix A is strictly copositive on R”. means that x” Ax > 0 for all 0 # x €
R%)
By considering the cone of (symmetric) positive semidefinite matrices and trans-
formation
L(X)=ATX +XA,

various authors have used theorems of alternative (or duality theory) to formulate
conditions equivalent to (25.2). For example, a result of Kamenetskiy and Pyatnit-
skiy [14] says that condition (25.2) holds if and only if there do not exist positive
semidefinite matrices ¥; (i = 1,2,...,m) with at least one ¥; nonzero such that



25 On Common Linear/Quadratic Lyapunov Functions for Switched Linear Systems 417

> (AYi+YAl) =0.

i=1

It is possible to write similar equivalent conditions for (25.4), (25.5), and (25.6).
Our first objective in this paper is to present a unified result that covers all these
equivalent conditions. This result was motivated by the observation that the under-
lying transformations in (25.2), (25.4), (25.5), and (25.6), namely, the Lyapunov
transformation L4 defined on the cone of positive semidefinite matrices, the Stein
transformation S4 on the cone of positive semidefinite matrices, the matrix A on
the cone of non-negative orthant in R", and the Lyapunov transformation L4 (cor-
responding to a Z-matrix) on the cone of symmetric copositive matrices have the
following common property:

x€K,ye K", and, (x,y) =0= (L(x),y) <0,

where K denotes a cone with dual K*.

Transformations satisfying the above property are called Z-transformations. By
using the properties of Z-transformations [12], we formulate our unifying condition,
see Theorem 25.8.

Our second objective is to demonstrate the relevance of complementarity prob-
lems in the study of common linear/quadratic Lyapunov functions. Specifically, we
show how a complementarity result of Song, Gowda, and Ravindran [28] can be
used to extend a recent result of Mason—Shorten on positive switched systems [20].

Here is an outline of this paper. In Section 25.2, we recall necessary matrix theory
concepts and describe essential properties of Z-transformations. Section 25.3 deals
with complementarity ideas. Section 25.4 deals with duality ideas and our unify-
ing result covering the existence of linear/quadratic Lyapunov functions. Finally, in
Section 25.5, we present our extension of the Mason—Shorten result.

A word about our notation. Throughout this paper, we will use standard matrix
theory and complementarity theory notation. For example, we will use Z-matrices
and positive stable matrices (instead of Metzler matrices and Hurwitz matrices),
work with positive definite matrices (instead of negative definite matrices), etc. Also,
our (dynamical) systems are written in the form x 4+ Ax = 0 instead of x = Ax.

25.2 Preliminaries

25.2.1 Matrix Theory Concepts

The space R" carries the usual inner product which is written as either (x,y) or x”y.
In R", we denote the non-negative orthant by R’ and its interior by (R" )°. We write

d>0whend € R" andd >0 whend € (R} )°.

A matrix A € R"*" is said to be
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e a Z-matrix if all its off-diagonal entries are nonpositive. The negative of a Z-
matrix is called a Metzler matrix;

a P-matrix if all its principal minors are positive;

a copositive matrix (strictly copositive matrix) if x’ Ax > 0 (> 0) for all 0 # x > 0;
an S-matrix if there is a d > 0 such that Ad > 0;

positive stable if the real part of any eigenvalue of A is positive;

Schur stable if the absolute value of any eigenvalue of A is less than one;
completely positive if there is a non-negative (rectangular) matrix B with A =
BB, or equivalently, A is a sum of matrices of the form xx” with x > 0.

Consider a nonempty set 4" of matrices in R"*". A matrix A € R"*" is called a
column representative of € if for every j = 1,2,...,n, the jth column of A is the jth
column of some matrix in 4. Similarly, row representatives of ¢ are defined.

For Ay,Ay,...,An,D1,....D,, € RV where each D; is a diagonal matrix, the fol-
lowing holds [29]:

m
det(D AiD;) =Y det(K) det(E (25.7)
1

where K is a column representative of {A1,A»,...,A, }, E is a column representative

of {Dy,...,Dy}, and the same indexed columns are selected to form K and E. Here
the summation is over all column representatives of {Ay,...,A;, }.

25.2.2 Z-Transformations

Throughout this paper, H denotes a finite-dimensional real Hilbert space. We reserve
the symbol K for a proper cone in H, that is, K is a closed convex cone in H such
that

KN(—K)={0} and K—-K=H.

We denote the dual of K by K* and the interior by K°.

A linear transformation L : H — H is said to be a Z-transformation (or said to
have the Z-property) on K if

xe€K,ye K", (x,y) =0= (L(x),y) <0. (25.8)

When H = R" and K = R", a Z-transformation is nothing but a Z-matrix. We
remark that a Z-transformation is the negative of a “cross-positive” transformation
introduced in [23]. It is known [5] that L has the Z-property on K if and only if any
trajectory of the dynamical system x + L(x) = 0 which starts in K stays in K.

The above concept is illustrated in the following examples. Examples 25.1 and
25.3 given below appear in [12]. Example 25.2 is new.

Example 25.1. Let H = ., the space of all n x n real symmetric matrices with
inner product given by (X,Y) = trace(XY), where the trace of a matrix is the sum
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of its diagonal elements (or the sum of its eigenvalues). Let K = .7, the cone of
positive semidefinite matrices in .". We use the notation
X >0whenX € .} and X > 0 when X € (.})°.

For any A € R"™", let
1
LA(X)ZE(AX—i-XAT) and  Sy(X) =X —AXAT

denote the Lyapunov and Stein transformations corresponding to A. We verify that
Ly and S, are Z-transformations on .#’}': Since .’} is self-dual and

X=0,Y =0, and (X,Y)=0= XY =0,

(La(X),Y) = trace(AXY) = 0 & (Sa(X),Y) = trace(XY) — trace(AXATY) <0,
(25.9)
where the last inequality comes from the facts that AXA” = 0 (when X > 0) and the
inner product of any two elements in .#’}" is non-negative. Thus, both L, and S4 are
Z-transformations on .7}'.

Example 25.2. As in Example 25.1, let H = .9 with (X,Y) = trace(XY). Let
K ={X € " : X is copositive on R, }.
Then K is a proper cone with dual
K* ={X € " : X is completely positive},

see [3], Thm. 2.3. Given X € Kand Y = Zﬁvzl yiyiT € K* (where y; € R’ for all i) and
(X,Y) =0, we claim that XY is a non-negative matrix with zero diagonal. To see
this, first observe that YN y" Xy; = YN trace(Xy;y) = (X,Y) = 0. As X is copos-
itive, we get yiTXy,- = 0 for all i; because X is copositive and symmetric, we have
Xy; > 0. (This follows from lim, o X (tx +y;)"X (tx+y;) > 0 for all x > 0.) From
this, we see that XY = Zﬁv Xy,-yl-T is a non-negative matrix. As trace(XY) =0, XY
must have zero diagonal.

Now suppose A € R"™", We claim that

L, is a Z-transformation on K if and only if A is a Z-matrix.

To see this, suppose that L, is a Z-transformation on K. We show that the (1,2)
and (2,1) entries of A are nonpositive. Let e}, ep,...,e, denote the standard unit
coordinate vectors in R". Let

T T
X:[xij], Y:elel, and VVZ(?2€27

where all entries of X are zero except x; =x; = 1. We see that X € K, Y, W € K*,
and (X,Y) =0= (X,W). A simple computation shows that

trace(La(X)Y) =ajn and trace(Ls(X)W) = ay;.
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By the Z-property of L4, we must have aj» <0 and ap; < 0. A similar argument will
prove that other off-diagonal entries are also nonpositive. Hence A is a Z-matrix.
Now conversely, suppose that A is a Z-matrix. Let X € K, Y € K*, with (X,Y) = 0.
Then XY and YX are non-negative matrices with zero diagonals. Then

trace(La(X)Y) = trace(AXY) < 0.
This proves that when A is a Z-matrix, L4 has the Z-property on K.

Example 25.3. Let H be a Euclidean Jordan algebra with inner product (-,-) and
Jordan product xoy [6]. Let K denote the cone of squares {xox:x € H}. Then K is a
self-dual (proper) cone. Examples of Euclidean Jordan algebras include R" with the
usual inner product and componentwise product (as the Jordan product), the Jordan
spin algebra 2" (n > 1) whose underlying space is R x R”"~!) with the usual inner
product and (xg,%) o (yo,¥) = (xoy0 + (X,¥),x0¥ + yoX), and matrix algebras . of
all n x n real symmetric matrices, .7 of all n x n complex Hermitian matrices, 2"
of all n x n quaternion Hermitian matrices, and & 3 of all 3 x 3 octonion Hermitian
matrices. In the matrix algebras, the Jordan and inner product are given respectively
by XoY := J(XY +YX) and (X,Y) := Retrace(XY).

In any Euclidean Jordan algebra, for any element a, the so-called Lyapunov trans-
formation L, is a Z-transformation on the cone of squares, where,

Ls(x)=aox.
We now recall some properties of Z-transformations [12].

Theorem 25.4. Suppose L is a Z-transformation on a proper cone K in a Hilbert
space H. Then the following are equivalent:

(1) There exists a d € K° such that L(d) € K°.

(2) L is invertible with L~' (K°) C K°.

(3) L is positive stable, that is, the real part of any eigenvalue of L is positive.
(4) L+t is invertible for all t € [0,00).

(5) All real eigenvalues of L are positive.

(6) There is an e € (K*)° such that LT (e) € (K*)°.

Moreover, when H = R" and K = R'}, the above properties (for a Z-matrix) are
further equivalent to

(7) L is a P-matrix.

Remark 25.5. When A € R is a Z-matrix, the positive stability of A can be de-
scribed in more than 50 equivalent ways, see [2]. In particular, we have the equiva-
lence of the following for a Z-matrix:

(1) A is positive stable.

(2) A is a P-matrix.

(3) There exists a d > 0 such that Ad > 0 (or ATd > 0).

(4) There exists a (diagonal) D > 0 in . such that AD + DAT ~ 0.
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(5) Ly is positive stable.

(Regarding item (5), we note that the eigenvalues of L, are of the form %(A +u),
where A and u are eigenvalues of A.) We now add one more condition to this list:

A Z-matrix A is positive stable if and only if there exists a strictly copositive
matrix C such that AC + CAT is strictly copositive.

This follows from the above theorem applied to L = L4 on the cone of symmetric
copositive matrices.

25.3 Complementarity Ideas

Suppose K is a self-dual cone in H. For any two elements x,y € H, let
xMy=x—Ig(x—y),

where Il denotes the (orthogonal) projection of H onto K. It is known, see [11],
that 'M’ is a commutative, but (in general) non-associative binary operation on H. In
the case of H = R" and K = R’ , we use the standard notation x Ay in place of xy;
we observe that

xAy=min{x,y}

and that ‘A is associative. Given a matrix-tuple A = (A1,A3,...,A,,) of matrices A;
in R and vector-tuple q = (¢1,42,...,qm) of vectors g; in R", the vertical linear
complementarity problem [10] VLCP(A,q) is to find a vector x € R" such that

XA (A1x+q1) A A(Apx+gm) = 0.

If —g; € (R",)°, then a solution to the above problem satisfies x > 0 and A;x > —g; >

0 for all i; hence a small perturbation of such an x produces a vector d > 0 such that
A;d > 0 for all i.

Theorem 25.6. ([10], Section 6.3) The VLCP (A, q) has a unique solution for all q
if and only if every row representative of the set {A,Az, ..., Ay} is a P-matrix.

When m = 1, the VLCP reduces to the well-known linear complementarity prob-
lem [4] that has been extensively studied in the optimization literature.

Now coming to the general case of a self-dual K, it can be easily verified that
xMy € K = x,y € K. Thus, for a finite set of linear transformations L; : H — H and
vectors —e; € K°, if an x € H satisfies the complementarity problem

xNf(x) =0,

where f(x) is a combination of L;(x) —e;, i = 1,2,...,m under the binary operation
M’ in some order, then we can assert the existence of a d € K° such that L;(d) € K°.
In particular, when H = " and K = .}' and L; = L,r, we can relate the existence
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of a common quadratic Lyapunov function to a solution of a complementarity prob-
lem. We refer the reader to [9] and [12] for results highlighting this connection. See
also Section 25.5.

25.4 Duality Ideas

In this section, we present our result that generalizes the result of Kamenetskiy and
Pyatnitskiy [14] and at the same time unifies several similar results.
We begin with a theorem of alternative.

Theorem 25.7. (Theorem of Alternative [2], Page 9) Let H and H, be Hilbert
spaces with proper cones Ky C Hy and K, C Hj. For a linear transformation
L : Hy — H,, consider the following systems:

(i) L(x) € (K2)°, x € (K1)°,
(ii) LT (y) € K}, 0 £y € —K;.
(iii) L(x) € K2, 0 #x € Ky,
()LT(y) € (K})%, y € —(K3)°.

Then, exactly one of the systems (i) and (ii) is consistent and exactly one of the
systems (iii) and (iv) is consistent.

Theorem 25.8. Let H be a finite-dimensional real Hilbert space and K be a proper
cone in H. Let L; : H — H be linear fori = 1,2,...,m, where L is positive stable
and has the Z-property on K. Consider the following statements:

(1) There exists a d € K° such that Li(d) € K° foralli=1,...,m.

(2) There do not exist x; € K*,i =1, ...,m with some x; nonzero such that Y|' Ll-T (xi)=
0.

(3) There exists a nonzero d € K such that L;(d) € K foralli=1,...,m.

(4) There do not exist x; € (K*)°,i = 1,...,m such that ¥]' LT (x;) = 0.

Then
(1)=& (2) and (3) < (4).

Proof. Assume that (1) holds but not (2). Then there are x;,x2, .. .,x, in K* with at
least one x; nonzero such that ¥ LT (x;) = 0. Then

m m

0= L{ (xi),d) = Y (xi;,Li(d)) >0
1 1
as (x;,L;j(d)) >0foralli=1,2,3,...,mand (x;,L;i(d)) >0 when x; # 0. This contra-
diction proves that (1) = (2). Now assume the negation of (1). Since L; is positive
stable and has the Z-property on K, it is invertible, see Theorem 25.4; hence (as
m # 1) we can define L : H — H™ ! by

L(x) := (LoLy M (%), oo, Ly LT (%))
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We now apply Theorem 25.7 with K; := K in H and K» := K X ... x K (m — 1 times)
in H"~!. We claim that condition (i) of Theorem 25.7 cannot hold. Assuming the
contrary, there is an x € K° such that L(x) € (K2)° = K° x --- x K°. This implies
that L;(L; ' (x)) € K° forall i = 2,3,...,m. Let

d:=L;'(x).

Since L;'(K°) C K° (by Theorem 25.4), d € K° and Li(d) = x € K°. From
Li(L7'(x)) € K°, we get Li(d) € K° for i =2,3,...,m. This cannot happen as we
have assumed the negation of (1). So condition (i) of Theorem 25.7 fails. Therefore,
by condition (ii) of Theorem 25.7, we get a y such that

0#ye—(K*x---xK*) and LT(y)€K*.

Now let
—y=(x2,...,%m) EK* X ... xK*.

Then for any u € H we have

<u,LT(y)> = (L(u),y) = — <(L2Lfl(u),...,LmLf1(u)), (xg,...,xm)>

= =Y (LLy (u).xi) = 2<u Li"LT (x)) = <u,—iL1TLiT(xz')>-

i=2
m
xp =L (y)=— ZL;TL,-T (xi)-
i=2
Applying LIT to both sides of the above equation, we get
LlT(xl) —&—Lg(xg) +... —I—L;l(xm) =0.

As x; € K* and (x2,x3,...,x5) is nonzero, we get the negation of (2). Hence

~(1)=~(2),0r(2)=(1 ) This completes the proof of the equivalence (1) < (2).
The proof of (3) < (4) is similar, but one has to use conditions (i) and (iv) of The-
orem 25.7. 0

We illustrate the theorem by the following examples.
Example 25.9. Let H = /", K = ., and
1
Lp,(X) = E(AiX +XA]) (Xes™),
where A; € R (i=1,2,...,m) are positive stable. As L, and (L) = L,r are both

Z-transformations on .’} for any A € R"*", the above theorem gives the equivalence
of the following statements [14]:
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(i) There exists D > 0 in " such that ATD + DA; = 2L,r (D) > 0 for all i =
1,2,....m. '
(ii) There do not exist ¥; = 0 (i = 1,2,...,m) with at least one nonzero ¥; such that
(A +YAT) = 0.

We note that the matrix D in item (i) produces a common quadratic Lyapunov
function V (x) := x” Dx for the switched linear system x +Agx = 0.

Example 25.10. Let H = %", K = .7, and S4,(X) = X —AXAl (X € o),
where A; € R"" (i = 1,2,...,m) are Schur stable. Now, S4 and (Sx)! = S,r are
Z-transformations on .’} for any A € R"*", see Example 25.1. Also, the Schur sta-
bility of A; implies that S, is positive stable for each i, see, e.g., Theorem 11 in [8]
and Theorem 25.4. Hence the above theorem gives the equivalence of the following
statements:

(i) There exists D > 0 in .%" such that D fAl.TDA,- >=O0foralli=1,2,...,m.
(ii) There do not exist ¥; = 0 (i = 1,2,...,m) with at least one nonzero ¥; such that
" (i~ AYAT) =0,

The matrix D in item (i) produces a common quadratic Lyapunov function
V (x) := x” Dx for the discrete switched system x(k + 1) +Ax(k) = 0.

Example 25.11. Let H =R", K = R", and A; € R™" (i = 1,2,...,m) be positive

stable Z-matrices. Then the following are equivalent:

(i) There exists d > 0 in R" such that Ade >0foralli=1,2,...,m.

(ii) There do not exist vectors y; > 0 (i = 1,2,...,m) with at least one nonzero y;
such that 3" | A;y; = 0.

In this setting, the vector d in item (i) produces a common linear Lyapunov func-
tion V (x) := xT d for the positive switched system x + Agx = 0.

Example 25.12. Let H = ", K be the cone of symmetric copositive matrices and
A; € RV for i = 1,2,...,m be positive stable Z-matrices. Then the following are
equivalent:

(i) There exists a strictly copositive matrix C in .#" such that AT C + CA; is strictly
copositive foralli = 1,2,...,m.

(ii) There do not exist completely positive matrices ¥; (i = 1,2,...,m) with at least
one nonzero ¥; such that ¥ (A;Y; + Y;AT) = 0.

Here, the matrix C in item (i) produces a common copositive quadratic Lyapunov
function V (x) := x” Cx for the positive switched system x + Agx = 0.

We remark that if condition (i) of Example 25.11 holds, then C := dd” satisfies
condition (i) of Example 25.12. However, the converse is false, see Remark 25.20
in Section 25.5.
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25.5 Positive Switched Linear Systems

In a recent paper [20], Mason and Shorten prove that for two positive stable Z-
matrices A and A,, the following are equivalent:

(i) There exists a vector d > 0 in R" such that ATd > 0 and AZd > 0.

(ii) Every column representative of {A},A;} is positive stable.
(iii) Every column representative of {Aj,A,} has positive determinant.

In an earlier work, based on complementarity ideas, Song, Gowda, and Ravindran
[28] proved the equivalence of the following for any compact set .o/ of positive
stable Z-matrices in R"*":

(1) There exists a d > 0 such that ATd > 0 forall A € 7.
(2) Every column representative of .o is a P-matrix.

In this section, we extend the above Mason—Shorten result to any compact set of
matrices and at the same time improve the result of Song, Gowda, and Ravindran
by requiring that only the determinant be positive for every column representative
of .

We recall that for a Z-matrix (see Remark 25.5), P, S, and positive stability prop-
erties are equivalent.

We begin with some lemmas.

Lemma 25.13. Suppose of = {A1,Az,....,An} € R™" with det(C) > 0 for any
column representative C of /. Then for any set of positive diagonal matrices
{Dy,...,Dy} we have

det(A\D +...+AuDy,) > 0.

Proof. The result follows from the identity (25.7). U

Lemma 25.14. Suppose A}, Ay, ...,Ay, are positive stable Z-matrices and det(C) > 0
for any column representative C of {A1,Ax, ...,Ap }. Then there exists 0 # u > 0 such
thatAl-Tu >0foralli=1,...,m.

Proof. If the stated conclusion fails, then by the equivalence of items (3) and (4) in
Theorem 25.8 (see Example 25.11), there exist y; > 0 (i = 1,...,m) such that

Ay1+Ayr+ ... +Aym =0.
If D; denotes the diagonal matrix with diagonal y;, then
(AiDy+AyDy+...+AuDy)e =0,
where e is the transpose of the vector (1,1,...,1) in R". This means that

det(A;Dy+AxDy+...+ApuDy) =0.
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However, Lemma 25.13 together with the hypothesis shows that this is not possible.
|

Lemma 25.15. Suppose that A, Az, ..., Ay are positive stable Z-matrices and det(C)
> 0 for any column representative C of {A1,Aa,...,Ap}. Then there exists d > 0 such
thatAde >O0foralli=1,...,m.

Proof. Let E be the matrix in R"*" with every entry 1. We can choose a small pos-
itive € such that A; — €E is a PN Z-matrix for all 7 and any column representative
of {A| —€E,Ay —¢€E,...,A, — €E} has positive determinant. An application of the
previous lemma produces a nonzero u > 0 such that (A7 — €E)u > 0 for all i. This
implies that 0 # u > 0 and AT u > 0 for all i; by continuity, there exists a d > 0 such
that A7d > 0 for all i. 0

For a set & = {A1,Az,...,Ap } in R™", let
a/* := set of all column representatives of .7

and
o m m
o = ZA;D; : D;is a nonnegative diagonal matrix and ZDi =1;.
1 1

‘We note that .
dCAd¥C o

and that &/ is convex.

Theorem 25.16. Let o7 = {A1,Az,...,An} be a set of positive stable Z-matrices in
R"™". Then the following are equivalent:

(1) There exists ad > 0 such thatAde >0foralli=1,2,...,m.
(2) There exists a d > 0 such that C'd > 0 for all C € o

(3) Every matrix in o is positive stable (equivalently, a P-matrix).
(4) Every matrix in «/* is positive stable (equivalently, a P-matrix).
(5) Every matrix in </* has positive determinant.

(6) Every matrix in o has positive determinant.

Proof. 1f (1) holds, then for any matrix C = Y1'A;D; € JZ??CTd =7 DiAl-Td > 0 by
the imposed conditions on D;. Thus condition (2) holds. Now each matrix C in J
is a Z-matrix. The implication (2) = (3) follows from Remark 25.5.

The implications (3) = (4) = (5) are obvious.

The implication (5) = (6) follows from the identity (25.7). Finally, the implication
(6) = (5) is obvious and the implication (5) = (1) follows from Lemma 25.15.
This completes the proof of the theorem. O

Several remarks are in order.



25 On Common Linear/Quadratic Lyapunov Functions for Switched Linear Systems 427

Remark 25.17. Thanks to Theorem 25.6, we can relate item (4) above to the unique-
ness of solution in the vertical linear complementarity problem VLCP(AT,q) for
any vector-tuple q. Here, AT = (AT AT, ... AT). Ttem (5) is related to the so-called
column % -property and horizontal linear complementarity problems, see [29].

Remark 25.18. A conjecture due to Mason and Shorten [18] and D. Angeli says
that for a set & = {A},A,,...,A,} of positive stable Z-matrices, the following are
equivalent:

(a) Every matrix in the convex hull of .7 is positive stable.
(b) The switched system x +Agsx = 0 is (uniformly) asymptotically stable for arbi-
trary signals.

In [13], Gurvits, Shorten, and Mason disprove this conjecture by constructing a
set {A1,A,} of positive stable Z-matrices in R**? for which item (a) holds but not
(b). We note here that if we replace (a) by

(d') Every matrix in /¥ is positive stable (or equivalently, every matrix in the
convex set <7 is positive stable),

then (a') = (b). This raises the question whether (b) = (&’). Based on the work of
Akar et al. [1], we show that this is false.

Example 25.19. Consider the following positive stable Z-matrices

1 -1 1 -1
A1:|: 1 ] and AzZ[ 2].
-1 -1 1

It is easily verified that every convex combination of A| and A5 is positive stable.
In this context (because every diagonal entry of A; and A, is one), by a result of
Akar et al. [1], the positive system x + Agx = 0 is (uniformly) asymptotically stable
for arbitrary signals. Thus condition (b) above holds. However, the column repre-
sentative formed by the first column of A, and the second column of A; is not a
P-matrix (that is, it is not positive stable). Hence (a’) fails to hold.

Remark 25.20. 1t is well known that a Z-matrix A is positive stable if and only if
there is a diagonal matrix D = 0 such that AD + DAT = 0. Now for a finite set
o ={A1,Az,...,Ap} of Z-matrices, consider the following statements:

(i) Every row and column representative of <7 is positive stable.
(ii) There exists a diagonal matrix D > 0 such A;D —+—DAiT >=O0foralli=1,2... m.

We claim that (i)= (ii) but not conversely. To see this, assume that (i) holds, in
which case, by the above theorem, there exist vectors # > 0 and v > 0 in R" such
that

Au>0 and ATv>0 (i=1,2,....m).

Let D be a diagonal matrix with Dv = u. Then D has positive diagonal entries and

(AiD+DAT Yy =Aju+D(ATv) >0
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for all i. This means that for each i, the symmetric Z-matrix A;D +DAiT is a P-
matrix, hence A;D +DAl~T > 0. Thus item (ii) holds. To see that (ii) need not imply
(i), we merely construct two 2 x 2 symmetric positive definite Z-matrices {A1,A>}
such that a column representative of {A,A,} is not a P-matrix. Then with D = I,
item (ii) holds but not (i).

Theorem 25.21. Let <7 be a compact set of positive stable Z-matrices in R"*". Then
the following are equivalent:

(1) There exists a d > 0 such that ATd > 0 for all A € < .
(2) Every column representative of </ is a P-matrix.
(3) Every column representative of < has positive determinant.

Proof. The equivalence between (1) and (2) was proved by Song, Gowda, and
Ravindran in [28]. The implication (2)=-(3) is obvious and (3)=-(2) follows from
the previous theorem applied to a finite set of matrices. O
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Chapter 26

Nonlinear Problems in Mathematical
Programming and Optimal Control

Dumitru Motreanu

Dedicated to the memory of Professor George Isac

Abstract Necessary conditions of optimality are obtained for general mathematical
programming problems on a product space. The cost functional is locally Lipschitz
and the constraints are expressed as inclusion relations with unbounded linear op-
erators and multivalued term. The abstract result is applied to an optimal control
problem governed by an elliptic differential inclusion.

26.1 Introduction

In this work, we study the nonlinear mathematical programming problem

(P) Minimize (locally) @ (y,u)
subject to Ay+ Cu € B(y,u).

The data entering (P) have the following meaning: given real Banach spaces X, Y,
E, ®:X x E — Ris alocally Lipschitz function, A: D(A) CX — Y and C: D(C) C
E — Y are (possibly unbounded) closed linear operators with dense domains D(A),
D(C) in X, E, respectively, and B : X x E — 2 is a multivalued mapping.

The nonconvex programming problem (P) encompasses important models as for
instance general optimal control problems. The study of problem (P) was started in
[8] with the case where X =Y = E is a Hilbert space, A is a closed range self-adjoint
linear operator, C is a bounded linear operator, B is a constant mapping B(y,u) = { f}
and @ is a function of the form @(y,u) = G(y) + H(u) with G and H everywhere
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defined, convex, continuous functions (so, locally Lipschitz). In [1], [2], and [3], the
dataX,Y,E, A, C are like in (P), but with B a (single-valued) Gateaux differentiable
mapping. Some particular situations in (P) with a multivalued mapping B are treated
in [13].

Here we extend the approach of [1]-[3] to the case of a set-valued mapping B in
problem (P). Considering the set of constraints

M :={(y,u) € D(A) x D(C) : Ay+Cu € B(y,u)} (26.1)

supposed to be nonempty; the key idea is to associate to every element (y,u) € M a
pair of bounded linear operators Ay, € L(X,Y) and Cy,,, € L(E,Y) acting in a com-
patible way with the tangent cone of M at the point (y, u). The pattern for such oper-
ators Ay, and Cy, is supplied by the partial differentials of the mapping B whenever
they exist at least in a generalized sense. We derive in Theorem 26.1 below necessary
conditions of optimality for problem (P) in terms of these operators. Specifically,
we obtain a system of relations that involve an optimal pair (¥,%) € M and a co-state
variable p € Y* as follows

{Ay—l—CﬁeB(y,u)

(A= A52)P, (C— Gya) D) € 9D (3. 1). (26.2)

The notation d@ stands for the generalized gradient of ®(y,u) (in the sense of
Clarke [7], p. 39), and the superscript * denotes the adjoint of a densely defined
linear operator. If @ satisfies Clarke’s regularity condition, the inclusion 0 @ (y,u) C
D (y,u) x d,@(y,u) holds for all (y,u) € X x E (cf. [7], p. 48), where d,® and
d, @ represent the partial generalized gradients of @. Accordingly, (26.2) becomes
a system of three relations with three unknowns (the optimal pair (¥,%) and the
co-state p):

Ay+Cu € B(y,u)

(A—Ayz)p € O, @(y,u) (26.3)

(C - CVE)*? € aud)(yvﬁ)'

A possible way to handle efficiently the system (26.3) is to eliminate, when pos-
sible, the co-state p. An application to an optimal control problem illustrating this
procedure is presented in Section 26.4. In order to make effective (26.2) and (26.3),
the question of existence of optimal pairs (¥,%) for problem (P) is also addressed.

The rest of the paper is organized as follows. Section 26.2 contains our main ab-
stract result. Its proof is given in Section 26.3. An application to an optimal control
problem is discussed in Section 26.4.

26.2 Main Result

Given (y,u) € M, the tangent cone T{,,,,)M of the set M in (26.1) at the point (y,u) €
M is defined by
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TyyM = {(z,w) EXxE: 31, » 0" inR, p, = 0in X
and g, — 0 in E as n — oo such that (26.4)
(y+1a(z+ pn) u+t,(Ww+gy)) € M forall n }.

Relation (26.4) describes the contingent cone (see, e.g., [10]). Noticing that
1
(Z7W) € T()’,M)M — hmégf;d((ya “) +I(Z7W)7M) = 07
r—

where the notation d(-,M) stands for the distance to the set M in X x E, it slightly
extends the definition of tangent cone as used in [12].

Assume that to any (y,u) € M there are associated bounded linear operators Ay, €
L(X,Y) and Cy, € L(E,Y) such that the following hypotheses hold:

(Hy) If (y,u) € M, z € D(A) and w € D(C) satisfy
Az+Cw =Ay,z+Cy,w, (26.5)
then (z,w) € T(, ,)M.
(H») Either the range R(C — Cy,,) of the linear operator C — Cy,,, is closed in ¥ and
R(A—-A,,) CR(C-Cy.), (26.6)
or the range R(A —A,,) of the linear operator A — A, , is closed in ¥ and
R(C—Cyy) CR(A—-A,,). (26.7)
‘We now state our main abstract result.

Theorem 26.1. Let (y,u) be a (locally) optimal solution of problem (P). Then, un-
der assumptions (H,) and (H,), there exists

P €D(A*)ND(CY) (26.8)

such that
(A=A52)"P,(C—Gyz)'p) € 0D(3,7). (26.9)

If @ is regular at (y,u) (in the sense of Clarke [7]), then (26.9) implies
(A=Ayz)"P,(C—Cya)'P) € P(y,u) x 0, P(y,u). (26.10)

Remark 26.2. The conclusion of Theorem 26.1 remains valid if assumptions (H)
and (H,) are satisfied only for (y,u) = (¥,%), as seen from the proof of Theorem
26.1.

The proof of Theorem 26.1 is given in Section 26.3.
For making consistent the applicability of Theorem 26.1, we indicate a verifiable
sufficient condition ensuring the existence of optimal solutions (y,%).
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Proposition 26.3. Assume the Banach spaces X, E are reflexive and

(i) the set M in (1) is bounded or @ is coercive on M, i.e., ®(y,u) — +o as
(3 0) | — o= with (y,u0) € M;

(ii) the set M is sequentially weakly closed in X X E, i.e., if (yu,un) — (y,u) weakly
in X X E with (yn,un) € M then (y,u) € M;

(iii) @ is sequentially weakly l.s.c. on M, i.e., if (yn,u,) — (y,u) weakly in X X E
and (yn,un) € M, one has ®@(y,u) < liminf,_... @(y,,uy).

Then problem (P) admits an optimal solution.

Proof. Let {(yn,un)} C M be a minimizing sequence for (P). Then condition (i)
ensures that {(yy,u,)} is bounded in X x E. The reflexivity of X and E guarantees
that along a relabeled subsequence we have (y,,u,) — (¥,%) weakly in X x E, with
some (¥,%) € X x E. By (ii) it is known that (¥,u) € M. According to (iii), one
gets @(y,u) < ligllinf D(y,,uy,), from which we conclude that (¥,%) is an optimal

solution. 0O

Remark 26.4. Necessary optimality conditions for a general constrained minimiza-
tion problem which is based on an idea close to the method developed here can be
found in [11]. In the current paper, working on a product space, we derive necessary
conditions of optimality that take into account in a distinguished way each one of
the involved variables. This permits us to study problems where the variables play
different parts, for instance to describe the state and the control of a system with
optimum criteria. Section 26.4 presents an application in this direction. The ap-
proach can be extended to establish necessary optimality conditions for set-valued
optimization problems on a product space (see [5], [10]) by means of contingent epi-
derivative of the vector-valued objective function which offers a kind of substitute
for the generalized gradient in Theorem 26.1. We refer to [9] for various optimiza-
tion models and applications.

26.3 Proof of Theorem 26.1

Let (z,w) € D(A) x D(C) satisfy (26.5) with (y,u) = (y,u). Assumption (H;) en-
sures that (z,w) € T 7M. By (26.4), we know there exist sequences {z,} C R and
{(pn,qn)} C X x E such that

t, — 0" in R, p, — O strongly in X, ¢, — O strongly in E as n — oo

and
(V+ta(z+pn) u+ta(w+qn) €M Vn=>1.

The optimality of (¥,%) implies

DO +ty(z+pn),ui+t(w+gn)) > PF,u) Yn>1.
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Letting n — oo yields

. 1 _ _ L
0 <limsup — [@(F+t,(z+ pp), i+ ta(W+qn)) — (5, 1)]

oo In

. 1 _ _ _ _
< thUp f[d)()"f'tn(z'f'pn)a M+tn(W+Qn>) - q)(y+t11pn>u+tnq;1)]

n—o0 n

. 1, _ _
+ limsup t—[(D(y—i—tnpn, U+ tagn) — D3, 0)].

n—eo n

Denoting by L the Lipschitz constant of @ near (y,#) and using the definition of
generalized directional derivative @Y (see [7], p. 25), one obtains

0 < @°(F,w:2,w) + L Iim || (P, qu)l| = @°(5.7:2,w).

Since this holds for all (z,w) € D(A) x D(C) satisfying (26.5) with (y,u) = (3,u),
applying Lemma 1 in [2] there exists (§,7) € 0@ (¥,u) C X* x E* such that

(§.2)xs x +(N.w)p=p =0 (26.11)

whenever (z,w) € D(A) x D(C) verifies (26.5) with (y,u) = (,%).
Let us make a choice in (H>) supposing that the range R(C — Cy ) is closed in Y
and inclusion (26.6) is fulfilled. The case of (26.7) can be handled in a similar man-

ner. Setting z = 01in (26.11) gives (n,w)g: g = 0 for all w € D(C) with Cw = Cyzw
because, for such an element w, the pair (0, w) verifies (26.5). This is equivalent to

neNC—Ga), (26.12)

where the notation N(T') stands for the null-space of the linear operator 7. Since,
by hypothesis, R(C — Cy ) is closed in Y, we have the orthogonality relation

(N(C—Cyz)" =R((C—Cya)")
(see, e.g., [6, Theorem II.18]). Then we deduce from (26.12) that
neR(C—Ga)").

So there exists an element p € D(C*) C Y* such that 1 = (C —Cy5)*p. Then (26.11)
leads to

(&,2)xx +(P,Cw—Cyaw)y=y =0 (26.13)

for all (z,w) € D(A) x D(C) verifying (26.5) with (y,u) = (,%).
In view of (26.6), for every z € D(A) there exists w € D(C) satisfying

(A=A5z)z=(C—Cyz)(—w).

Then (26.13) allows to write
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(€, 2)xx = (D, Az— Ay )y y

for all z € D(A). Using the density of D(A) in X, we derive that p € D(A*) C X*
and & = (A — Ayz)*p. Consequently, the assertions expressed in (26.8) and (26.9)
are proved. Finally, assuming the regularity for @ at (y,%), property (26.10) follows
from (26.9). The proof is thus complete.

26.4 An Application

Consider a bounded domain Q in RN with a C' boundary 9. For a later use
we denote by || the Lebesgue measure of Q. Let f; : Q xR - R, i=1,...,m,
be Carathéodory functions (i.e., fi(-,¢) : 2 — R is measurable for all 7 € R and
fi(x,-) : R — R s continuous for a.a. x € ). Assume that, for every i = 1,...,m, the
partial derivative %(x,t) of f; with respect to the second variable ¢ € R exists, is a
Carathéodory function and verifies

d2fi

y(x,tﬂ <co Y(x,t)€Q xR, (26.14)
with a constant ¢g > 0. In particular, we have that for a.a. x € €2 and for each i =
1,...,m, the function f(x,-) is Lipschitz continuous. Admit further that f;(-,0) €
L'(Q)foralli=1,...,m.

Let g: 2 x R — R be a function satisfying the requirements: g(+,#) is measurable

on Q for all t € R, g(-,0) € L*(Q2), g(x,) is locally Lipschitz on R for a.a. x € Q
and its generalized gradient dg(x,-) verifies the growth condition

[C|<ci(1+]t]) VEe€dg(x,r) (26.15)

for almost all x € €2 and for all ¥ € R, where ¢ is a positive constant.
Given the numbers a > 0 and b > 0, we state the optimal control problem:

(P) Minimize (locally) | fo g(x.y(x))dx+ 8|11 )+ Hlla g |

(v,u) € (H}(Q)NH*(Q)) x L*(Q),
subject to{ there exist numbers g; € [0,a],i=1,...,m, such that
—Ay(x) +u(x) =X", &fi(x,y(x)) forae. x€ Q.

Here the Laplacian A is regarded as an unbounded linear operator on the space
L*(Q) with domain H} () NH?(Q).

We point out that problem (P) is a particular case of the statement in (P) for the
following choices:
X=Y=E=1*Q),

A=—A with D(A)=Hy(Q)NH*(Q), C=idpq),
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B(y,u) :={v € L*(Q) : there are numbers &, ..., &, € [0,d]

such that v = Ze,-ﬁ(x,y) ae x€Q},
i=1

=

and b |
_ D2 L2
) = [ gy ()3 g + 5 Il q)

for all (y,u) € L*(Q2) x L*(Q).

Clearly, the mappings A and C as defined above are closed linear operators
with dense domains, and from condition (26.15) it follows that the functional
@ : [*(Q) x L*(Q) — R is Lipschitz continuous on bounded subsets. Lebourg’s
mean value theorem (see, e.g., [7], p. 41) ensures that for a.a. x € €2 and any r € R
there is § € dg(x,t) such that g(x,¢) = g(x,0) + {z. This, in conjunction with (26.15)
and the fact that g(-,0) € L™(£2), yields that there is a constant & > 0 such that

lg(x,)] <& (1+1%) on Q x R. (26.16)
We first discuss the existence of optimal pairs for problem (P).

Proposition 26.5. If b is sufficiently large, namely b > 2¢| with the constant ¢| in
(26.16), there exists an optimal solution (y,1) for problem (P).

Proof. The functional @ is coercive on L?(Q) x L?(Q2) as seen from (26.16) and
the estimate

b 1 ~
D) > (5~ 1) Va5 iy~ @121 V) € Q) < L2(2).
So assumption (i) of Proposition 26.3 holds true.

Let a sequence {(y,un)} C (HH(Q)NH?*(Q)) x L*(Q) satisfy y, — y weakly
in L?(Q), u, — u weakly in L?>(£2) and

— Ayn(x) +up(x) = ie}’fi(x,yn(x)) ae x e, (26.17)
i=1

with numbers €' € [0,a], i = 1,...,m. We deduce from (26.14) that
IfiCa )] < |fi(x,0)| +colt] forae.xeQ, VreR.

Then, for each i = 1, ..., m, the sequence f;(-,y,) is bounded in L?(£). The compact-
ness of (—A)~!: L?(Q) — L*(Q) and equality (26.17) ensure, up to a subsequence,
that y, — y strongly in L?(£2). Due to (26.14) we have f;(-,y,) — fi(-,y) strongly in
L*(Q) (see, e.g., [4], p. 16) for i = 1,...,m. We may suppose that &' — & as n — oo,
with some ¢ € [0,a] fori = 1,...,m. We get

m
& fi(x,y) weakly in L*(Q).

m
—Up + zginﬁ<'7yn) — —u+
i=1

i= i=1
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Since —A is a closed linear operator, from (26.17) we infer that condition (i) of
Proposition 26.3 is satisfied.

It remains to justify (iii) of Proposition 26.3. Let a sequence {(y,,u,)} satisfy
yn — y weakly in L?(Q), u, — u weakly in L?>(£) and equality (26.17). We have
already shown that along a relabeled subsequence one has y, — y strongly in L?(Q),
with y € H} () NH?(£2), and that there exist numbers & € [0,a],i = 1,...,m, such
that

—Ay(x) ZS,f,xy )) forae.x€ Q.

This means that (y,u) is an admissible pair for problem (P), which means that
(y,u) € M with M introduced in (26.1). The growth relation obtained in (26.16)
and the convergence y, — y strongly in L?(Q) imply that g(-,y,) — g(-,y) strongly
in L'(Q). We are led to @(y,u) < liminf, .. ®@(y,,u,), which represents just as-
sumption (i) of Proposition 26.3. The application of Proposition 26.3 completes
the proof.

We now present a necessary condition of optimality for problem (P).

Theorem 26.6. If (y,u) € L>(Q) x L*() is an optimal solution for problem (P),
then'y,u € H} (2) N H?(2) and there are numbers €y, ...,y € [0,a] such that

—Ay+u= isﬁfi(x?y(x)) fora.e x e Q, (26.18)

i=1
and

— Al — Ze, y)u € dg(-,y) +by fora.e xc Q. (26.19)

Proof. Smce (3,7) € L*(Q) x L*(R) is an admissible pair, there exist numbers
€1,.. € [0,a] such that (26.18) holds. Under hypothesis (26.14), the mapping
from Lz(.Q) to L2(Q) given by y — fi(-,y) (i = 1,...,m) is Gateaux differentiable
and its differential at y is the map v € L*(Q) = 9. fi(-,y)v € L*(Q) (see, e.g., Am-
brosetti and Prodi [4], p. 19). Given (y,u) € (H}(2) NH?(£2)) x L*(£2) such that
there exist numbers €; € [0,a], i = 1,...,m, with

—Ay(x) ZS,f, x,y(x)) forae. x € Q, (26.20)

i=
we define the linear bounded operators Ay, Cy,, € L(L*(Q2),L*(R2)) by

Ayuz= Ze, f, )z VzeL}(Q) (26.21)

(so, in (26.21), A,, is the Gateaux differential of the mapping y € L*(Q)
Srefi(,y) € L2(Q) aty € L*(2)) and Cy, = 0.
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Let (z,w) € (H} (2)NH?(Q)) x L*() fulfill
d
—Az+w= Zel f, - y)z forae. x € Q.

For every s > 0 and a.e. x € Q we have

d
—A(y+52)(x) + (u(x) +sw(x Z & | filx,y(x)) 55 filx,y(x))z(x) | -
This can be equivalently expressed as follows:

—A(y+sz)+ (w+s(w+q(s) ZE,f, ,y+s2),
i=1

where

Zsl (Y +sz) = ﬁ(-,y))*%fi(ny)z

According to the Gateaux differentiability of the Nemytskij operator y € L*()
fi(,y) € L*(Q) for i = 1,...,m, we have that g(s) — 0 in L?(Q) as s — 0F. It turns
out that assumption (H;) holds with an arbitrary sequence t, — 0" and p, = 0,
gn = q(tn).

Notice that assumption (H,) is automatically verified since R(C — Cy,,) = L*(£2)
for all (y,u) € L*>(Q) x L*(Q) satisfying (26.20). We are thus in a position to apply
Theorem 26.1. Then there exist p € D(A*) = H} (Q) N H*(L) (see (26.8) and be-
cause the linear operator A is self-adjoint) such that relation (26.9) is valid. Writing
down (26.9) readily shows that p = %, thereby we obtain & € H} () NH?(£2). On
the basis of (26.9) and (26.21) we find that

Augagtﬁ(-,y)u € (/Q g(x,~)dx> (3) + 3.

Now it suffices to apply the Aubin—Clarke theorem (see [7], p. 83) to conclude that
(26.19) is true. This completes the proof. 0O

Remark 26.7. Denote by A; the first eigenvalue of —A on H} (£2) and assume in
addition that the constant ¢g in (26.14) satisfies

M
co < —.
ma

Then the Lax-Milgram theorem applied on H{} (€2) shows that, for every y € L?(£2),
the linear operator on L?(£2) given by

< _d
Wi —Aw— Zgigfl‘('vy)wa
i=1



440 D. Motreanu

with domain H}(€2) N H?(£2) has a continuous inverse on L?(£2). This enables us
to solve the inclusion in (26.19) obtaining explicitly the optimal control

e (—-A- igi%fi('aﬁ)il (dg(-,y) +by) ae.in Q.

i=1
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Chapter 27

On Variational Inequalities Involving Mappings
of Type (S)

Dan Pascali

Dedicated to the memory of Professor George Isac

Abstract Variational inequalities can be converted into inclusions defined by a sum
between a mapping of monotone type and a subdifferential. In our case, a topo-
logical approach of variational inequalities is based on a degree function for a (S)-
operator F' with maximal monotone perturbations 7. The paper surveys some new
advances on topological degree in the case F + T, removing the condition 0 € T (0).
In this way, the main difficulty is to determine the admissible homotopies. A graph
homotopy for maximal monotone mappings is introduced. Finally, we mention some
recent references regarding the related fixed point index.

27.1 Main Results

Let X be a real reflexive separable Banach space with dual space X*. We denote by
(+,+) : X* x X R their duality. Let K be a nonempty closed convex subset of X and
A : X — X" a monotone-like (possibly, nonlinear and multivalued) mapping. For an
element f € X*, the problem of finding an element # € K such that

(Au—f,v—u) >0, Vv eK, (27.1)

is called a variational inequality VI (A, f,K). More generally, if ¢ : X — RU {4}
is a convex lower semicontinuous function and D (@) = {x € X | ¢ (x) < oo} its ef-
fective domain, then finding an element u € D (@) satisfying

(Au—fv—u)y+ou)—((v)>0,WweD(p) (27.2)
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determines also a variational inequality VI (A, f, ¢). We note that (27.2) reduces to
(27.1) when ¢ is replaced by the indicator function of K, i.e.,

IK(x):{O forx € X,
+oo otherwise.
Moreover, D (@) =K and K # @ < @ # +oo, K closed < @ l.s.c. and K convex <
@ convex.

Recall that for a proper ls.c. function @ : X — RU {+4oo}, the subdifferential
d¢ : X — 2X" was introduced by

99 (x) ={he X" [(hy—x) <@(y)—@(x), Vy e X}, (27.3)

which is a pattern of the maximal monotone (multivalued) mapping. In particular, if
I is the indicator function of a convex subset K of X, then

Nk (x) =9Ik (x) ={g € X" | (g,y—x) <0, Vy € K}

is called normal cone of K at x. We mention also that D (d¢) = D (¢) holds.

According to the subgradient inequality (27.3), the variational inequality (27.2)
is equivalent with the inclusion

feAu+do(u) (27.4)
and, in particular, the variational inequality (27.1) is equivalent with
f€Au+ Nk (u). (27.5)

Based on these equivalences, we approach the construction of a topological de-
gree for variational inequalities as a topological degree for (S)-perturbations of mul-
tivalued maximal monotone mappings.

We denote by “—” and “—” the strong and weak convergence, respectively. We
introduce the maps of monotone type only in the case of single-valued operators
A:D(A) C X — X*, which is enough in what follows. Thus, A is called monotone
if (Ax —Ay,x—y) > 0forall x,y € D(A), while the operator A is of type (S), if each
sequence {x,} C D (A) with x,, — xo for which

limsup{Ax,,x, —x0) <0 (27.6)

is in fact strongly convergent to xo € D (A). In turn, A is called pseudomonotone
if for any sequence {x,} C D(A) with x,, — xo, such the inequality (27.6) holds, it
follows that (Ax,,x,) — (Axp,xo) and Ax, — Axo in X*. Finally, A is quasimono-
tone if lim sup(Ax,, x, — xo > 0 for any sequence {x,} C D (A) with x, — xo. When
all mappings are demicontinuous and bounded, we have with obvious notations the
inclusions (S) C (PM) C (QM). Moreover, the class (S) is stable under quasimono-
tone perturbations [20], i.e.,
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($)+ (M) = (S).

The simplest example of a topological degree for variational inequalities is re-
ferred to an hemicontinuous operator A : X — X*, strongly monotone, i.e., there is
o > 0 so that

(Ax—Ay7x—y>ZO£Hx—y||2, Vx7y€X7

and a proper, convex, L.s.c. function @ : X — RU {4}, [9]. Clearly, A so defined
is of rype (S). Then the mapping ITy ¢ : X* — D (¢) which associated to f € X* the
unique solutions of the variational inequality (27.2) is well-defined and satisfies

1TTap (1) =g (F) | < @ If = Fl. ¥F S eX™.

Moreover, let F : X — X* be a compact operator [22]. Then the finding u € D (¢)
satisfying the variational inequality

(Au—F (u),v—u)+o(v)—¢@(u) >0, YweD(p) (27.7)
is equivalent to the fixed point problem of finding u € D (¢) such that
u=1Tly ¢ (F (u)).

Provided that the variational inequality (27.7) does not admit solutions such that
||ue|]| = r, for some r > 0, the integer

deg (Ix — I 4 (F (-)),B(0,r),0)

is well-defined. Indeed, the mapping Iy 4 (F (-)) is compact as the composite of
a compact operator F (-) and a continuous one ITy 4 (-). Therefore, the topological
degree is assigned in the Leray—Schauder sense.

Without loss of generality, due to the Lindenstrauss—Asplund—Troyanskii results
(see [21], pp. 4), we assume in the sequel that both X and X* are locally uniform
convex. Then, the (normalized) duality map J : X — X* given by

* 2 2
Ie={fex | (£.0) =wl> = I£1°}
is single-valued, bijective, bicontinuous, maximal and strictly monotone operator of
type (S).

Let & be the class of bounded open subsets of X. For a given Q2 € ¢, we define
the (S)-admissible class

Ao (S)={A:Q — X*|A € (S), bounded and demicontinuous }

and the (S)-admissible homotopies
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Ho () ={H,: Q — X*,1 €[0,1] | H, bounded homotopy of type ()},

where H; is said to be a bounded homotopy of type (S) if for any sequences

{xn} CQ, x, ~xinX,
{t.} C[0,1], t, — t with
limsup <Ht,, (-xn)7 Xn _x> <0,

it follows that x, — x in X and H;, (x,) — H; (x) in X*.

Using an elliptic super-regularization method, J. Berkovits and V. Mustonen [3],
[6], extended the degree to the (S)-admissible class <7 (S). This new topological
degree degg verifies the classical axioms: existence of solution, additivity with re-
spect to the domain, invariance under homotopies .7, (S) and normalization map
J : X — X*. The (S)-degree was recently enlarged to mappings in nonreflexive Ba-
nach spaces [24].

More general, let 2X" be the collection of all nonempty subsets of X*. For a
multimap 7 : X — 2X" we denote the domain D (T) = {x € X | Tx # @}, the range
R(T)={x*e€X*|x* € Tx,x € D(T)} and the graph G(T) =D (T) xR(T).

We say that T : D (T) C X + 2X" is monotone if

<f_g7x_y>207 V)@yGD(T),fGTu,gGTy,

and maximal monotone if it does not admit a monotone extension in X x X*. Clearly,
the inverse multimap 7' : R(T) 2% is maximal monotone if and only if T is so.

If we identify X with X** by reflexivity, the inverse J~! : X* — X is the dual map
of the dual space X*. We use the following maximality criterion:

Lemma 27.1. ([21], p. 123). Let T : D(T) C X 2X" be monotone. Then T is
maximal monotone if and only if T 4+ AJ is surjective for all A > 0.

Now, to any maximal monotone multimap 7 : D(T) C X +— 2X" we associated
the family of Yosida transformations

o= (T"+27") ", A>o.

By Lemma 27.1, D(T;) = X, and we easily see that Tj : X — X* is single-valued.
More precisely, we have

Lemma 27.2. ([7]). Let T : D(T) C X 2X" be a maximal monotone, with 0 €
T(0), andA:D(A) C X — X* a (single-valued) bounded, demicontinuous operator
of type (S).

a) Then T), = (T’l —|—AJ’1)71 : X — X* is bounded, continuous, maximal mono-
tone (in particular, pseudomonotone) for all A > 0. o

b) Assume that g ¢ (T +A)(o@ND(T)), where @ C D(A) is a closed subset.
Then there exists Ay > 0 such that g ¢ (T +A) (@) for all 0 < A < A.



27 On Variational Inequalities Involving Mappings of Type (S) 445

The properties of continuity and pseudomonotonicity type of Yosida transforma-
tion 7) are recently specified in [6].

Lemma 27.3. Let A, — A > 0 and x, — x in X. Then T) x, — Tyx in X*.
Lemma 27.4. Assume that A, — A > 0 and x,, — x in X and

limsup (T, x4, %, —x) < 0.
Then (T, xn,xn) — (Tyx,x) and Ty, x, — Tyx in X*.

With these prerequisites, we can state the precise meaning of a new extension of
topological degree of type (S). Let T : D(T) C X — 2X" be a maximal monotone,
with 0 € T (0), A € %, (S) a single-valued perturbation, where 2 is a given open
bounded subset of X, and g ¢ (T +A) (dQ2ND(T)). According to b) in Lemma 27.2
for @ = dQ, there exists Ay > 0 such that g ¢ (T, +A) (dQ) forall 0 < A < Ag. If
0 <A < Ay < Ag are fixed, then @ (A,x) = Tyx +Ax, x € Q, A} < A < A defines a
bounded homotopy of type (S). Consequently, the S-degree [20], ds (O (A,-),2,g)
makes sense and remains constant for all A € [A1, 4], that is,

ds (@ (A1,-),Q2,8) =ds (O (A2,-),92,8).

Thus, it is relevant to consider this common value of ds (7), + A, €2, g) to define
another topological degree for the sum A+ 7 as

d(T+A.Q.8)= lim ds(T; +A,Q.g). (27.8)

We discuss now how the integer valued function defined by (27.8) satisfies the
properties of a degree function.

(A) Existence of solution: If f ¢ (A+T)(Q), it follows from Lemma 27.2,
b), that f ¢ (T +A) () for all 0 < A < Ag. But degs (T} +A,Q,f) =0 for
all 0 < A < Ag yields d (T +A,Q, f) = 0. Therefore, d (T +A,Q, f) # 0 implies
FeA+1)(@Q).

(B) Additivity with respect to the domain: If €21 and €2, are open disjoint subsets
of Q such that 0 ¢ (T +A) (2\ (2 U£,)), then

d(T+A,Q,0)=d(T+A,Q2,,0)+d(T+A,2,,0).

We use Lemma 27.2, b), with @ = Q \ (2; U£2,) and the additivity property of ds.

(C) Normalization: d (J,Q,g) = 1 forall g € J(Q).

The properties (A)—(C) follow from the same relationships for the (§)-degree.
Because the new degree function acts on a sum of two different kinds of mappings,
a detailed discussion of the meaning of admissible homotopy is required.

For simplicity, we can identify further a multimap 7 : X — 2%~ with its graph and
consider {7; | € [0,1]} a family maximal monotone multimaps 7; : X ~— 2X" whose
domains are nonempty. Owing to the invariance of monotonicity under translations,
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in the Browder’s construction [7] of a degree for the sum T + A, the restrictions
0 € T(0) and 0 € T; (0) were required. It was remarked ([16], Example 1.10) that
these conditions are not fulfilled in the case of variational inequalities in the form
(27.1), where K is nonsymmetric with respect to origin.

This is why we consider more general homotopies and relax the Browder re-
strictions. The family of maximal monotone multimaps {7; |z € [0,1]} is called a
maximal monotone homotopy, if for any (x,f) € G(T;) and a sequence f, — ¢ in
[0,1], there exists a sequence (X, f,) € G(T;,) such that x, — x and f, — f. The
collection of such homotopies for various 2 in & will be denoted by ¢ (MM).

For all > 0 we define 7; ; = (Tf] +7U71)_1-

Theorem 27.5. [16] Let X be a real reflexive Banach space, a family H; : Q +— X*
of bounded homotopies of type (S), a family T; : X — 2X of maximal mono-
tone homotopies and a continuous curve {g(t) |t € [0,1]} in X* such that g(t) ¢
(H, +T;) (0Q), for all t € [0,1]. Then there exists A > 0 such that

2(t) ¢ (H+T,,)(0Q) forall Ae (O,I] L 1e(0,1],

and dgs (H; + T, 3,82, (1)) is independent of t and A.

We are in position to complete the list of properties of the new topological degree
defined by (27.8).

(D) Homotopy invariance: Let {H;|t € [0,1]} be a family of homotopies in
0 (S), {T; |0 <t < 1} a family of homotopies in 7 (MM), and {g (¢) |7 € [0, 1]}
a continuous curve in X* such that g(¢) ¢ (H,+1;) (dQ) for all € [0,1]. Then
d(H;+T;,Q,g(t)) is constant for all 7 € [0, 1].

We have obtained an extension of the Browder degree given in [16] which in-
cludes the case T' = Nk, where Nk is a normal cone of a closed convex subset K of
X. This degree for the sum A + Nk corresponds to variational inequalities converted
into inclusions (27.5). Moreover, it was proved [5], [16], [10] that the above degree
is uniquely defined.

In a discussion about the homotopy invariance, the class of admissible homo-
topies must includes an affine homotopy between A and A,, that is,

A =(1—1)A1+1Ay, A, Ay edn(S), 0<r<l,

which are simple examples and important in applications. In order that an homo-
topy of the form (1 —1) (A; +T) +tA; be included in the frame of invariance (D),
it is necessary that D (T) = X, see [17].

With regard to the the existence of a solution, we can consider a more general
fixed point index. Denote, for simplicity, F =T +A : X — X and say that a €
D(F) is an isolated zero of F if there is an open ball B(a,r,) in X of center a
and radius r, so that F~! (0) N B(a,r,) = {a}. Using the excision property of the
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degree, d (F,B(a,r),0) does not depend on r € (0,r,). This justifies the definition
of the fixed point index of F at a as integer

ind (F,a) =d(F,B(a,r),0)=d (T +A,B(a,r),0) =ind (T +A,a),

for r sufficiently small, where d (T 4+ A, B(a,r),0) is the topological degree con-
structed above. Roughly speaking, for a bounded open subset 2 C X and

F10)={a,a,...,an}, a;€D(F)NQ, j=1,2,...,m,

we have

m
deg(F,Q,0) =Y ind (F,a;).
=1

The properties of the fixed point index as the solution condition, additivity, in-
variance under admissible homotopies and normalization are inherited from those
of origin topological degree. In addition, the index is related to the spectral theory
of a linearized mapping and its computation provides information about solvability,
estimates for the number of solutions and bifurcation of solutions [19]. A complete
survey of classical theory of the fixed point index can be found in [25].

In the past decade, important progress is due to A.G. Kartsatos and I.V. Skrypnik
[14]. In the above designated framework, they considered a class of operators A :
D (A) C X — X* of type (S) with respect to a dense subspace L of X such that L = X.
We denote this class (S),. Using finite-dimensional Galerkin procedures, a degree
is defined for the sum A + T, where T : X — 2% " is a maximal monotone multimap,
with 0 € T (0). In [4], [1], [11], an alternative construction combines the Leray—
Schauder degree with the Browder—Ton method of elliptic super-regularization. In
addition, using a new notion of linearization, appropriate to the perturbations of rype
(8);- A.G. Kartsatos and L.V. Skrypnik [15] calculated the index of an isolated point
of such a map.

In the same context, I. Benedetti and V. Obukhovskii [2] studied recently the
index of solvability as a similar topological characteristic, whose difference from
zero provides the existence of a solution for variational inequalities.

Related to the degree-theoretic approach of A. Szulkin [22], it is worth noting
a recent advance in the study of existence of non-zero solutions to variational in-
equalities has been made, by using the fixed point index theory in the case of the
contractive mappings [18], [23], [26].

Chapter 9 of G. Isac’s book [12] contains a competent survey of the mappings
of type (§), a good substitute of compactness in proving the existence results for
nonlinear problems. In addition, the operators of type (S)! in the case of unbounded
maps are studied. The class of (S)!-operators was introduced by G. Isac and M.S.
Gowda [13] in the study of complementary problems. An extension of notion of
(S)!-operator to multivalued mappings has been used by P. Cubiotti and J.C. Yao
[8] to investigate generalized variational inequalities.
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Chapter 28

Completely Generalized Co-complementarity
Problems Involving p-Relaxed Accretive
Operators with Fuzzy Mappings

Abul Hasan Siddiqi and Syed Shakaib Irfan

Dedicated to the memory of Professor George Isac

Abstract In the current work, we introduce and study completely generalized co-
complementarity problems for fuzzy mappings (for short, CGCCPFM). By using
the definitions of p-relaxed accretive and p-strongly accretive mappings, we propose
an iterative algorithm for computing the approximate solutions of CGCCPFM. We
prove that approximate solutions obtained by the proposed algorithm converge to
the exact solutions of CGCCPFM.

28.1 Introduction

Due to the applications in areas such as optimization theory, structural engineer-
ing, mechanics, elasticity, lubrication theory, economics, equilibrium theory on
networks, stochastic optimal control, etc., the complementarity problem is one of
the interesting and important problems and was introduced by G. E. Lemke in
1964, but Cottle [5] and Cottle and Dantzig [6] formally defined the linear com-
plementarity problem and called it the fundamental problem. In recent years, it
has been generalized and extended to many different directions, see, for example,
[1,3,7,8,9, 10, 12, 15, 16, 17] and references therein.

Inspired and motivated by the recent research work going on in this field, we
consider in this paper the completely generalized co-complementarity problems for
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fuzzy mappings (for short, CGCCPFM). By using the definitions of p-relaxed ac-
cretive and p-strongly accretive mappings, we propose an iterative algorithm for
computing the approximate solutions of CGCCPFM. We prove that approximate
solutions obtained by the proposed algorithm converge to the exact solutions of
CGCCPFM. Our results are new and represent a significant improvement of previ-
ously known results.

28.2 Background of Problem Formulation

Let E be real Banach space equipped with norm ||.||, E* the topological dual space
of E,(.,.) the dual pairing between E and E*, and CB(E) the family of all nonempty
closed and bounded subset of E; (., .) is the Hausdorff metric on CB(E) defined
by

x€A yEB

(A, B) = max {supd(x,B),supd(A,y)} , A,B€CB(E)

where d(x,B) = inf,epd(x,y) and d(A,y) = infyead(x,y) and J, : E — 2F" is the
generalized duality mapping defined by

Ty {f* € E*: (e, f%) = || lIx]l and [|£*]| = [|x]|P~ '} ¥ x € E,

where 1 < p < e is a constant. In particular, J, is the usual normalized duality
mapping. It is known that, in general, J,(x) = ||x||?~'J2(x), for all x # 0 and J,, is
single-valued if E* is strictly convex. If £ = H is a Hilbert space, then J, becomes
the identity mapping on H.

Definition 28.1. Let E be a real Banach space and K be a nonempty subset of E.
Then a multivalued mapping T : K — 2F is said to be

(i) accretive if for any x,y € K,u € T(x) and v € T(y) there exists jo(x —y) €
Jo(x—y) such that
(u—=v, jo(x=y)) 20,

or equivalently, there exists j,(x —y) € J,(x—y), 1 < p < oo such that
<M - Vyjp(x_Y)> Z O’

(if) strongly accretive if for any x,y € K,u € T(x),v € T (y) there exist jr(x—y) €
Jo(x—y) and a constant k > 0 such that

(u—v, p(x=y)) = kllx =yl
or equivalently, there exists j,(x —y) € J,(x—y), 1 < p < o such that

(u=v,jp) = kllx=y".
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In 1967, Browder [4] and Kato [13] introduced independently the concept of
single-valued accretive mappings. An early fundamental result in the theory of ac-
cretive mappings which is due to Browder states that the following initial value
problem,

du(r)
dt
is solvable if T is locally Lipschitzian and accretive on E.

Now let . (E) be a collection of all fuzzy sets over E. A mapping F : E — .7 (E)
is said to be fuzzy mapping. For each x € E, F(x) (denote it by F,, in the sequel) is
a fuzzy set on E and F,(y) is the membership function of y in F,.

A fuzzy mapping F : E — % (E) is said to be closed if for each x € E, the function
y — Fx(y) is upper semi-continuous, i.e., for any given net {y,} C E satisfying
Yo — Yo € E, lim sup,Fi(ya) < Fx(vo).

ForA € Z(E) and A € [0,1], the set (A);, ={x€ E: A, > A} is called a A-cut
set of A.

A closed fuzzy mapping A : E — .Z (E) is said to satisfy the condition (x) if
there exists a function a : E — [0, 1] such that for each x € E, (A,)(x) is a nonempty
bounded subset of E. It is clear that if A is a closed fuzzy mapping satisfying the
condition (), then for each x € E, the set (Ay),(,) € CB(E).

In fact, let {yg }aer C (Ax)q(y) be a net and yo — yo € E. Then (Ay)yq > a(x)
for each o € I'. Since A is closed, we have

+ Tu(t) = 0,u(0) = uop,

(Ax)(v0) = lim supyerAc(ya) > a(x).

This implies that yo € (Ax)a(x) and 50 (Ay)q () € CB(x).

Let F,G,H,T : E — % (E) be closed fuzzy mappings satisfying condition (x).
Then there exist functions a,b,c,d : E — [0, 1] such that for each x € E, we have
(Fe)a(x)s (Gx)p(x)> (Hx)ex)s (Tx)a(x) € CB(E). Therefore we can define multi-valued
mappings F,G,H,T : E — CB(E) by F(x) = (Fi)a(x);G(x) = (Gy)pn), H(x) =
(Hy)e(x)» Tix) = (Ti)a(x) for each x € E. In the sequel, F,G,H and T are called the
multi-valued mappings induced by the fuzzy mappings F, G, H, and T, respectively.

Let N:EXEXE — E and f,g,h,t,m: E — E be single-valued mappings. Let
F.G,H,T : E — .7 (E) be fuzzy mappings. Let a,b,c,d : E — [0, 1] be given func-
tions and X be a fixed closed convex cone of E. Define K : E — 2F by

K(z)=m(z)+XVx€E, zeT(x).

We consider the following completely generalized co-complementarity problem with
fuzzy mappings (CGCCPFM):

Find x,u,v,w,z € E such that
Fi(u) > a(x), G.(v) > b(x),
Hy(w) > c(x),Ti(z) > d(x),g(x
N(f(u),h(v),t(w)) € J(K(z) — g(X))*

where J(K(z) — g(x))* is the dual cone of the set J(K(z) — g(x)).

(CGCCPFM)

~—
m

/\
lal

~—
o
=
o
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We remark that for suitable choices of F,G,H,T, f,g,h,t,m, and N, (CGC-
CPFM) reduces to various new as well as known classes of complementarity prob-
lems and variational inequalities (e.g., [7, 11, 12, 15, 16] and the references therein).

28.3 The Characterization of Problem and Solutions

In this section, we consider some basic concepts and results, which will be used
throughout the paper. The modulus of smoothness of real Banach space E is the
function pg : [0,00) — [0,00) defined by

[+ I+ [Ix =l
pie() = sup { L2 a1, g = .
A Banach space E is called uniformly smooth if
tim P2 g,
t—0 T

E is called p-uniformly smooth if there exists a constant ¢ > 0 such that
pe(T) <ct?, forp > 1.
Note that J, is single-valued if E is uniformly smooth.

Remark 28.2. It is known that all Hilbert spaces and Banach spaces L,;/, and
W (1 < p < o) are uniformly smooth and

ST 1<p<2
Pe(T) < (E=Ly,1,or W)
bRt p<2.

Therefore E is a p-uniformly smooth Banach space with modulus of smoothness
of power type p < 1 and J,, will always represent the single-valued mapping.

Definition 28.3. [2] Let E be a p-uniformly smooth Banach space and let €2 be a
nonempty closed convex subset of E. A mapping Qg : E — (2 is said to be

. . o .
Q) retraction on Q if Q¢, = ,QQ’
(i) nonexpansive retraction if

1Qa(x) = Qo) < [lx=yl;  Vxyek,

(iii)  sunny retraction

00(Qa(x)+t(x—00(x)))=0a(x) Vx,y€E, € (—oo,o00).
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Lemma 28.4. [2] Q¢ is sunny nonexpansive retraction if and only if

(x—05,J(Qa(x—y))) >0, VxycE.

Lemma 28.5. Let E be a real Banach space and J, : E — 2" 1 < p < oo be the
duality mapping. Then for any x,y € E,

xylIP < xllP 4+ pyhjp(x ) Vijplx+y) € Jplx+y).

Theorem 28.6. [2] Let E be a real Banach space, €2 a nonempty closed convex
subset of E, and m : E — E be a single-valued mapping. Then we have

Qaim(z) (x) =m(z) + Qa(x—m(z)), Vx,yeE.

Theorem 28.7. (x,u,v,w,z) is a solution of (CGCCPFM) if and only if it satisfies
the relation

x=x—g(x)+m(z) + Ox[g(x) = TN(f(u),h(v),1(w)) —m(2)]
where u € F(x),v € G(x),w € H(x),z € T(x) and T > 0 is a constant.
The following lemma will be used in our main results.

Lemma 28.8. Let E be a real Banach space and j, : E — 2E 1< p < oo a duality
mapping. Then, for any x,y € E, we have

4llx — 2 2
(x=3edpla) = i) = 2% (ML) e ar - FEERIE,

Proof. For the proof see [7]. |

28.4 Iterative Algorithm and Pertinent Concepts

Using Theorem 28.7 and Nadler’s theorem [14], we establish an iterative algorithm
for finding the approximate solutions of (CGCCPFM) as follows:

Algorithm 28.9. Let F,G,H,T : E — F(E) be closed fuzzy mappings satisfying
the condition (¥) and let F,G,H,T : E — CB(E) be the multi-valued mappings
induced by the fuzzy mappings F,G,H, and T, respectively. Let N: E X E XE — E
and f,g,h,t,m: E — E be the single-valued mappings.

For given xo € E,ug € F(xo),vo € G(x0),wo € H(xo) and zo € T (x0) and let

x1 = xo — g(x0) +m(z0) + Ox[g(x0) = TN(f (uo), (o), 2(wo0)) — m(20)];

where T > 0 is a constant.
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0),H(x0), T (x0) € CB(E) by Nadler’s theorem [14], there exist
x|

Since F(xo) G(xo),
G(x1),w1 € H(x)) and z1 € T (x1) such that

uy € F(xy),v (x
[lur —uo|| < (14 (140)~") 2 (F (x1)F (x0));
vi =voll < (14 (140)").2(G(x1)G(x0));
[lwi =woll < (14 (1+0)"")A (A (x1)H (x));
llz1 =20/l < (14 (1+0)™ ") (T (x1)T (xo)).-
Let
xp =x1 —g(x1) +m(z1) + Ox[g(x1) — TN(f (1), h(v1),1(w1)) —m(z1)].
Since uy € F(x) € CB(E),v; € G(x1) € CB(E),w; € H(x;) € CB(E) and z; €

T(x1) € CB(E), there exists uy € F(x3),v2 € G(x2),w> € H(xp) and z5 € T(x)
such that

luz = || < (14 (14 1) A (F (x2) F (x1)):
v =vil] < (14 (1+ 1)1 (G(x2)G(x1));
wy —wil] < (1+ (14 1)1 (H(x2)H (x1));

o2 =z < (14 (1+ 1)) A (T (02)T (x1)):

continuing the above process inductively, we obtain the sequences {x,},{un}, {vp},
{wn} and {z,} satisfying

X1 = Xn — &(%Xn) +m(z0) + Ox [g(xn) — TN(f (n), h(vn), 1 (Wn)) — m(zn)],
Up € F(xn)7‘|”n+l _unH < (1+(1+n)71)%(ﬁ(xn+|)ﬁ(xn)),
Vi € G(xa), [Vt —vall < (14 (142) ") (Gx011)G () );

Wi € A(x), s —wall < (L (1 0) ™) (H (011

)
2w € T(xn),llzns1 =zl < (14 (14 ) ™) (T (oni )T (1))

n=0,1,2,3,---, where T > 0 is a constant.

We remark that Iterative Algorithm 28.9 includes as special cases many known iter-
ative algorithms (e.g., [7, 11, 12, 15, 16] and the references therein).

Definition 28.10. A single-valued mapping g : E — E is said to be

(i) p-strongly accretive if there exists j,(x—y) € J,(x —y) and k > 0 such that
(8(x) =8 (¥),jp(x—y)) Z kllx—=y[I”,  Vux,y€E;
(ii) Lipschitz continuous if there exists a constant A, > 0 such that

lgx) =gl < Agllx—y[l, Vxy€eE.
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Definition 28.11. A multi-valued mapping F : E — CB(E) is said to be ##-Lipschitz
continuous if there exists a constant Az > 0 such that

H(F(x),F(y)) < Aellx—yll,  Vxyek,
where J#(.,.) is Hausdorff metric defined on CB(E).

Definition 28.12. A mapping N : E X E X E — E is said to be

(1)  p-relaxed accretive with respect to the first argument if there exists
Jp(x—y) € Jp(x—y) and & > 0 such that

<N(unvvnvwn) _N(unfl»Vn»Wn)ajp(xnaxnfl» > —OCH)C,, _xn71||p7

Y u, € F(x,), up—1 € F(x,—1) and x,,,x,—1 € E.

(i)  p-relaxed accretive with respect to the second argument if there exists
Jp(x—y) € Jp(x—y) and B > 0 such that

<N(un,vn,wn,1) *N(unvanlvwn)ajp(xnvxnfl)> Z 7ﬁ||xn 7xn71Hpa

Vv, € G(xy), vp—1 € G(xp—1) and x,,x,—1 € E.

(iii)  p-relaxed accretive with respect to the third argument if there exists
Jp(x—y) € Jy(x—y) and y > 0 such that

(N (tt, Vi, Wn) 7N(unvanwnfl)ajp(xnaxnfl» > =Yl —xn1 |7,

Y wy, € H(xy), wy—1 € H(x,—1) and x,,,x,—1 € E.

(iv)  Lipschitz continuous with respect to the first argument if there exists a con-
stant Ay, such that

”N(una Vi, Wn) _N(unfl »Vn,y Wn)” < )~N1 ||un —Up—1 ”7

Y u, € F(xp), up—1 € F(xy—1) and x,,x,—1 € E.

(v)  Lipschitz continuous with respect to the second argument if there exists a
constant Ay, such that

||N<Mn,Vn,Wn> _N(unavn—lywn)H < )~N2||Vn —Vn—1 Ha

YV vy € G(xy), Vo1 € G(xp—1) and xp,x,—1 € E.

(vi)  Lipschitz continuous with respect to the third argument if there exists a con-
stant Ay, such that

”N(umvmwn) _N(umvmwn—l)n < )~N3 ||Wn — Wp—1 ||>

Y w, € H(x,), wy—1 € H(x,—1) and x,,,x,_1 € E.
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28.5 Existence and Convergence Result for CGCCPFM

Theorem 28.13. Let E be a p-uniformly smooth Banach space with pg(t) < ct? for
some c>0,0< T<eoand 1 < p <o Let X be a closed convex cone of E. Let
f.8h,t,m: E — E be Lipschitz continuous mappings with constants Ar,Ag, Ay, A,
and A, respectively, g is p-strongly accretive with constant k, and N is p-relaxed
accretive with respect to first, second, and third argument with constants o, f3,
and v, respectively, and Lipschitz continuous with respect to first, second, and
third argument with constants Ay, , An,, and Ay, respectively. Let F,G,H,T : E —
F(E) be closed fuzzy mappings satisfying the condition () and let F,G,H,T :
E — CB(E) be the multi-valued mappings induced by the fuzzy mappings F,G,H,
and T, respectively. Let F,G,H, and T be ¢-Lipschitz continuous mappings
with constants Ap,Ag,Au, and Ar, respectively. Let K : E — 2F be such that
K(z) =m(z) +X, for all x € E, z € T(x) and suppose the following conditions are
satisfied

g+o+y+é<l (28.1)
where
=2(1 = pk+2epAl) /P 4+ 2021,
¢ = (14 pry+22*H prreafl AP)'7,
¥ = (14 pta+2"* prPedl /l;’)l/f’
and & = (14 ptfB —&-22”“17’5”0111\;2){)1/”.
Then the iterative sequences {x,},{un},{vn},{wn}, and {z,} generated by Algo-

rithm 28.9 converge strongly to x,u,v,w, and z, respectively, and (x,u,v,w,z) is a
solution of (CGCCPFM).

Proof. From Algorithm 28.9 and Definition 28.3, we have

(X1 =%l = [Jxn — g(xn) +m(2zn) + Ox[g(xn) = TN(f (un), A (Vi) (Wn))
—m(2n)] = Xn—1 +8(xn—1) —m(zn—1) — Ox [8(xn—1)
—TN(f(tp-1),h(va-1),t(Wp—1)) —m(zn—1)]|
[0 = Xn—1 = (8(xn) — (1)) I 4 [[m(2n) — m(zn-1) |
+10x[g(xn) — TN(f (n), 1(vn),1(Wn)) —m(2n)]
—Ox[g(xn—1) = TN(f (tn-1),h(vn—1),t(Wn—-1)) — m(zn-1)] |
< 2/ — xn—1 — (8(xn) — g(xn—1)) || +2[|m(zn) —m(zn—1)||
Flxn = X1 = TN (f (n), 2 (va) 1 (wn))
=N (f (un—1),1(va—1),t(wn-1))) |

IA
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< 2|xn — X1 — (8(xn) — g (xn—1))I| + 2[m(z0) — m(za—1) ||
Fon = xn—1 = TN (f (un), (vn), 2 (Wn)) = N (f (), (V)1 (W—1))) |
+N(f (un), B (vn),t(Wn—1)) = N(f (tn—1), (V)1 (Wn—1))
+N(f (tn-1), h(vn),t(Wp—1)) = N(f (ttn-1); h(vn—1) , t (Wn-1))|
< 2|xn — X1 = (8(xn) — g(xn—1))I| + 2[m(z0) — m(za—1) ||
F o0 = xn—1 = TN (f (un), (vn) ;2 (Wn)) = N (f (), (V)1 (W—1))) |
+xn = xn—1 = TN (f (un); h (V) ;1 (Wn—1)) = N(f (tp—1); 8 (V) ;1 (Wn—1)) ) |
+{xn = xn—1 = TN (f (tn-1), 7 (vn), 1 (Wn-1))
—N(f (un=1),h(va=1),t(Wa=1)))]- (28.2)

)
)

Since g is p-strongly accretive and Lipschitz continuous with constants k and 4,
respectively and using Lemma 28.5, and Lemma 28.8 we obtain

[0 =201 = ((xn) — g(xn—1))[I”

< ||x,,—x,,,1||”—p(g(xn)—g(x,,,]),jp(x,,—xn,l —(g(xn)—g(xnfl))»
< b = X1 |7 — p(g(xn) — 8(xn—1), Jp(Xn — Xn—1)) — P(g(xn) — 8(xn—1),
jp(xn —Xp—1 — (8(xn) — g(xn-1))) — jp(xn —Xn-1))

4llg(xn) — g(xa1) |l
d

+ 2pde4pHg(xn) - g(xn—l)”p

dar

< ot =t 17 = Pl — o [P 427 epA2 [ty — 01 7

< w5 [P — Pl — 501 [? +2pd”pi (

< Hxn —Xn—1 ||p _pkan —Xn—1 ||p

< (1= pk+ 2" pA2) |10 — xn 1 |7 (28.3)

By the Lipschitz continuity of m and .7#’-Lipschitz continuity of 7, we have
[m(zn) —m(za—1)|| < Amllzn —zn—1|
< A1+ ) A (T (x50), T (50 1))
< An(L+n" DAz |0 — 201 |- (28.4)

Since N is p-relaxed accretive and Lipschitz continuous with respect to first, second,
and third argument with constants o, 8,7, An,, A,, and Ay,, respectively, and f,h,
and ¢ are Lipschitz continuous with constants A¢, A5, and A,, respectively, we have

([0 =201 = TN (S () B (V) 8 (W) ) = N (f (), (V)2 (W 1)) |7
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< o0 =X [P — DTN () (0), £ () = N (F (1) (02), £ 1)),
(6 = a1 = TN () (0), 1 09)) = NCF () (0), £ (0901))

< o — a1
PN (F () (00), £ 09)) = NCF 1)) 0001, i (i — 1))
(TN (1) A(2) 1 (090)) = NCF () 30 091))) (i =
(N at), 1), E9)) = NCE ) 3 5) £ 1)) = i (0 — 1))

< otw =5t [P+ P — 5117

AT|IN(f (un), h(va) 1 (Wn)) —N(f(u”),h(v,,),t(w,,1))||>
d

+2pdppE <

< loen = Xn—1[|” + pTyln — X1 [P
+2ptP cAP|IN(f (n), h(vi),t(Wn)) = N(f (tn), (Vi) st (Wn—1)) ||

< ||xn_xn—IHP+P77Hxn_xn—l||p+22p+lpfpd'1€3”t(wn) —t(wp—1)[|”

< ||xn_xn—1||p+PT7’Hxn_xn—l||p+22p+lpfpc%€3lzp”wn_Wn—IHP

< on = X117+ peylen — xu 1 [|P + 227 pePedf AL (1407 )| — 01 |17
< (14 pry+ 22 pePedf AL (1407 1) e — 01 |17 (28.5)

Similarly we have
[[xn = Xn—1 = TN (f (), B (Vi) t(Wn—1)) = N(f (tn—1), 2 (V) st (Wn—1))) I

< (14 pra+22 ptPedfl AL(1+n"")) ey — x|, (28.6)

and
([0 = Xn—1 = TN (f (tn—1), ~(va), 1 (Wn—1)) = N (f (tn—1), A(vu1) 1 (Wn—1)) ||

< (14 ptp+227" ptPeAf AL (1407 1)) [lxy —x01||7. (28.7)

from (28.5)—(28.7), we obtain

(1 —2xal| < 2(1 _Pk+22p+lcpléj)l/p”xn —Xp—1 ||+ 24m A7 (1 +”71)||xn —Xn—1|

+(14pry+27 7 prPedl AP (1477 |, — x|
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+(1+ proc+ 227 prPedly AL (1+n ") Py — x|
+(1+ptp +22p+1prpclﬁzl:(l +n N YP|xy — x|

< [2(1— pk+ 22 epAl)Y P 4227 (1407 ")

+(1 4 proc+ 22 prPedf AP (1+n"))P
+(1+ ptP +22P+'prpcva’zx,f(1+n*1))'/1’]||xn—xn_1\|
< [qn+¢n+Wn+§n]”xn_xnle

(
(
(
+(1 4 pry+ 22T prPedf AP (14 "))7
(
(

< eonn_xn—IHa (28.8)
where
O :qn+¢n+u]n+én7
qn =2(1 —pk+22”+lcpl;)l/”—|—27Lm7LT(1 +n
0 = (1+ pry+22H prPedf AP (1+n1))V/P
W = (14 prac+ 27 prPeal AL(14n~"))"/7
and &, = (1+ ptfB +22”+1pr”cll{1,21,f(1 +n- )W,
Let
O=qg+o+y+8&

and

=2(1 — pk+ 22T epAl )P+ 20mAr
¢ = (1+pry+22" prPeaf AP)V/”
v = (1+pro+2"+ prPedf A1)/
E = (14 ptp+22* prPeAf AD)VP.

Letting n — oo, we see that 6, — 6. Since 8 < 1 by condition (28.1), 6, < 1 for n
sufficiently large. Therefore (28.1) implies that {xn} is a Cauchy sequence in E, and
hence there exists x € E such that x, — x. By .##-Lipschitz continuity of ¥, G, H,
and T, we have

tn = st 1| < (14n"") I (F (), F (x01))
< (1+n" I)Apnxn Xt [s

[va =varll < (1401 (G(xa), G(xn-1))
< (1+” l)kGHxn Xp—1ll;

W —=wa1|| < (14n"") 2 (H (x0), H (x01))
< (L+n |2 — x5
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2w —zn—1 || < (140" YA (T (x%0), T (x0—1))
<(1 +n71)7LT||x,, — Xn—1]|-

It follows that {u,},{v,},{wn}, and {z,} are the cauchy sequences in E. Hence
there exist u,v,w, and z € E such that u,, — u,v,, — v,w,, — w, and z,, — zas n — oo,
Further, since f,g,h,t,m,N,F,G,H,T, and Qx are all continuous, we have

x=x—g(x) + Ox[g(x) —TN(f (), h(v),t(w)) —m(z)].
Since u, € F(x,), we have

d(us F(xn)) < [l —un| +d(un, F(x))
< lu—un| + 7 (F (), F (x))

< Ju— uy|| + Ap||xn —x|| — 0 as n — oo,

and hence u € F(x). Similarly v € G(x),w € H(x) and z € T(x). By Theorem 28.7,
it follows that (x, u,v,w, z) is a solution of (CGCCPFM). 0
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Chapter 29

Generating Eigenvalue Bounds Using
Optimization

Henry Wolkowicz

Dedicated to the memory of Professor George Isac

Abstract This paper illustrates how optimization can be used to derive known and
new theoretical results about perturbations of matrices and sensitivity of eigenval-
ues. More specifically, the Karush—Kuhn—Tucker conditions, the shadow prices, and
the parametric solution of a fractional program are used to derive explicit formulae
for bounds for functions of matrix eigenvalues.

29.1 Introduction

Many classical and new inequalities can be derived using optimization techniques.
One first formulates the desired inequality as the maximum (minimum) of a function
subject to appropriate constraints. The inequality, along with conditions for equality
to hold, can then be derived and proved, provided that the optimization problem can
be explicitly solved.

For example, consider the Rayleigh principle

Amax = max{(x,Ax) : x € R" ||x|| =1}, (29.1)

where A is an n x n Hermitian matrix, Amax is the largest eigenvalue of A, (-,-) is
the Euclidean inner product, and || - || is the associated norm. Typically, this princi-
ple is proved by maximizing the quadratic function (x,Ax) subject to the equality
constraint, ||x||*> = 1. An explicit solution can be found using the classical and well
known, Euler-Lagrange multiplier rule of calculus (see Example 29.2 below). It is

Henry Wolkowicz
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466 H. Wolkowicz

an interesting coincidence that A is the standard symbol used in the literature for
both eigenvalues and Lagrange multipliers; and the eigenvalue and Lagrange mul-
tiplier coincide in the above derivation. Not so well known are the multiplier rules
for inequality constrained programs. The Holder inequality

" n I s, 1/q
(x,y) = inyi < (zxf]> (zy?) )
i=1 i=1 i=1

where x,y € R".,p > 1, = p/(p — 1), can be proved by solving the optimiza-
tion problem h(x) := max,{¥;x;y; : 3; ¥ — 1 < 0,y; > 0,Vi}. The John multiplier
rule yields the explicit solution (see [8] and Example 29.5 below). The classi-
cal arithmetic—geometric mean inequality (04 ...Ocn)l/” < %(al +...+ o), where
o; >0,i=1,...,n, can be derived by solving the geometric programming problem

n
max{Hial : z o=1,0; > O,Vi}.
i=1

Convexity properties of the functions, which arise when reformulating the in-
equalities as programming problems, can prove very helpful. For example, convex-
ity can guarantee that sufficiency, rather than only necessity, holds in optimality
conditions. The quasi-convexity of the function

o5 = [ rav [(1/)an. (29.2)

where 1 and v are two nontrivial positive measures on a measurable space X, can be
used to derive the Kantorovich inequality, [1]. (We prove the Kantorovich inequality
using optimization in Example 29.3.) We rely heavily on the convexity and pseudo-
convexity of the functions.

Optimality conditions, such as the Lagrange and Karush—-Kuhn-Tucker multi-
plier rules, are needed to numerically solve mathematical programming problems.
The purpose of this paper is to show how to use optimization techniques to gener-
ate known, as well as new, explicit eigenvalue inequalities. Rather than include all
possible results, we concentrate on just a few, which allow us to illustrate several
useful techniques. For example, suppose that A is an n X n complex matrix with real
eigenvalues A; > ... > A,. A lower bound for A; can be found if we can explicitly
solve the problem

min Ak
subjectto Y ; A; = traceA
" A7 < traceA? (29.3)
A —Ai <0, i=1,... k-1
QL,-—?LkgO, i:k+l,...,n.

We can use the Karush—Kuhn—Tucker necessary conditions for optimality to find
the explicit solution (see Theorem 29.9.) Sufficiency guarantees that we actually
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have the solution. This yields the best lower bound for A; based on the known data.
(Further results along these lines can be found in [4].)

In addition, the Lagrange multipliers, obtained when solving the program (29.3),
provide shadow prices. These shadow prices are sensitivity coefficients with respect
to perturbations in the right-hand sides of the constraints. We use these shadow
prices to improve the lower bound in the case that we have additional information
about the eigenvalues (see, e.g., Corollaries 29.11 and 29.12).

29.1.1 Outline

In Section 29.2, we introduce the optimality conditions and use them to prove the
well known: (i) Rayleigh principle; (ii) Holder inequality; and (iii) Kantorovich in-
equality. In Section 29.3, we show how to use the convex multiplier rule (or the
Karush—Kuhn—Tucker conditions) to generate bounds for functions of the eigen-
values of an n x n matrix A with real eigenvalues. Some of these results have ap-
peared in [7, 12, 4]. Included are bounds for Ax, A; + A; and A, — A;. We also show
how to use the Lagrange multipliers (shadow prices) to strengthen the bounds. Sec-
tion 29.4 uses fractional programming techniques to generate bounds for the ratios
(A — A¢) /(A + Ag). Some of the inequalities obtained here are given in [7, 12] but
with proofs using elementary calculus techniques rather than optimization.

29.2 Optimality Conditions

29.2.1 Equality Constraints

First, consider the program
min{f(x): h(x)=0,k=1,...,q, x€ U}, (29.4)

where U is an open subset of R" and the functions f, h, k= 1,...,q, are continu-
ously differentiable. The function f is called the objective function of the program.
The feasible set, denoted by ., is the set of points in R” which satisfy the con-
straints. Then, the classical Euler—Lagrange multiplier rule states, e.g. [8],

Theorem 29.1. Suppose that a € R" solves (29.4) and that the gradients <7hy (a), ...,
Vhy(a) are linearly independent. Then,
q
v f(@)+ Y A7 hila) =0, (29.5)
k=1

for some (Lagrange multipliers) i e R k=1,... 4.
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Example 29.2. Suppose that A is an n x n Hermitian matrix with eigenvalues A; >
... > Ay To prove the Rayleigh principle (29.1), consider the equivalent program

n
minimize {—(x,Ax) 1= lez =0,x€ R”} . (29.6)
i=1

i=

Since the objective function is continuous while the feasible set is compact, the
minimum is attained at some a € .% C R”". If we apply Theorem 29.1, we see that
there exists a Lagrange multiplier A € R such that

2Aa—2Aa =0,

i.e., a is an eigenvector corresponding to the eigenvalue equal to the Lagrange mul-
tiplier A. Since the objective function

(a,Aa) = A{a,a) = A,

we conclude that A must be the largest eigenvalue and we get the desired result.
If we now add the constraint that x be restricted to the n — 1 dimensional subspace
orthogonal to a, then we recover the second largest eigenvalue. Continuing in this
manner, we get all the eigenvalues. More precisely, if aj,an,...,a; are k mutually
orthonormal eigenvectors corresponding to the k largest eigenvalues of A, 4| > ... >
A, then we solve (29.6) with the added constraints

(x,a;)=0, i=1,... k.

The gradients of the constraints are necessarily linearly independent since the vec-
tors x, and a;, i =1,...,k, are (mutually) orthonormal. Now if a is a solution, then
(29.5) yields

k
2Aa—2Ma+ Y oa; =0,

i=1
for some Lagrange multipliers A, ¢;,i = 1,..., k. However, taking the inner product
with fixed a;, and using the fact that

(Aa,a;) = (a,Aa;) = Ai(a,a;) =0,

we see that oy =0, i=1,...,k, and so Aa = Aa, i.e., a is the eigenvector cor-
responding to the (k+ 1)—st largest eigenvalue. This argument also shows that A
necessarily has n (real) mutually orthonormal eigenvectors.

Example 29.3. Consider the Kantorovich inequality, e.g., [1, 3],

2
SR N LS )
1 < (x,Ax){x,A" 'x) < y) p + ol I (29.7)



29 Generating Eigenvalue Bounds Using Optimization 469

where A is an n X n positive definite Hermitian matrix with eigenvalues A; > ... >
Ay >0,x € R”, and ||x|| = 1. This inequality is useful in obtaining bounds for the rate
of convergence of the method of steepest descent, e.g., [S]. To prove the inequality
we consider the following (two) optimization problems

min(max) fi(a) :== (Tf_, a ;) ( ?:1%‘27“1‘_1)

. 29.8

subject to g(a):=1-3" a? =0, (298)

where a = (a;) € R",a; =< x,u; > and u;,i = 1,..., n,is an orthonormal set of eigen-
vectors of A corresponding to the eigenvalues A;, i=1,...,n, respectively. Thus,

fi(a) is the middle expression in (29.7). Suppose that the vector a = (a;) solves
(29.8). Then, the necessary conditions of optimality state that (u is the Lagrange
multiplier)

aik; (Za%ﬂ) +aid;! (Za?l,) —pa;=0,i=1,...,.n Y a =1.(299)
j j i

Thus,

frla) =4 (Za?lj_l> +2;7! (Za?%) =u,ifa;#0.  (29.10)
j j

On the other hand, if we multiply (29.9) by a; and sum over i, we get

u=2 (Zﬁz,-) <Za§/1j—1> =2fi(a). (29.11)
j j

By (29.10) and (29.11), we can replace fi(a) in (29.8) by the middle expression in
(29.10), i.e., by f2(a). The new necessary conditions for optimality (with y playing
the role of the Lagrange multiplier again and a; # 0) are

Ai Aj
a‘/T;J’_a]Tj_a‘/u:O’ j:],...ﬂ’l.

Now, if both a; # 0,a; # 0, we get

f3(a) = Tﬁfi =1. (29.12)

And, multiplying (29.12) by a; and summing over j yields

RN S AN
e (3 5) e

i
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Thus, we can now replace f>(a) (and so fi(a)) in (29.8) by f3(a). Note that a
does not appear explicitly in f3(a). However, the i and j must correspond to a; # 0
and a; # 0. Consider the function

hx,y) ="~+2, (29.13)
y X

where 0 < o <x <y < . Since

y(* —»?)
(xy)?

and, similarly diyh()gy) >0 (> 0if x #y)), we see that 4 attains its maximum at
x = o and y = f3, and it attains its minimum at x = y. This shows that 2 < f3(a) and
that f3 attains its maximum at % + %, i.e., at a; # 0 and a,, # 0. The left-hand side
of (29.7) now follows from 2} (a) = f>(a) = f3(a). Now, to have f3(a) = f2(a), we
must choose a; = a, = %, and a; = 0,V1 < i < n. Substituting this choice of a in
fi(a) yields the right-hand side of (29.7).

ih(xay) =

o <0 (<O0ifx#y),

29.2.2 Equality and Inequality Constraints

Now suppose that program (29.4) has, in addition, the inequality constraints (con-
tinuously differentiable)
gi(x) <0, i=1,...,m. (29.14)

Then, we obtain the John necessary conditions of optimality (see, e.g., [8]).

Theorem 29.4. Suppose that a € R" solves (29.4) with the additional constraints
(29.14). Then, there exist Lagrange multiplier vectors A € Rﬁ“ ,a € RY, not both
zero, such that

Ao/ f(a) +er'n=1livgi(“)+2?:1 a7 hj(a) =0,

Aigi(a) =0, i=1,...,m. (29.15)

The first condition in (29.15) is dual feasibility. The second condition in (29.15)
is called complementary slackness. It shows that either the multiplier A; = O or the
constraint is binding, i.e., gi(a) = 0. The Karush-Kuhn-Tucker conditions (e.g., [8])
assume a constraint qualification and have A9 = 1.

Example 29.5. Holder’s inequality states that if x,y € R} ,, are (positive) vectors,
p>1l,andg=p/(p—1), then

" 1/p 1/q
(x,y) = D xiyi < (Z)ﬂ’»’) (Zﬁ) = [lxellp 1y llg-
i1 i i
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We now include a proof of this inequality using the John multiplier rule. (This proof
corrects the one given in [8].)
Fix y = (y;) € R’ | and consider the program

min  f(x) == — XL Xy
subject to g(x) := X a7 —1 <0
hi(x) := —x; <0,i=1,...,n

Holder’s inequality follows if the optimal value is —||y||4. Since the feasible set is

compact, the minimum is attained at say a = (a;) € R’} . Then, there exist constants
(Lagrange multipliers) Ao > 0,4; > 0, % > 0, not all zero, such that

—Aoyi+Mpdl ! — % =0,%>0,Vi
Mgla)=0, va; =0,V

This implies that, for each i we have

—Aoyi+Apa !t =y =0, ifa; >0,
—Aoyi =% >0, ifa; =0.

Since y; > 0 and Ay > 0, we conclude that Ayy; = 7; = 0, if a; = 0. Therefore, we
get
—doyi+Mpa =y =0,Vi, (29.16)

The remainder of the proof now follows as in [8]. More precisely, since not all the
multipliers are 0, if 49 = 0, then A; > 0. This implies that

g(a) =0, (29.17)

and, by (29.16) that a = 0, contradiction. On the other hand, if A; = 0, then A9 > 0
which implies y = 0, contradiction. Thus, both Ay and A, are positive and we can
assume, without loss of generality, that Ao = 1. Moreover, we conclude that (29.17)
holds. From (29.16) and (29.17) we get

—fla) = X aiyi
=MpYL,d’
= Aip.

Since g = p/(p— 1), (29.16) and (29.17) now imply that

=

Zyl /1117 Yal = (Mp)?=—f(a).
=1
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29.2.3 Sensitivity Analysis

Consider now the convex (perturbed) program

~

1 (g) = min flx
subjectto g;(x) < g, i=1,...,m,

P, . 29.18
(8) ](x):8j7j:m+17"'aq7 ( )
xevu,
where U is an open subset of R”, and the functions f and g;, i =1,...,m, are convex
and hj, j=m+1,...,q, are affine. The generalized Slater constraint qualification
(CQ) for (P;) states that
there exists £ € intU such that (29.19)

gi(®) <&, i=1,....om,and hj(%) =¢j,j=m+1,....q

We can now state the convex multiplier rule and the corresponding shadow price
interpretation of the multipliers (see, e.g., [8, 9]).

Theorem 29.6. Suppose that the CQ in (29.19) holds for (Py) in (29.18). Then,

q
1(0) = min{ f(x Jrz&gl + Y Ajhj(x): xe U}, (29.20)
i=1 j=m+1

for some A €R, j=m+1,...q,and A; >0, i=1,....m. Ifa € F solves (P),
then in addition

Aigi(a) =0, i=1,....m. (29.21)

Theorem 29.7. Suppose that a € .%. Then, (29.20) and (29.21) imply that a solves
(Py).

Theorem 29.8. Suppose that a' and a* are solutions to (P,1) and (P.2), respectively,
with corresponding multiplier vectors A\ and A*. Then,

(2 —€e',A%) < fla") - f(a®) < (e =", A1). (29.22)

Note that since the functions are convex and the problem (29.20) is an uncon-
strained minimization problem, we see that if a € % solves (F), then (29.20) and
(29.21) are equivalent to the system

V@) + 3 A gi(a) + X5, A hi(a) =0 (29.23)

Ai >0, Aigi(a)=0, i=1,...,m. '
Moreover, since f(a') = p(g'), when a' solves (P,i), (29.22) implies that —A' €
du(gh), i.e., the negative of the multiplier A’ is in the subdifferential of the pertur-
bation function g () at €. In fact (see [9])
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du(0) = {—A2 : A is a multiplier vector for (Py)}.

If A is unique, this implies that u is differentiable at 0 and 71 (0) = —A. Note that

du(a)={¢ eR": (¢,n—a) <u(n)—ua}.

We will apply the convex multiplier rule in the sequel. Note that the necessity
of (29.23) requires a constraint qualification, such as Slater’s condition, while suffi-
ciency does not. Thus, in our applications we do not have to worry about any con-
straint qualification. For, as soon as we can solve (29.23), the sufficiency guarantees
optimality. Note that necessity is used in numerical algorithms.

29.3 Generating Eigenvalue Bounds

We consider the n x n matrix A which has real eigenvalues A; > ... > A,,. We have
seen how to apply optimization techniques in order to prove several known inequal-
ities. Now suppose that we are given several facts about the matrix A, e.g., n,trace A
and/or detA etc... In order to find upper (lower) bounds for f(1), a function of the
eigenvalues, we could then maximize (minimize) f(A4) subject to the constraints
corresponding to the given facts about A. An explicit solution to the optimization
problem would then provide the, previously unknown, best upper (lower) bounds to
f(A) given these facts. To be able to obtain an explicit solution, we must choose
simple enough constraints and/or have a lot of patience.

Suppose we wish to obtain a lower bound for A, the k-th largest eigenvalue,
given the facts that

K L
K :=traceA, m:=—, L:= traceAz, § == —m’.
n n
Then we can try and solve the program
min "
subject to (a) X7 ;A =K,
(b) Ty A7 <L, (29.24)
() d— A <0, i=1,....k—1,
(

This is a program in the variables A; with n,k, K, and L fixed. We have replaced the
constraint ¥, 4> = L with ¥, A? < L. This increases the feasible set of vectors A = (1;)
and so the solution of (29.24) still provides a lower bound for A;. However, the
program now becomes a convex program. Note that (traceA)? = (Y 4,)> <nY A? =
ntrace A2, by the Cauchy—Schwartz inequality, with equality if and only if A; =
Ay = ... = A,. Thus, if (traceA)2 = ntrace A2, then we can immediately conclude
that A; = traceA/n, i=1,...,n. Moreover, if nL # K2, then nL > K2, and we can
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always find a feasible solution to the constraints which strictly satisfies 2/1,-2 <L,
and hence we can always satisfy the generalized Slater CQ.

Theorem 29.9. Suppose that K> < nL. If 1 < k < n, then the (unique) explicit solu-
tion to (29.24) is

1
_ _ _ n—k+1\2
l]—...—kk_l—erS]E Ilcill) , (29.25)
M=...= n:m—s(n7;+l)2,
with Lagrange multipliers for the constraints (a) to (d) in (29.24) being
1
- k=1 \2 _ 1
a:TZn(nfle)z_ﬁ’
B= (i) (29.26)
Y%=0, i=1,....k—1,
Y= =kl

respectively.

Proof. Since (29.24) is a convex program, the Karush—Kuhn—Tucker conditions are
sufficient for optimality. Thus, we need only verify that the above solution satisfies
both the constraints and (29.23). However, let us suppose that the solution is un-
known beforehand, and show that we can use the necessity of (29.23) to find it. We
get

a+Br—y=0, i=1,.. k-1 (29.27a)
k—1 n

l+a+Bh+ Y %— Y %=0 (29.27b)
i=1 i=k+1

a+BA+Y%=0i=k+1,...,n, (29.27¢)

n
a€RB,y>0, (2&?—L> =0,%AL—X&)=0,i=1,...,n. (29.27d)
i=1
Now, if § = 0, then
o=y=-y,i=1,....k—1,j=k+1,...,n

This implies that they are all 0, (or all > 0 if k = n) which contradicts (29.27b).
Thus, 8 > 0 and, by (29.27d),

S ar=L. (29.28)
i
From (29.27d), we now have
Ai=—+2i=1,.. k-1,
"B B
P (S T

BB
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1
),_
¢ 2 jk+1ﬁ

Suppose ¥;, > 0, where 1 < iy < k— 1. Then (29.27a) and (29.27d) imply that A =
Aip = _[5—0‘4—%0 On the other hand, since we need A; = _T“ —1—% >Mh,i=1,....k—1,

we must have §; > 0,i =1,...,k—1 and, by complementary slackness,
—Q
lizlk:7+y,~,i:1,...,k—l. (29.29)
But then
T4 3 Ao
kk——f—f = —Jr—'*l,...,k—l,
T BB B

which implies ¥, ., 7; > 0. But 7; > 0 implies A; = A. This yields A, = ... =
M = ... = A, a contradiction since we assumed nL > K2. We thus conclude that

N0w1f7/J0>0 for some k < jo < n, then A;; = —* B ﬁJij k+1[3 Since A; =

’TO‘ — % <M. we must have y; > 0 for all j =k+1,...,n. Note that y; = 0 for all

j= k—|— 1,...,n, leads to a contradiction since then ),] = ’To‘ >N = TO‘ — 3 Thus
we have shown that the A;’s split into two parts,

M=...=h 1, hk=...= Ay (29.30)
The Lagrange multipliers also split into two parts,

N==%-1=0Yp1=...=h=7.

We now explicitly solve for A;, A4, ¢, 3, and y. From the first two constraints and
(29.28) we get
k=DM +n—k+ 1) =K
(k—DAZ+(n—k+1)A2 =

Eliminating one of the variables in (29.31) and solving the resulting quadratic yields
(29.25). Uniqueness of (29.25) follows from the necessity of the optimality condi-
tions. It also follows from the strict convexity of the quadratic constraint in the pro-
gram (29.24). Using the partition in (29.30), we can substitute (29.27c) in (29.27b)
to get

(29.31)

OC—’)/)

1+a+ﬁ(_B

S 29.32
[ (2932)
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In addition, A; — A4 = ’ﬁ—"‘ — (’TO‘ - By) implies

1
Y k—1 21
= = i 2 .
P A — N (n—k—i—l) ns’ (29.33)
while
1
—m k=1 \2 1

= Mp=———) —-. 29.34
¢ 1P ns <n—k+1> n (29.34)
O

In the above, we have made use of the necessity of the Karush—Kuhn—Tucker
(KKT) conditions to eliminate non-optimal feasible solutions. Sufficiency of the
KKT conditions in the convex case then guarantees that we have actually found the
optimal solution and so we need not worry about any constraint qualification. We
can verify our solution by substituting into (29.27).

The explicit optimal solution yields the lower bound as well as conditions for it
to be attained.

Corollary 29.10. Let 1 < k < n. Then

|
k—1 2
>m— | —— 29.
A >m (n—k—i—l) s, (29.35)
with equality if and only if \y = ... = L1, = ... = Ay 0

The above corollary is given in [12] but with a different proof. From the proof of
Theorem 29.9, we see that § = 0 if k = 1 and so the quadratic constraint Zliz <L
may not be binding at the optimum. Thus the solution may violate the fact that
Zl,-z = traceA. This suggests that we can do better if we replace the inequality
constraint by the equality constraint 2&-2 = L. We, however, lose the nice convexity
properties of the problem. However, applying the John conditions, Theorem 29.4,
and using a similar argument to the proof of Theorem 29.9, yields the explicit solu-

tion .

AM=...=X_1=m+s/(n—1)2
Ay =m—(n— 1)%3,
i.e., we get the lower bound
= mts/(n—1)7,
with equality if and only if A} = ... = A,_;. (This result is also given in [12] but

with a different proof.)

The Lagrange multipliers obtained in Theorem 29.9 also provide the sensitiv-
ity coefficients for program (29.24). (In fact, the multipliers are unique and so the
perturbation function is differentiable.) This helps in obtaining further bounds for
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the eigenvalues when we have some additional information, e.g., from GerSgorin
discs. We can now improve our lower bound and also obtain lower bounds for other
eigenvalues.

Corollary 29.11. Let 1 < k < n. Suppose that we know
Aiyi — M < —&i, (29.36)

where €, > 0,i=1,...,n—k. Then

A > k-1 %+ ! nike (29.37)
=Tkt 1) Tk & '

Proof. The result follows immediately from the left-hand side of (29.22), if we per-
turb the constraints in program (29.24) as given in (29.36) and use the multipliers
Y=z k —7- Note that A remains the k-th largest eigenvalue. 0O

Corollary 29.12. Let 1 < k < n. Suppose that we know
Aior — My < &,

forsome € >0, i=1,...,t. Then

1
k=1 \? 1
M zm——— L ) e Vg
e =1 (nk+1> s nkarll;gl

Proof. Suppose that we perturb the constraints in program (29.24) to obtain
Mwi — M < g, i=1,...,1. (29.38)

Since & > 0, this allows a change in the ordering of the A;, for then we can have
Akvi = M+ & > Ag. Thus the perturbation in the hypothesis is equivalent to (29.38).
From (29.22), the result follows, since the k-th ordered A; has become the (k+1¢)-th
order A;. 0

The results obtained using perturbations in the above two corollaries can be ap-
proached in a different way. Since the perturbation function u is convex (see, e.g.,
[9]) we are obtaining a lower estimate of the perturbed value ((€) by using the
multiplier whose negative is an element of the sub-differential du(g). We can how-
ever obtain better estimates by solving program (29.24) with the new perturbed
constraints.

Theorem 29.13. Under the hypotheses of Corollary 29.11, we get

A — ! % Et 29.39
> i .
k= m < X 1> Se + k 1 Ej, ( )
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where )
o _(n—k—i—l) ;Zle}—(zfj:lsj)
€ nn—k+1) '
Equality holds if and only if
M=...=M i hi—A=—€,i=1,...,t.

Proof. We replace the last set of constraints in program (29.24) by the perturbed
constraints (29.36), for i = k+1,...,k+¢. The arguments in the proof of Theorem
29.9 show that the solution must satisfy (29.28) and

)y]=...=Ak,1;)~k+j—lk=—8j,j=1,...,t.

We can assume that k+ ¢ = n, since we must have Az, i< A+ and so we can add
the constraints
Mesij—Me < —&,j>1,

if required. This leads to the system

(k—1AZ+3 (A —g)) =L. (29.40)
Lete:=Y'_ € and &:=Y'_, . Then (29.40) reduces to

(k=DM +n—k+ 1A =K :=K+¢,
(k— DA+ (n—k+1)A2 —2el =L, :=L—&.

Then
M= (Ke — (k= D)A) /(n—k+1).

Substituting for A; yields the quadratic
n(k—1)Af —2(k—1)(Ke — €)M + K2 —2eKe — (n—k+1)Le =0,

which implies

1

1 1
K n—k+1\2 | (n—k+1)Le + €2 K\*|’
e T

1 1
K € k=1 \2[L (n—k+DE+e> [(K\*|’
M= — - - TR OETE (2 YV (29.42
k n+n—k—|—1 (n—k+1> {n nn—k+1) (n> (29.42)

O
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Note that the partial derivative with respect to —¢;, at €; = 0, of the lower bound
for A in (29.39) is —1/(n—k+ 1). This agrees with the fact that the corresponding
multiplieris y; = 1/(n—k+1).

Corollary 29.12 can be improved in the same way that Theorem 29.13 improves
Corollary 29.11. We need to consider the program (29.24) with the new constraints

A’k—i_}{'kggivi: L....t,

where & > 0 and & has replaced k +¢. Further improvements can be obtained if more
information is known. For example, we might know that

A‘H»l'_ltg_eiy izla"'7s7

where [ +s <t+s<kork+s<t+s < n. Inthese cases we would obtain a result
as in Theorem 29.13.

In the remainder of this section we consider bounds for A; + A, and A, — A;. To
obtain a lower bound for A; + A, we consider the program

minimize M+ M
subject to (a)
(b)Y Az <L (29.43)
() i— A4 <0,i=k+1,...,¢
(d) Aj 7L¢<O]—€+1

Note that we have ignored the constraints A; — Ay > 0,i = 1,...,k— 1. From our
previous work in the proof of Theorem 29.9, we see that the Lagrange multipliers
for these constraints should all be 0, i.e., we can safely ignore these constraints
without weakening the bound.

Theorem 29.14. Suppose that K? <nLand 1 <k</{<n. Thenthe explicit solution
to (29.43) is

LIfn—0>0—k—1, then

D=

—_ — _ n—k+1
ll—...—lkfl—m—l—slg ll) R (29.44)
Me=...=h=m—s( )",

with Lagrange multipliers for the constraints
R k+1)
1 (k=1
B= o) (29.45)
Yi=6=2/(n—k+1),i=k+1,....0—1,j=0+1,...,n,
_ An=t+))
Vo= n—k+1 —

2. Ifn—€ <L—k—1, then Ay is the solution of the quadratic (29.51) and
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M=...=X,
M=...=de1=M+ ’2((;:?(‘) (29.46)
K
l[::A« A«l+2n;l+ll>

with Lagrange multipliers for the constraints being

a:*ﬁlh
_ 2
ﬁinll—K’
Yi=1/(l—=k),i=k+1,....0—1,%=0,
0j=1/(n—t+1),j=L+1,....n
Proof. Let B < 2. The Karush—-Kuhn-Tucker conditions for (29.43) yield

o+BA=0,i=1,.. k-1,

(a)

(b) I+o+ A — lkﬂy,fo

(¢) o+ B+ =0i=k+1,....0—1,

(d) 1+o+BA =3, 8i+7 =0, (29.47)
(e) O£+ﬁ)~j+6j:07j:£+l,...,n,

(

(

f) ﬁ1%75j207ﬂ(2’f}\’12_l‘):07Vlu.]u
8)  M%hi—A)=0,6;(4;—A) =0, Vi,j.

First suppose that § = 0. If k > 1, we get that o = 0 and so y; = 6; = 0, for all
i, j. This contradicts (29.47)(b). If k = 1, we get o = —6]~ = —7, forall i,j. So if
o #0, we musthave A; = ... = A, =m. So we can let k > 1 and assume that 3 > 0.

Then we get
b= =1k
M=F =G+ b
l,-:%"—%, i=k+1,....0—1
no 6
1l _ o Sj=t1T %
Aj:%xfﬁj’ j=Ll+1,...,n

To simplify notation, the index i will now refertoi =k+1,...,¢— 1 while the index

n. Since Aj, < Ag,ip =k+1,...,0—1, we get

Nr>1-v. (29.48)

jwillreferto j=0+1,...,

Therefore, there exists at least one ¥, > 0. This implies that ¥, = A, and
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Now if ¥, = 0, then

- —o i
)y[l:?>7_%:xi0:)~ka

which is a contradiction. We conclude

Dig =My Yoo =1 =St iy Vo o =k+1,...,0—1.

Note that if 1 = 0, we get
Yi=1/(l—k),i=k+1,...,0—1.
Similarly, since Aj, < A, jo=¢+1,...,n, we get
Y- v=>1-9,
i.e., at least one §;, > 0 and so Aj, = A,. But if §;, =0, then

—o —oa 0
—>——ﬂ:)LjO:}tg,

M=F 7B B

a contradiction. We conclude

A‘]() :A’fa 6]0 :1_2?+16]+Y€, J0:€+1,

So that if 7, = 0, we also have
0j=1/(n—t+1),j=0+1,...,n.
There now remains two cases to consider:
Y =0and y > 0.

Since Ay > Ay, we must have
/—1 n
i=k+1 j=l+1
Moreover
A,j < A,g < )Lk = A,i, for all l}j7

which implies that
0; >, foralli, .

So that if 7 = 0, we must have

l—k—1>n—{.

481
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From the expressions for ¥;, §;, we get

_ =1 o k-1
h=F-F e
=A= B “_k)f’ i=k+1,....4—1,
A = Sloey no
B Ea (n*Hll)ﬁ’ _
== F g j=L+1,...,n.
Thus X
2'k = 2’l — BI—k)°®
e — e (29.49)
Blni—1=1)
After substitution, this yields
-1 K—n?ul
F = 7 (29.50)

Since 8 > 0, we can apply complementary slackness and substitute for A; and A,.
We get the quadratic

K —n\;
2(0—k)

pr— L’
(29.51)

2 2
K —nA;
> +(n_£+1)(/11+2(ne+1)

(k— 1A+ (k) (AI ;
or equivalently
{4(—k)(n—L+1D)(k—=1)+(n—1+1)2(L—k)—n)*+ (I —k)2(n—L+1) —n*} A}

+2k{(n—1+1)2(t—k)—n)+ (I —k)2(n—L+1)—n)} 4
+{(n—1+DK>+(1-k)K>—4(t—k)(n— L+ 1)L} =0

Note that the above implies

K—nk [ 1 1
At Ao =2M +=— <€—k+n—€+1>' (29.52)

In the case that { —k— 1 < n— ¢, we get ¥, > 0. Thus, Ay = A; and
Ai=Ai=k+1,....n. (29.53)

Substitution yields the desired optimal values for A. Moreover,

14 n
h=8=1-Y p=1- Y &+
t=k+1 s=0+1

Let y =y and 6 = §;, then we get
y=6=1-(l—k—-1)y—yp=1—(n—0)0+7.
This implies
y=86=2/(n—k+1)

2(n—(+1 (29.54)
Y= Ezn—k+1) - L
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Now if k > 1, we see that

=77 :z(nf;L)i/(’“)'

Then
o=—BN—7.

To obtain an upper bound for A; — A;, we consider the program

minimize —A; + Ay

subjectto Y A; =K,
SAP<L, (29.55)
M= A <0i=1,... k-1,
A=A <0,j=0+1,....n.

Theorem 29.15. Suppose that K> < nL and 1 < k < { < n. Then the explicit solution
to program (29.55) is

2,1 = = A,k =m-+ ﬁ
Mg1= oo =My =m, 1 (29.56)
A=...=dn=m— 2m—t+1)B’
with Lagrange multipliers for the four sets of constraints being
o=-2mpB,
[
B = k”—_“‘l, (29.57)
2./ns

Yi=1/ki=1,....;k—1,
0j=1/(n—C+1),j=0+1,...,n,
respectively.

Proof. The proof is similar to that in Theorem 29.14. Alternatively, sufficiency of
the KKT can be used. 0

The theorem yields the upper bound

1

1 1 1 2

— <n2 -t .
Ae—Ae<n S(k+n—€+l)
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29.4 Fractional Programming

We now apply techniques from the theory of fractional programming to derive
bounds for the Kantorovich ratio
M — N
M+A

(29.58)

This ratio is useful in deriving rates of convergence for the accelerated steepest
descent method, e.g., [6].
Consider the fractional program (e.g., [10, 11])

max{ﬁjg ‘xe ﬁ} (29.59)

If f is concave and g is convex and positive, then & = Lisa pseudo-concave func-
tion, i.e., h : R" — R satisfies (y —x)" 7 h(x) < 0 implies /(y) < h(x). The con-
vex multiplier rules still hold if the objective function is pseudo-convex. We could
therefore generate bounds for the ratio (29.58) as was done for A; in Section 29.3.
However, it is simpler to use the following parametric technique. Let

h(q) :=max{f(x) —qg(x):x€ F}. (29.60)

Lemma 29.16. [2] Suppose that g(x) > 0, for all x € Z, and that q is a zero of h(q)
with corresponding solution X € % . Then X solves (29.59).

Proof. Suppose not. Then there exists x € .% such that

_® W
g(x) ()’
which yields 0 < f(x) — gg(x). This contradicts the definition of g. 0

We also need the following

Lemma 29.17. [12] Let w, A € R" be real, nonzero vectors, and let
m=ATe/nand s* = ATCA/n,
where e is the n x 1 vector of ones, and the centering matrix C = I — ee’ /n. Then
—s(anCw)% <wA—mwle=wlCA < s(anCw)%.
Equality holds on the left (resp. right) if and only if
A =aw+be

for some scalars a and b, where a < 0 (resp. a > 0).
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We now use the above techniques to derive an upper bound for the Kantorovich
ratio in (29.58). Consider the program
max y, = 757
subject to XA, = K
SAF<L (29.61)
M—A<0,i=1,...;k—1
Ai—A<0,i=/0+1,...,n.

Theorem 29.18. Suppose that 1 < k < { < n, K> < nL, and Theorem 29.14 guaran-
tees Ay + Ay > 0. Then the explicit solution fo (29.61) is

(n—€+1+k)f(n*f+1)(1*ﬁ%)

M=...=h=p G
e (29.62)
- 1-p2

(p+K)(n—L+1—p)2(n—L+1+k)

Ve, = 7
L 2(p+R) k(= 1)+ {(p+h)(n—L+1—p)}2(n—L+1+k)
where ,
p::Kf—(f—l)
pi=K—(t—k—1)L
A~ e 2
pi= ==+ 140 (b + L (B)' - &),

Proof. Let # denote the feasible set of (29.61), i.e., the set of L = (4;) € R” satis-
fying the constraints. We consider the following parametric program

(Fy)  h(g) :=max{(A4—2A)—q(l+A): A €F}.

Then h(qg) is a strictly decreasing function of ¢ and, if A* solves (P,) with h(g) =0,
then, by the above Lemma 29.16, A* solves the initial program (29.61) also.

The objective function of (P;) can be rewritten as min—(1 —g)Ax + (1 +q)A,.
The Karush-Kuhn-Tucker conditions for () now yield:

1 A
s
e | —(1=a) 3108

I—th 1+¢q 711
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n
Y ¥

Yj
B>0; &§>0Vi=1,..k—1; 7,>0Yj=(+1,....n
AeZF,

ﬁ(Z&?*Kz) =0, 6M—A)=0Vi=1,....k—1;
Yi(Aj—A) =0,Yj=(+1,....n.

Since A; > Ay and we seek g such that 4(g) = 0, we need only consider ¢ > 0.
Further, if § = 0, then we get the following cases:

k<i</l:0=a+pA implies ¢ =0
i<k:0=o0+PBA — g impliesx =8 =0
L<i:0=0a=pA+yimplieso=—-%=0 (29.63)
i=k:0=—(1—q)+a+BA+Y0 impliesa=—-Y8+1—gq
(=i:0=4+(1+q)+a+pry—3 & impliesa =Yy — (1 +q).

These equations are inconsistent. Therefore, we can assume f3 > 0, which implies
that Y A7 = L.

Now, for i < k, either Ay = A; or §; = 0 which implies that A; = —o¢ /. Similarly,
for{<i, Ay=AorAi=—a/B. And, fork <i < ¥, A; = —a/P. We can therefore
see that our solution must satisfy

A=A i=1.. .k
A=A, i=k+1,....0—1
Ai=M,i=4,... 0.

Now rather than continuing in this way, we can apply Lemma 29.17. Let w = (w;),
with

wi= 14 i=1,..k
w; = 0, i=k+1,...,0—1
wi = ;ilfiqf,i:ﬁ,...m.
Then
(1= @)l — (1) = OB = 50 31 2 = wl As
mwle =m(l—q—1—q)=—2mgq;
wlCw = wlIw — %wTeeTw

k n—_0+1 n

_ (1—¢)? 4 (1+9)* L(442)
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Ty — n1=9)? | n(l+q)* 2

Therefore, Lemma 29.17 yields

n(1—q)* n(l+q)*
k n—~0+1

1
2
(1= —(1+qA < —2mq+s{ 4q2} (29.64)
with equality if and only if
A =aw -+ be
for some scalars a and b with a > 0.

Therefore the right-hand side of (29.64) equals /(g), the maximum value of (7).
We now need to find ¢ such that i(g) =0, i.e.,

1—q)*  n(1+q)?
4m2q2_sz{n( q) +”( +49) —4q2};

k n—~0+1

k(n—0+1)4m?q* = (n— L4+ 1)s’n(1 — q)* +ks’n(1 +q)* — k(n— 0+ 1)s*4¢%;
(—k(n— L0+ 1)dm* + > n(n— 0+ 14+k) —k(n— £+ 1)5°4) g
4252 n(—(n—L0+1)+k)q
+s?n((n—L+1)+k) =0

[(ns® — 4km* — 4s%k) (n— €+ 1) + ns*k]g* + 2ns* (k— (n— L+ 1))gq
+ns?(n—L0+1+k)=0

—ns2(k— (n— L+ 1)) —n2s* (k— (n— £+ 1))2 — [as above]ns? (n — (+ 1 +k)?
1= [as above] '
We have chosen the negative radical for the root, since the quantity in [ ] is negative
and we need g > 0. The conditions for equality in (29.64) yield:
Ai=al 4 bi=1,.. k
Ai=bji=k+1,....0—1

b= rbi=t

or

1— a(l—
)vk—)yg _ a(Tq>+b+n(—Z—gl) —b
- a(l1— a(l+
A+ Ag %_n(—é-fl)'i_zb
B a(l—q)(n—0+1)+ak(1+q)
aln—L+1)(1—q)—a(l +q)k+2bk(n—E¢+1)

We now solve for a and b by substituting for 4;in ¥ A; = K and Y A? = L:
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—a(l+gq)

k(a(lk_q)>+b+(€—k—1)b+(n—€+l)(n_“l

) o=k

or

(k+l—k—14+n—0+1)b=K—a(l—q)+a(1+q)
_ 2aq+K
=——.

b
And

k<“(1k_")) F B+ ((—k— 1)+ (n—C—1) (m+b2> — K2

or

2 02(1—4)2
[kl —k=1+n—L+1]0*+ [2a(1 - q) = 2a(1 +q)lb+ ————+
a*(1+q)? B

K=0
n—{0+1

1—q 2aq+K\* 2aq+K\?
k(aquranr) +(€—k—1)(aq+) +(n—l+1)
n n

—a(l L) K
(a<+q>+aq+>_K:0

n—~0+1 n

l—q 2 K\? 2 K\?
k<a<q+q>+> +(€—k—1)(aq+>
k n n n n

2
+n—L+1) (+a(_<1 —4) +2q> +K) —L=0;
n—0l+1 n n

120 .20\ % (2029 20
[k( . +n> +(l—k 1)n2+(n (+41) n_€+1+n la

1- 2\ K 2g K 2 1 2\ K
ta (0 2N K 2Ky (e ) K
k njn nn n n—{+1/)n

+k<1’j>2+(€—k—l) (f)z—l—(n—ﬁ—kl) (’;)Z—L:o

— 44 1—a)2 1—a)?
CI+( q) (1-q) PP —L=0
n k n—~0+1
1
ue —nm?+L 2
T oag? | (=9 | (1+¢)?
T e e o (= my

Substitution for the A; yields the desired results. 0O
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Let y= A /As. Then

Yie = ﬁ
and
dYk[ 2
—==—=>0.
dy  (y+1)?

Thus 7 is isotonic to .. This yields an upper bound to Yy, see [13]: If (to guarantee
A¢ > 0) we have (£ — 1)L < L, then

=

Ak c+k+{w (c+k)(n—L+1-c)}
(c+k)(n—C+1—c¢)}

l’
;Lé ct+k— {n {+1 :
where ( )2
K
=——/-1).
=L —(e-1)

(These inequalities are also given in [7].) Note that

y+1 A+ A
v=1 A=A

is reverse isotonic to y. Thus we can derive a lower bound for this ratio.

29.5 Conclusion

We have used optimization techniques to derive bounds for functions of the eigen-
values of an n X n matrix A with real eigenvalues. By varying both the function to be
minimized (maximized) and the constraints of a properly formulated program, we
have been able to derive bounds for the k-th largest eigenvalue, as well as for sums,
differences and ratios of eigenvalues. Additional information about the eigenval-
ues was introduced to improve the bounds using the shadow prices of the program.
Many more different variations remain to be tried.

The results obtained are actually about ordered sets of numbers A; > ... > 4,
and do not depend on the fact that these numbers are the eigenvalues of a matrix.
We can use this to extend the bounds to complex eigenvalues. The constraints on
the traces can be replaced by

sz‘ = trace T,z:(v,-)2 <traceT"T,

where v; can take on the real, imaginary, and modulus of the eigenvalues A;, and the
matrix 7 can become (A +A*)/2, (A —A*)/2i. Further improvements can be made
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by using improvements of the Schur inequality Y, (vl-)2 < traceT*T. This approach
is presented in [12] and [13].
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